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Preface 

Although the origins of parallel computing go back to the last century, it 
was only in the 1970s that parallel and vector computers became available 
to the scientific community. The first of these machines-the 64 processor 
llliac IV and the vector computers built by Texas Instruments, Control Data 
Corporation, and then CRA Y Research Corporation-had a somewhat 
limited impact. They were few in number and available mostly to workers 
in a few government laboratories. By now, however, the trickle has become 
a flood. There are over 200 large-scale vector computers now installed, not 
only in government laboratories but also in universities and in an increasing 
diversity of industries. Moreover, the National Science Foundation's Super­
computing Centers have made large vector computers widely available to 
the academic community. In addition, smaller, very cost-effective vector 
computers are being manufactured by a number of companies. 

Parallelism in computers has also progressed rapidly. The largest super­
computers now consist of several vector processors working in parallel. 
Although the number of processors in such machines is still relatively small 
(up to 8), it is expected that an increasing number of processors will be 
added in the near future (to a total of 16 or 32). Moreover, there are a 
myriad of research projects to build machines with hundreds, thousands, 
or even more processors. Indeed, several companies are now selling parallel 
machines, some with as many as hundreds, or even tens of thousands, of 
processors. 

Probably the main driving force for the development of vector and 
parallel computers has been scientific computing, and one of the most 
important problems in scientific computing is the solution of linear systems 
of equations. Even for conventional computers, this has continued to be 
an active area of research, especially for iterative methods. However, parallel 
and vector computers have necessitated a rethinking of even the most basic 
algorithms, a process that is still going on. Moreover, we are in the most 
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viii Preface 

turbulent period in the history of computer architecture. It will certainly 
be several years, if ever, before a single parallel architecture emerges as the 
machine of choice. 

It follows that a book on this topic is destined to be obsolete almost 
before it is in print. We have attempted to mitigate this prQblem by not 
tying the book to particular machines, although the influence of the older 
CDC CYBER 205 and CRA Y-1 will be noted. However, there are many 
basic approaches that are essentially machine independent and that, presum­
ably, will survive even though particular algorithms based on them may 
need to be modified. It is these approaches that we have tried to stress. 

This book has arisen from a second-semester first-year graduate course 
begun in the early 1980s. Originally the course was directed primarily toward 
the analysis of iterative methods, with some attention to vector computers, 
especially the CYBER 205. Over the years more on parallel computers has 
been added, but the machines used for projects have been the CYBER 205 
and, more recently, the CRA Y X-MP. This is reflected in the exercises, 
which are biased heavily toward the CYBER 205. 

The organization of the book is as follows. Chapter 1 discusses some 
of the basic characteristics of vector and parallel computers as well as the 
framework for dealing with algorithms on such machines. Then many of 
these concepts are exemplified by the relatively simple problem of matrix 
multiplication. Chapter 2 treats direct methods, including LU, Choleski, 
and orthogonal factorizations. It is assumed that the reader has had at least 
a first course in numerical methods and is familiar with most of these 
methods. Thus, the emphasis is on their organization for vector and parallel 
computers. Chapter 3 deals with iterative methods. Since most introductions 
to numerical methods deal rather lightly, if at all, with iterative methods, 
we devote more time in this chapter to the basic properties of such methods, 
independently of the computer system. In addition, many of the standard 
convergence theorems and other results are collected in two appendixes for 
those who wish a more detailed mathematical treatment. Other than the 
above background in numerical methods, the main prerequisites are some 
programming experience and linear algebra. Very basic background material 
in linear algebra is summarized briefly in Appendix 4. 

Many important topics are not covered, and, as mentioned previously, 
rather little attention is given to algorithms on current particular machines. 
However, each section ends with "References and Extensions," which give 
short summaries of related work and references to the literature. It is hoped 
that this will help the reader to pursue topics of interest. References are 
given by the format Author [year] (for example, Jones [1985]) and may be 
found accordingly in the bibliography. 

The book should be read in the spirit of a mathematics book, not as 
a "how-to-do-it" manual. The incomplete code segments that are given are 



Preface ix 

meant to be illustrative, not the basics of a running code. Anyone wishing 
to use a linear equation solver for a particular parallel or vector machine 
is strongly advised not to start from the material in this book, especially 
for direct methods. Rather, see what routines, ~specially UNPACK, are 
already available on that machine. 

The f(}llowing conventions are used. Vectors are denoted by lower case 
bold and matrices by upper case italic. Equation numbers are given by 
chapter and section; thus (3.2.4) is the fourth numbered equation in Section 
3.2. Theorems and definitions are likewise numbered within a section by, 
for example, 3.2.6. 

I am indebted to Sandra Shifflett, Beverly Martin, and especially, B. 
Ann Turley for typing the manuscript, and to many students and reviewers 
for their comments. 

Charlottesville, Virginia James M. Ortega 
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Introduction 

1.1. Vector and Parallel Computers 

In the early 1970s, computers began to appear that consisted of a 
number of separate processors operating in parallel or that had hardware 
instructions for operating on vectors. The latter type of computer we will 
call a vector computer (or processor) while the former we will call a parallel 
computer (or processor). 

Vector Computers 

Vector computers utilize the concept of pipelining, which is the explicit 
segmentation of an arithmetic unit into different parts, each of which 
performs a subfunction on a pair of operands. This is illustrated in Figure 
1.1-1 for floating point addition. 

In the example of Figure 1.1-1, a floating point adder is segmented 
into six sections, each of which does one part of the overall floating point 
addition. Each segment can be working on one pair of operands, so that 
six pairs of operands can be in the pipeline at a given time. The advantage 
of this segmentation is that results are being computed at a rate that is 6 
times faster (or, in general, K times, where K is the number of segments) 
than an arithmetic unit that accepts a pair of operands and computes the 
result before accepting the next pair of operands. However, in order to 
utilize this capability, the data must reach the arithmetic units rapidly 

a,-+ 
b,-+ "1+1• bi+l "1+2• bl+2 "1+3• bl+l "1+4• bl+4 QI+So bi+S "i+6• bl+6 

Figure 1.1•1. A floating point pipeline. 
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c=a+b---J------f--------.~ 
·--------+-----------~J 
b--------+-----------~1 

~--------------~ 
Pipeline 

Main memory 

Figure 1.1-2. Memory-to-memory addition operation. 

enough to keep the pipeline full. As one aspect of this, the hardware 
instructions for, say, vector addition eliminate the need for separate load 
and store instructions for the data. A single hardware instruction will control 
the loading of the operands and storing of the results. 

Memory-to-Memory Processors 

Control Data Corporation (CDC) has produced a line of vector pro­
cessors starting with the STAR-100 in 1973. This machine evolved into the 
CYBER 203 in the late 1970s and then the CYBER 205 in the early 1980s. 
These machines were all memory-to-memory processors in that vector 
operations took their operands directly from main memory and stored the 
result back in main memory. This is illustrated in Figure 1.1-2 for a vector 
addition. 

Register-to-Register Processors 

Cray Research, Inc. has produced vector processors since the mid 1970s 
that are examples of register-to-register processors. By this we mean that 
the vector operations obtain their operands from very fast memory, called 
vector registers, and store the results back into vector registers. This is 
illustrated in Figure 1.1-3 for vector addition. In Figure 1.1-3, each vector 

c=a+b 
b + 

• - I 
Pipeline 

Main Memory Vector Registers 

Figure 1.1-3. Register-to-register addition. 
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register is assumed to hold a certain number of words. For example, on the 
CRA Y machines, there are eight vector registers, each of which holds 64 
floating point numbers. Operands for a vector addition are obtained from 
two vector registers and the result is put into another vector register. Prior 
to the vector addition, the vector registers must be loaded from main 
memory, and, at some point, the result vector is stored back into main 
memory from a vector register. It is usually desirable on this type of computer 
to use data in the vector registers as much as possible while they are 
available; several examples of this will be given in later sections. 

Memory Hierarchies 

Vector registers play somewhat the same role as cache memory on 
conventional computers. More recent vector computers may have a more 
complex memory hierarchy. For example, the CRA Y-2, in addition to vector 
registers, has a 16,000-word fast local memory in each processor. Other 
machines such as the CRA Y X-MP series can have a back-up storage (the 
Solid-State Storage Device), which is slower than main memory but con­
siderably faster than disk. And, of course, all the machines will have disk 
units. The challenge is to use these various types of storage in such a way 
as to have the data ready for the arithmetic units when it is needed. 

Arithmetic Units 

As discussed above, vector processors will have pipelined arithmetic 
units to handle vector operations. The form of these may differ, however. 
The CDC machines have used reconfigurable units in which a single pipeline 
can perform the different arithmetic operations but it must be configured 
for a particular operation, say addition, before that operation can begin. 
The CRA Y machines, on the other hand, have used separate pipelines for 
addition and multiplication, as well as other functions. And some Japanese 
machines (for example, the NEC SX-2) have multiple separate pipelines 
(for example, four pipelines for addition, four for multiplication, etc.). 
There may also be multiple reconfigurable pipelines. For example, the 
CYBER 205 allows 1, 2, or 4 pipelines, which are used in unison on a given 
vector operation (rather than processing separate operations.) 

Vector hardware operations are always provided for the addition of 
two vectors, the elementwise product of two vectors, and either the element­
wise quotient of two vectors or the reciprocals of the elements of a vector. 
There may also be vector instructions for more complex operations such 
as the square roots of the elements of a vector, the inner product of two 
vectors, the sum of the elements of a vector, sparse vector operations, and 
so on. There may also be certain operations that can be handled very 
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efficiently. A linked triad is an operation of the form a+ ab, where a and 
bare vectors and a is a scalar. Other forms of a linked triad are also possible 
such as (a + a )b, where a+ a is the vector with a added to all of its 
components. The CYBER 205 can perform these linked triad operations at 
almost the same speed as a vector addition or multiplication operation. The 
linked triad a + a b is also known as a saxpy operation, and this is the more 
common designation, especially amongst CRA Y users. We will, however, 
use the term "linked triad." 

Machines with separate arithmetic pipelines usually allow the possibil­
ity of chaining arithmetic units together so that results from one unit are 
routed directly to another without first returning to a register. This is 
illustrated in Figure 1.1-4 for a linked triad operation. 

Most vector computers provide separate units for scalar arithmetic. 
These units may also be pipelined but do not accept vector operands as 
the vector pipelines do. They can run concurrently with the vector pipelines, 
and usually produce scalar results 5-10 times slower than the maximum 
rates of the vector pipelines. 

Vector Start-up Times 

The use of vector operations incurs an overhead penalty as shown in 
the following approximate formula for the time T for a vector operation: 

T=S+KN (1.1.1) 

In (1.1.1), N is the length of the vectors involved, K is the time interval at 
which results are leaving the pipeline, and S is the start-up time. S is the 
time for the pipeline to become full, and includes the time to initiate the 
fetch of the operands. This is typically much larger for memory-to-memory 
machines than register to register machines provided that the time to load 
the vector registers from main memory is not included. S also includes the 
time for configuring the pipeline on those machines with reconfigurable 
pipelines. 

The result rate K is closely related to the cycle time (also called the 
clock period, clock time, or minor cycle time) of the machine. One result 

b a a 

l l ' I • 1~---a_b __ ~·~~--+--~----•-+_a_b ____ •• 

Figure 1.1-4. Chaining. 
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will leave a pipeline unit every cycle time once the pipeline is full. Hence, 
on many machines K is just the cycle time. However, on those machines 
with multiple reconfigurable pipelines, or multiple addition and multiplica­
tion units, K will be the cycle time divided by the number of multiple units. 
For example, the cycle time of the CYBER 205 is 20 ns (nanoseconds= 10-9 

seconds) so that on a two-pipeline 205, K is 10 ns for addition and multipli­
cation and 5 ns on a four-pipeline 205. Similarly, the cycle time of the NEC 
SX-2 is 6 ns and there are four units for addition and multiplication. Hence, 
K : 1.5 ns for these operations. The value of K may be larger for more 
complex operations such as square root or inner product. 

From (1.1.1), the time per result is 

TR = K + S/N (1.1.2) 

which has the graph shown in Figure 1.1-5 as a function of the vector length 
N. Figure 1.1-5 illustrates the need to use sufficiently long vectors so as to 
amortize the start-up time over many results. Result rates on current vector 
processors are on the order of a few nanoseconds, while start-up times S 
range from several tens of nanoseconds on register to register machines to 
several hundreds of nanoseconds on memory to memory machines. 

Another way of plotting the result rate is to use the number of results 
per time unit given by 

-1 N R = T R = _S_+_K_N_ (1.1.3) 

K+S 

Ta 

K 

10 

N 

Figure 1.1-5. Time per result relation. 
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If S = 0, or as N-+ oo, (1.1.3) yields 

1 
Roo=-

K 
(1.1.4) 

which is called the asymptotic result rate. This is the (not achievable) 
maximum result rate when the start-up overhead is ignored. For example, 
if K is 10 ns, then the asymptotic rate is Roo= 108 results per second, or 
100 mflops, where "mflops" denotes megaflops or one million floating point 
operations per second. 

The function R of (1.1.3) is plotted in Figure 1.1-6 as a function of N 
under the assumption that K = 10 ns and S = 100 ns as well asS = 1000 ns. 
As illustrated in Figure 1.1-6, both curves tend to the asymptotic result rate 
of 100 mftops as N increases, but the approach is much more rapid initially 
for smaller S. 

A number of some interest is N112 , which is defined to be the vector 
length for which half the asymptotic rate is achieved. For example, if 
K = 10 ns, it follows from (1.1.3) that N112 = 100 for S = 1000, while if 
S = 100, then N112 = 10. Another important number is the cross-over point, 
Nc, at which vector arithmetic becomes faster than scalar arithmetic. Sup­
pose that scalar arithmetic can be done at an average rate of 10 mflops. 
Then the crossover point Nc is the value of N for which R;;;.: 10 mfl.ops. 
For S = 1000, using (1.1.3), this is the minimum value of N for which 

N 
(1000 + 10N)10-9;;;:. 10 X 106 

or Nc = 12. Thus, for vectors of length less than 12, the use of vector 

R 

100 

50 

10 

s-100~ 

8-1000 

/ 
tOZ to3 

N 

Figure 1.1·6. Result rates in mftops. 
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arithmetic is slower than scalar arithmetic. On the other hand, for S = 100, 
Nc = 2; in this case, vector operations are more efficient for all vector lengths 
except the trivial case of vectors of length 1. Note that the cross-over point 
is highly dependent on the scalar arithmetic rate. In the previous examples, 
if the scalar arithmetic rate was only 5 mftops, then Nc = 6 if S = 1000 and 
Nc = 1 if S = 100. 

Vectors 

On vector computers, there are restrictions on what constitutes a vector 
for purposes of vector arithmetic operations. On register to register 
machines, a vector for arithmetic instructions will be a sequence of con­
tiguous elements in a vector register, usually starting in the first element of 
a register. An important consideration for these machines, then, is what 
constitutes a vector in main memory for the purpose of loading a vector 
register. This is essentially the same consideration as what constitutes a 
vector for arithmetic operations on memory to memory computers. 

Elements that are sequentially addressable always constitute a suitable 
vector, and on some machines (for example, CDC machines) these are the 
only vectors. In the sequel, we will use contiguous as a synonym for 
sequentially addressable, although sequentially addressable elements are 
usually not physically contiguous in memory; rather, they are stored in 
different memory banks. (However, on CDC machines data are accessed 
in "superwords" of eight words that are physically contiguous. Here, it is 
superwords that are in different memory banks.) On other machines, ele­
ments with a constant stride form a vector. By stride we mean the address 
separation between elements. Thus, elements with addresses a, a + s, a + 
2s, ... have a constant stride equal to s. In the special case that s = 1, the 
elements are sequentially addressable. 

For elements that are not stored with a constant stride, or for elements 
stored with a constant stride greater than one on those machines for which 
a vector consists only of sequentially addressable elements, it is necessary 
to use auxiliary hardware or software instructions to reformat the data to 
be an acceptable vector. A gather operation will map a given number of 
elements specified by a list of their addresses into a vector. A merge operation 
will combine two vectors into a single vector. A compress operation will 
map elements at a constant stride into a vector. All of these operations, of 
course, require a certain amount of time, which adds to the overhead of 
the vector arithmetic operations. Moreover, after the vector arithmetic is 
done, it may be necessary to store the results in a nonvector fashion. A 
scatter operation, the inverse of gather, stores elements of a vector into 
positions prescribed by an associated address list. A primary consideration 
in developing algorithms for vector computers is to have the data arranged 
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so as to minimize the overhead that results from having to use the above 
data management operations. 

Parallel Computers 

The basic idea of a parallel computer is that a number of processors 
work in cooperation on a single task. The motivation is that if it takes one 
processor an amount of time t to do a task, then p processors can do the 
task in time t/ p. Only for very special situations can this perfect "speedup" 
be achieved, however, and it is our goal to devise algorithms that can take 
as much advantage as possible, for a given problem, of multiple processors. 

The processors of a parallel computer can range from very simple ones 
that do only small or limited tasks to very powerful vector processors. Most 
of our discussions will be directed towards the case in which the processors 
are complete sequential processors of moderate power, although attention 
will also be paid to having vector processors. 

MIMD and SIMD Machines 

A first important dichotomy in parallel systems is how the processors 
are controlled. In a Single-Instruction-Multiple-Data (SIMD) system, all 
processors are under the control of a master processor, called the controller, 
and the individual processors all do the same instruction (or nothing) at a 
given time. Thus, there is a single instruction stream operating on multiple 
data streams, one for each processor. The Illiac IV, the first large parallel 
system (which was completed in the early 1970s), was an SIMD machine. 
The ICL DAP, a commercial machine introduced in England in 1977, the 
Goodyear MPP, especially constructed for NASA in the early 1980s, and 
the Connection Machine, a commercial machine of the mid-1980s, are also 
machines of SIMD type, although the individual processors are relatively 
simple 1-bit machines: 4096 in the DAP, 16,484 in the MPP, and 64,936 in 
the Connection Machine. Vector computers may also be conceptually 
included in the class of SIMD machines by considering the elements of a 
vector as being processed individually under the control of a vector hardware 
instruction. 

Most parallel computers built since the Illiac IV are Multiple-Instruc­
tion-Multiple-Data (MIMD) systems. Here, the individual processors run 
under the control of their own program, which allows great flexibility in 
the tasks the processors are doing at any given time. It also introduces the 
problem of synchronization. In an SIMD system, synchronization of the 
individual processors is carried out by the controller, but in an MIMD 
system other mechanisms must be used to ensure that the processors are 
doing their tasks in the correct order with the correct data. Synchronization 
will be discussed more in later sections. 
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Shared versus Local Memory 

Another important dichotomy in parallel computers is shared versus 
local memory. A shared memory system is illustrated in Figure 1.1-7. Here, 
all the processors have access to a common memory. (In the sequel, we 
will use the terms "shared memory" and "common memory" interchange­
ably.) Each processor can also have its own local memory for program code 
and intermediate results. The common memory would then be used for data 
and results that are needed by more than one processor. All communication 
between individual processors is through the common memory. A major 
advantage of a shared memory system is potentially very rapid communica­
tion of data between processors. A serious disadvantage is that different 
processors may wish to use the common memory simultaneously, in which 
case there will be a delay until the memory is free. This delay, called 
contention time, can increase as the number of processors increases. 

An alternative to shared memory systems are local memory systems, 
in which each processor can address only its own memory. Communication 
between processors takes place by message passing, in which data or other 
information are transferred between processors. 

Interconnection Schemes 

Probably the most important and interesting aspect of parallel com­
puters is how the individual processors communicate with one another. 
This is particularly important for systems in which the processors have only 
local memory, but it is also important for shared memory systems since the 
connection to the shared memory can be implemented by different communi­
cation schemes. We shall next discuss briefly a number of the more common 
interconnection schemes. 

Completely Connected. In a completely connected system, each pro­
cessor has a direct connection to every other processor. This is illustra~d 

Memory 

p p 

Figure 1.1-7. A shared memory system. 
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Figure 1.1-8. A completely connected system. 

in Figure 1.1-8. A completely connected system of p processors requires 
p- 11ines emanating from each processor, which is impractical if pis large. 

Crossbar Switch. Another approach to a completely connected system 
is through a crossbar switch as illustrated in Figure 1.1-9. As shown there, 
each processor can be connected to each memory, in principle, through 
switches that make the connection. This has the advantage of allowing any 
processor access to any memory with a small number of connection lines. 
But the number of switches to connect p processors and p memories is p2, 

which becomes impractical for large p. One early parallel system, the C.mmp 
developed at Carnegie-Mellon University in the early 1970s, used this 
scheme to connect 16 PDP-11 minicomputers. 

Bus and Ring. A bus network is illustrated in Figure 1.1-10. Here, all 
processors are connected by a (high-speed) bus. An advantage is a very 

Figure 1.1-9. A crossbar switch. 



Introduction 11 

~ ~ ~ ~ 
Figure 1.1-10. A bus network. 

Figure 1.1-11. A ring network. 

small number of connection lines, but there may be contention (bus conten­
tion) for use of the bus by different processors; this can become a severe 
problem as the number of processors increases. 

A ring network is a closed bus network as illustrated in Figure 1.1-11. 
Here data move around the ring and are available to each processor in tum. 
Several parallel computers have used bus or ring connections of various 
types. Some sys~ems have used a bus to connect processors to a global 
memory; an example of the mid 1980s is the Flexible Computer Corporation 
FLEX/32, a system with 20 processors. Other systems have used a bus to 
implement a local memory message passing system. An example was ZMO B, 
an experimental system developed at the University of Maryland in the 
early 1980s. 

Mesh Connection. One of the most popular interconnection schemes 
historically has been to have each processor connected to only a few 
neighboring processors. The simplest example of this is a linear array 
illustrated in Figure 1.1-12. Here, each processor is connected to two nearest 
neighbors (except the end processors, which are connected to only one). 

···~ 
Figure 1.1-Jl. A linear array. 



12 Chapter 1 

An advantage of this connection pattern is its simplicity, with at most two 
lines emanating from each processor. A severe disadvantage is that data 
may need to be passed through several processors to reach its final destina­
tion. (Note that this is different from in a bus network, although Figures 
1.1-10 and 1.1-12 are rather similar.) For example, in Figure 1.1-12, if 
processor P1 wishes to send data to processor PP, the data must first be sent 
to P2 , and then transmitted to P3 , and so on. Thus, p - 1 transmissions of 
the data must be made. The maximum number of transmissions that must 
be made to communicate between any two processors of the system is called 
the communication length or diameter of the system. The communication 
length of a linear array is shortened by a ring array, illustrated in Figure 
1.1-13, in which the maximum distance between processors is now about 
half of that for a linear connection. Communication in a ring array can be 
either unidirectional (data can move only clockwise, say, in Figure 1.1-13) 
or bidirectional. 

Most mesh-connected arrays that have actually been built have used 
a two-dimensional connection pattern. One of the simplest such connection 
schemes is illustrated in Figure 1.1-14, in which the processors are laid out 
in a regular two-dimensional grid and each processor is connected to its 
north, south, east, and west neighbors. In addition, the edge processors can 
be connected in a wrap-around fashion. This north-south-east-west connec­
tion pattern was used by the Illiac IV, for 64 processors arranged in an 
8 x 8 array. 

The connection pattern illustrated in Figure 1.1-14 again has the virtue 
of simplicity. It also has the same disadvantage of a linear array in that 
transmission of data between distant processors must pass through a suc­
cession of intermediate processors. The communication length for p pro­
cessors arranged in a square array is 0( JP). This communication problem 
can be alleviated to some extent by adding still more connections, called 
local links. For example, in Figure 1.1-14, each processor could also be 
connected to four additional processors in the northeast, southeast, south­
west, and northwest directions. Or, one could consider a three-dimensional 

Figure 1.1-13. A ring array. 
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Flaure 1.1-14. A mesh-connected array. 

array of processors where each processor is connected to its six nearest 
neighbors. Clearly, the addition of more local links leads to faster average 
communication but at the expense of additional complexity. 

Hypercube. An interesting variation of the local connection principle 
is to consider, conceptually, local connections in higher dimensions. Con­
sider first the connection pattern in three dimensions illustrated in Figure 
1.1-15. Here, the processors are vertices of a cube in 3-space and the edges 
of the cube are the local links between processors. Thus, in Figure 1.1-15, 
each processor is connected to its three nearest neighbors in the sense of 
nearest vertices on the cube. 

Now imagine the analogous connection scheme using a cube in k 
dimensions. Again, the processors would be visualized as the 2k vertices of 

Figure 1.1-15. A 3-cube connection. 
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this k-dimensional cube. Each processor is connected to its k adjacent 
vertices, along the edges of the cube. Such a connection pattern is called a 
hypercube or binary k-cube connection. Of course, a k-dimensional cube 
cannot actually be constructed fork> 3 and the connection pattern must 
be mapped back into no more than three dimensions for fabrication. For 
example, Figure 1.1-15 also shows the connection pattern if the processors 
are assumed to lie in a plane. For a 4-cube, a cube in four dimensions, 
there are 16 processors, with each processor connected to four others. It 
turns out in this case that Figure 1.1-14 of a mesh-connected array also 
shows the 4-cube interconnection pattern. Figure 1.1-16 illustrates a three­
dimensional way of visualizing the connection pattern for a 4-cube and also 
shows that the 4-cube can be obtained by connecting corresponding vertices 
of two 3-cubes. In general, we can construct a k-cube by connecting all 
corresponding processors of two (k- 1)-cubes. 

In the hypercube connection scheme, the number of .connections from 
each processor grows as the number of processors increases and the com­
munication length is only log p. (Here, and throughout, "log" denotes log2 .) 

For example, for 64 processors-a 6-cube-each processor is connected to 
six other processors and the communication length is 6, while for 1024 
processors-a 1 0-cube-each processor is connected to ten other processors 
and the communication length is 10. Moreover, the hypercube contains 
some of the other connection patterns that have been discussed. For 
example, ring or mesh-connected arrays can be included by ignoring some 
of the local links. On the other hand, as the size of the cube is increased, 

Figure 1.1-16. Connection pattern for a 4-cube. 
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the complexity and the number of lines emanating from each processor 
also increase and a practical limit to the cube size will eventually be reached. 

Several systems use the hypercube connection pattern. These include 
the Cosmic Cube developed at the California Institute of Technology in 
the early 1980s and which motivated commercial versions built by Intel 
Corp. (the iPSC), Ncube Corp., and others. 

Switching Networks. A rather general way of connecting processors, or 
connecting processors to memories, is by means of a switching network. 
(Switching networks are the means of connecting telephones to one another. 
Consider the problem of connecting all the telephones in the country by 
any of the previous schemes.) A simple switching network is depicted in 
Figure 1.1-17. On the left are shown eight processors and on the right are 
eight memories. Each box represents a two-way switch and the lines are 
the transmission links. By means of this switching network each of the 
processors can address any of the memories. For example, suppose P1 

wishes to address Ms. Switch 1,1 is then set to accept the link from P1 and 
set the path to Switch 2,2, which sets the path to Switch 3,4, which sets the 
path to Ms. 

Figure 1.1-17 represents a switching network implementation of a 
shared memory system, in the sense that each processor can access each 
memory. Alternatively, the memories on the right could be the processors 
themselves, as indicated by the processor numbers in parentheses. In this 
case, the figure would depict a message-passing local memory system. 

Using the two-way switches shown in Figure 1.1-17, we would need 
p/2 switches at each switching stage and log p stages for a total of !p log p 
switches. This compares very favorably with the p2 switches needed for the 

pl M1(P1) 

Pz Mz(Pz) 

p3 M3(P3) 

P .. M4(P4 ) 

Ps Ms(Ps) 

p6 M6(P6) 

P, M,(P,) 

Pa Ma(Pa) 

Figure 1.1-17. A switching network. 
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crossbar switch of Figure 1.1-9; for example, with p = 210, only 5 x 210 

switches would be needed, as compared with 220• 

Several parallel systems have been built or designed using switching 
network connections (not necessarily of the form shown in Figure 1.1-17). 
These include the Bolt, Beranek and Newman, Inc. Butterfly and the 
Ultracomputer at New York University. 

Hybrid Schemes. As pointed out in the discussion above, each connec­
tion scheme has certain advantages and disadvantages. This motivates the 
possibility of combining two or more schemes so as to obtain the major 
advantages of each while minimizing the disadvantages. For example, 
assume that the processors in the mesh-connected array of Figure 1.1-14 
are also connected by a bus. Then communication between nearby pro­
cessors can take place on the local links, thereby freeing the bus of this 
amount of traffic, while communication between more distant processors 
can use the bus. The Finite Element Machine developed at NASA's Langley 
Research Center in the late 1970s was a hybrid system of this type. Another 
example is the Connection Machine, in which groups of 16 processors, 
together with their memories, are implemented on a single chip in such a 
way that these processors are completely connected. These chips are con­
nected in a hypercube fashion. A variety of other hybrid schemes could be 
described. 

Clusters. Somewhat related to hybrid schemes is clustering. A cluster 
scheme is illustrated in Figure 1.1-18. Here there are n clusters, each 
consisting of m processors. Within each cluster, the processors are connected 
in some fashion (any of the previous schemes could be used), and then the 
clusters are connected by a bus. The communication within each cluster is 
called local while communication between clusters is called global. The 
hope in such a scheme is that there will be a suitable balancing of these 
two types of communication; that is, most communication for a given 
processor will be local within its own cluster and less frequently a cluster 
will need to communicate with another cluster. 

bus 

cluster 1 cluster 2 cluster n 

Figure 1.1-18. A cluster connection. 
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Clearly, there is a large number of ways a cluster scheme could be 
implemented. Within a cluster, the connections could be by bus, ring, mesh, 
hypercube, and so on. The connections between clusters could also use any 
of these schemes rather than the bus of Figure 1.1-18. Moreover, the 
clustering concept can be applied repeatedly to obtain clusters of clusters 
of clusters, and so on. The Cm* constructed at Carnegie-Mellon University 
in the mid 1970s was an early example of a system that used clustering. A 
current example is the Cedar system being developed at the University of 
Illinois. 

Reconfigurable Schemes. Another way to attempt to overcome the limita­
tions of a single communication scheme is to have the ability to reconfigure 
the connection pattern. This could be done either statically at the outset of 
a given program or dynamically in the middle of a program and under 
program control. The TRAC at the University of Texas-Austin and the 
Pringle at Purdue University and the University of Washington were 
developed in the early 1980s to demonstrate the utility of reconfigurable 
connection schemes. 

More on Communication 

We next discuss communication in local memory systems in more 
detail. Consider a typical problem of sending n floating point numbers from 
the memory of one processor, P1 , to the memory of another processor, P2 • 

Generally, this communication will be accomplished by a combination of 
hardware and software, and a typical scenario might be the following. First, 
the data are loaded into a buffer memory or collected into contiguous 
locations in memory. Then a send command will be executed to transfer 
the data to a buffer or memory of P2 • P2 will execute a receive command 
and the data will be routed to their final location in the memory of P2 • 

Coprocessors may be available to relieve the main processors of much of 
this work. 

Many details (largely dependent on the system) have been omitted in 
the above simplified description, but the main points are that to send the 
data, they must first be collected from the memory of the sending processor, 
information must be provided as to where they are to be sent, the data must 
be physically transmitted between the processors, and, finally, they must 
be put in the correct memory locations of the receiving processor. On many 
systems, the time for this communication is approximated by 

t = s +an (1.1.5) 

where s is a start-up time and a is the incremental time necessary for each 
of the n words to be sent. Note that this has the same form as the time for 
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vector instructions in ( 1.1.1). On local memory systems in which communica­
tion is carried out on local links between neighboring processors, it may 
be necessary for a message to pass through many different processors before 
reaching its final destination. Thus, if (1.1.5) represents the time for com­
munication between neighbor processors than the total communication time 
will be much larger. 

A common requirement is to send data from one processor to all others, 
called a broadcast. We illustrate one way to do this on a hypercube system 
when a processor can send to only one other processor at a time. Figure 
1.1-19a depicts a spanning tree (or minimal spanning tree) of an eight­
processor hypercube with the processors numbered as in (b). At the first 
time step, processor 1 sends to processor 2. At the second time step, processor 
1 sends to processor 3 and processor 2 sends to processor 4. At the third 
time step, processors 1, 2, 3, and 4 send to processors 5, 6, 7, and 8, as 
indicated. If there are p = 2d processors, then d = log p time steps are 
required. 

Parallel-Vector Systems 

We end this section with a short discussion of parallel systems in which 
the processors are vector computers. Such parallel-vector systems are the 
current commercially available supercomputers, and this trend will probably 
continue into the foreseeable future. The CRA Y X-MP series was intro­
duced in 1982 with two processors, and with four processors in 1984. It is 
envisioned to have up to 16 processors in the near future (perhaps under 
the designation Y-MP). The CRA Y-2 has four processors, with additional 
processors likely. The ETA-10, the successor to the CDC CYBER 200 series, 
became operational in 1987 and is designed for eight processors. 

8 
4 

/1 
2 7 

4/ 3 2 

/ I 
8 6 1 5 

1 

(a) (b) 

Figure 1.1-19. Spanning tree broadcast. 
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Parallel-vector systems are also being produced below the supercom­
puter level. The Intel iPSC hypercube is available with vector processors, 
and Alliant Corp. offers a system of eight vector processors. 

References and Extensions 1.1 

1. There are a number of books or anthologies on the architecture of vector 
computers. Kogge [1981] gives a detailed discussion of pipelining and its use in 
vector computers. Hockney and Jesshope [1981] discuss the CRA Y-1 and CYBER 
205, as well as the half-performance length, N 112 , and related matters. (An 
extension of the N 112 concept to parallel machines is given in Hockney [1987].) 
More recent treatments include Fernbach [1986], which gives further information 
on CRA Y computers as well as Japanese vector computers manufactured by 
Hitachi, Fujitsu and NEC, and Stone [1987], which covers design considerations 
for high performance computers. See also Chen [1984] and Larson [1984] for 
the CRAY X-MP and Lincoln [1982] for the CYBER 205. 

2. Points of specific interest for particular vector computers are addressed in a 
number of papers. The CRA Y X-MP allows chaining of both loads and stores 
and Dongarra and Hinds [1985] observe that for certain operations the X-MP 
acts as a memory to memory machine with the vector registers playing the role 
of storage buffers. Bucher [1983] gives performance measurements for CRAYs 
and other supercomputers. Hack [1986] discusses the effect on the overall compu­
tation rate of overlapping scalar and vector computations. Performance measure­
ments on the Intel, Ncube, and Ametak hypercubes are given in Dunigan [1987]. 

3. Hwang and Briggs [1984] give detailed discussions of the architecture of parallel 
computers. Other books or anthologies dealing with various aspects of parallel 
computer architecture include Hockney and Jesshope [1981], Snyder et al [1985], 
Uhr [1984], and Paker [1983]. Papers discussing particular machines include 
Gottlieb et al. [1983] on the New York University Ultracomputer, Seitz.[1985] 
on the Cosmic Cube, Storaasli et al. [1982] on the Finite Element Machine, and 
Pfister et al. [1985] on the IBM RP3. The dichotomy ofSIMD and MIMD parallel 
computers was given in Flynn [1966]. 

4. Starting in about 1983, a number of commercial vector and/or parallel systems 
began to be available at relatively modest prices (in the range of $100,000-
$1,000,000, as opposed to the roughly $10,000,000 price of a supercomputer). 
Some of these are the Convex C-1, a vector computer, the Alliant FX/8, which 
has eight vector processors, the Flexible Computer Corp. Flex/32, the Encore, 
and the Sequent. The latter three are shared memory systems of roughly 8-20 
sequential processors. Some performance data for an Alliant FX/8 are given in 
Abu-Sufah and Malony [1986]. 

5. Another approach to high-speed computing has been through add-on array 
processors such as those manufactured by Floating Point Systems, Inc. Here, a 
mini or mainframe computer controls the attached processor, which usually does 
intensive highly vectorized computation. See, for example, Clementi et al. [1987] 
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for a description of an attached processor supercomputer system. Recently, 
Floating Point Systems has offered a parallel system of its array processors 
connected in a hypercube fashion. A 16-processor system is rated at a peak speed 
of 256 mflops, which is close to supercomputer power. 

6. Two other approaches to parallel computing have been the topic of extensive 
research. The first utilizes the idea of "dataflow," in which computation is 
controlled by the flow of data and is performed when the required data are 
available; for a recent review, see Veen [1986]. The second approach is that of 
a "systolic array," which is a lattice of usually small specialized processors. 
Computation proceeds by data moving through the array; for a good discussion, 
see Kung [1982]. 

7. The spanning tree approach to broadcasting in a hypercube is given in Geist and 
Heath [1986]. A detailed study of the topological properties of hypercubes is 
given in Saad and Schultz [1985]. 

8. A number of analyses of communication in parallel systems have been performed. 
For example, Saad and Schultz [1986] consider communication times for several 
model architectures including a bus, ring, two-dimensional grid, hypercube, and 
a switch. The basic data transfer operations they consider include one processor 
to another, one processor to all others (broadcast), every processor to every other 
processor (broadcast from each processor), scattering data from one processor 
to all others (or gathering data from all processors to one processor), and 
multiscattering or multigathering (scattering from every processor to all other 
processors). They give detailed timing estimates based on assumptions about the 
architectures (for example, start-up time, transmission time, etc.) and about 
different data transmission algorithms. For related results, see Johnsson 
[1985a, 1987] and Fox and Furmanski [1987]. These latter papers describe hyper­
cube communication algorithms particularJ.y useful for matrix computations. 

1.2. Basic Concepts of Parallelism and Vectorization 

In this section we will collect a number of basic concepts and measures 
of parallelism and illustrate them with two very simple problems. We will 
assume at the beginning that we have a parallel system consisting of p 
processors. Later, we will discuss how the parallel concepts apply to vector 
computers. We begin with the following definition. 

1.2.1. Definition. The degree of parallelism of a numerical algorithm is 
the number of operations in the algorithm that can be done in parallel. 

We will illustrate this definition in a number of ways and, in the process, 
refine it. 

Consider first the problem of adding two n-vectors a and b. The 
additions 

i = 1, ... , n (1.2.1) 
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are independent and can be done in parallel. Thus, the degree of parallelism 
of this algorithm is n. Note that the degree of parallelism is independent 
of the number of processors in our system; it is an intrinsic measure of the 
parallelism of the algorithm. Of course, the number of processors will affect 
the time required to complete the computation. For example, if n = 1000 
and the number of processors is p = 1000, then ( 1.2.1) can be done in one 
time step, but if p = 10, we will need 100 time steps. 

Next, consider the problem of summing n numbers a~o ... , a". The. 
usual serial algorithm 

s ~ s +a;, i = 2, ... , n (1.2.2) 

is unsuitable for parallel computation. However, there is a good deal of 
parallelism in the problem itself. This is shown in Figure 1.2-1 by the 
addition of eight numbers in three stages. In the first stage, four additions 
are done in parallel, then two are done in the next stage, and finally one 
in the last stage. This illustrates the general principal of divide and conquer. 
We have divided the summation problem into smaller problems, which can 
be done independently. 

The graph of Figure 1.2-1 is called a fan-in graph and is widely 
applicable, as we shall see in the sequel. In particular, the same idea can 
be used to obtain the product a1a2 ••• a" of n numbers; in Figure 1.2-1, 
simply replace + by x. Similarly, to find the maximum of n numbers 
a1 , ••• , a", we can replace the + operation by max; for example, in Figure 
1.2-1, a1 + a2 would be replaced by max(a1 , a2), and so on. We note that 
the fan-in graph of Figure 1.2.-1 is a binary tree and the fan-in operation 
is sometimes called a tree operation. 

For n = 2q numbers, the fan-in algorithm has q = log n stages with 
n/2 additions at the first stage, n/4 at the second, and so on down to a 
single addition at the last stage. Clearly, the degree of parallelism at the 
first stage is n/2, at the second stage n/4, and so on. This suggests that we 
modify Definition 1.2.1 in order to have a parallel measure of an entire 
algorithm when each of its stages have differing degrees of parallelism. 

Figure 1.2-1. Fan-in for addition. 
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1.2.2. Definition. The average degree of parallelism of an algorithm is 
the total number of operations in the algorithm divided by the number of 
stages. 

In the fan-in algorithm, the average degree of parallelism is 

1 ( n n ) 2q - 1 n - 1 ( n ) q 2 + 4 + · · · + 1 = -q- = log n = 0 log n (1.2.3) 

while for the addition of two n vectors the average degree of parallelism 
is n, the same as the degree of parallelism. The latter algorithm exhibits 
"perfect" parallelism, while the fan-in algorithm degrades from this perfec­
tion by the factor log n. Still, the fan-in algorithm is quite parallel, especially 
when compared with the serial algorithm (1.2.2), for which the average 
degree of parallelism is (n - 1)/(n - 1) = 1. 

Related to the degree of parallelism is the idea of granularity. Large-scale 
granularity means large tasks that can be performed independently in 
parallel. An example is the solution of six different large systems of linear 
equations, whose solutions will be combined at a later stage of the computa­
tion. Small-scale granularity means small tasks that can be performed in 
parallel; an example is the addition of two vectors where each task is the 
addition of two scalars. 

Speedup 

There are two other common measures of parallelism that we now 
introduce. 

1.2.3. Definition. The speedup of a parallel algorithm is 

S = execution time for a single processor 
P execution time using p processors 

(1.2.4) 

For the problem of vector addition, we would expect that SP = p, a 
perfect speedup. We note, however, that Definition 1.2.3 assumes the actual 
computation times. This makes it more realistic, but also more difficult to 
use without having these times. Let us consider the addition of n numbers 
by the fan-in algorithm on n/2 processors with local memories. Assume 
that a 1 and a2 are stored in processor 1, a3 and a4 in processor 2, and so 
on. Before we can do the additions at the second stage, we need to transfer 
a3 + a4 to processor 1, a5 + a6 to processor 2, and so on. Similar data 
transfers will need to be made at each stage, and, of course, these data 
transfers increase the total time of the algorithm. Assume that the time for 
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addition is t and the time for data transfers is at, where a will usually be 
greater than 1. Then, ignoring other costs, we have for the addition algorithm 

8 = (n - 1)t 1 (n - 1) 
P (log n)(1 + a)t (1 +a) log n 

1 (2p- 1) 
(1.2.5) 

(1 +a) (1 + logp) 

since p = n/2. We note that the speedup in this case is the degree of 
parallelism degraded by the factor (1 + a)- 1• If a is approximately unity, 
so that communication takes about as much time as arithmetic, then the 
speedup is roughly halved from that of the ideal with a = 0. On the other 
hand, if a is large, say a = 10, then communication time dominates the 
computation, and the speedup is reduced accordingly. 

The speedup SP is a measure of how a given algorithm compares with 
itself on one and p processors. However, the parallel algorithm may not be 
the best algorithm on a single processor, as we will see in several cases in 
later chapters. Hence, a better measure of what is gained by parallel 
computation is given by the following. 

1.2.4. DEFINITION. The speedup of a parallel algorithm over the best 
serial algorithm is 

8 , = execution time on a single processor of fastest serial algorithm 
P execution time of the parallel algorithm on p processors 

Related to the speedup is the efficiency of a parallel algorithm. 

1.2.5. DEFINITION. The efficiency of a parallel algorithm with respect 
to itself is 

E=~ 
p p 

The efficiency of a parallel algorithm with respect to the best serial algorithm 
is 

E' = s~ 
p p 

Since SP ~ p, and S~ ~ SP we have E~ ~ EP ~ 1. In the case in which the 
algorithm has perfect speedup, SP = p, then EP = 1. 
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One goal in the development of parallel algorithms is to achieve as 
large a speedup as possible; ideally, S~ = p. However, we have already seen 
in the case of addition of n numbers that this ideal is not always possible. 
Indeed, the ideal speedup is obtainable only for essentially trivial problems. 
The main factors that cause a degradation from perfect speedup are as 
follows: 

1. Lack of a perfect degree of parallelism in the algorithm and/ or lack 
of perfect load balancing; 

2. Communication, contention, and synchronization time. 

We discuss these in somewhat more detail, beginning with the second. 
We considered previously the example of communication between pro­
cessors in the case of addition of n numbers. In general, in a local memory 
system exchange of data between processors will be necessary at various 
times during an overall computation, and to the extent that processors are 
not doing useful computation during the communication, this constitutes 
an overhead that we shall try to minimize. In shared memory systems, there 
may be contention delays (see Section 1.1) that play the same role as 
communication time: processors are idle or underutilized while waiting to 
.obtain the data necessary to continue. 

Synchronization is necessary when certain parts of a computation must 
be completed before the overall computation can proceed. There. are two 
aspects of synchronization that contribute to overhead. The first is the time 
required to do the synchronization; usually this requires that all processors 
do certain checks. The second aspect is that some, or even almost all, 
processors may become idle, waiting for clearance to proceed with the 
computation. We will see several examples of synchronization in later 
chapters. 

Although synchronization, communication, and memory contention 
delays are quite different, their effect on the overall computation is the 
same: a delay while data are made ready to continue the computation. 
Therefore, we will sometimes consider these delay factors together according 
to the following. 

1.2.6. DEFINITION. The data ready time is the delay caused by com­
munication, contention or synchronization in order that the data necessary 
to continue the computation is ready in the proper storage locations. 

We next turn to the lack of a perfect degree of parallelism, which can 
result in different ways. In the addition of n numbers, we saw that the first 
stage had a perfect degree of parallelism but that this was halved in each 
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subsequent stage; a gradual degradation of the degree of parallelism is 
typical in elimination algorithms for the solution of linear systems of 
equations, as we shall see in Chapter 2. For most problems, there will be 
a mix of three different degrees of parallelism, which we can term perfect, 
partial, and none, the latter being those portions of the algorithm that can 
use only a single processor. But even if there is a perfect degree of parallelism 
in the algorithm, it may be degraded by the problem of load balancing on 
a given parallel system. By load balancing we mean the assignment of tasks 
to the processors of the system so as to keep each processor doing useful 
work as much as possible. This assignment is sometimes called the mapping 
problem; that is, we wish to map the problem and the algorithm onto the 
processors to achieve maximum load balancing. Note that an algorithm 
may have intrinsically a high degree of parallelism but load balancing on 
a particular system may be difficult. For example, if we are adding vectors 
of length nine on a system of eight processors, we have a mismatch between 
the perfect degree of parallelism of the problem and the system on which 
it is implemented. 

Load balancing may be done either statically or dynamically. In static 
load balancing, tasks (and, perhaps, data for local memory systems) are 
assigned to processors at the beginning of a computation. In dynamic load 
balancing, tasks (and data) are assigned to processors as the computation 
proceeds. A useful concept for dynamic load balancing is that of a pool of 
tasks, from which a processor obtains its next task when it is ready to do 
so. In general, dynamic load balancing is more efficiently implemented on 
shared memory systems than on local memory systems since, on the latter, 
data transfers between local memories may also be required as part of a 
task assignment. 

We next consider a formal model of speedup, in which 

(1.2.6) 

where T1 is the time for a single processor, a 1 is the fraction of operations 
done with one processor, a 2 is the fraction of operations done with average 
degree of parallelism k < p, a3 is the fraction of operations done with degree 
of parallelism p, and td is the total time required for data ready delay. We 
wil} discuss several special cases of {1.2.6). 

Case 1. a 1 = a2 = 0, a3 = 1, td = 0. Here, SP = p, a perfect speedup. 
The assumptions are that all operations are done with a perfect degree of 
parallelism and there are no delays. 

Case 2. a 1 = a3 = 0, a 2 = 1, td = 0. Now, SP = k < p and the speedup 
is just the average degree of parallelism. 
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Case 3. a2 = 0, td = 0, a 1 = a, a3 = 1 - a. In this case, 

s = 1 
P a+(1-a)fp 

(1.2.7) 

which is known as Ware's Law or Amdahl's Law. The assumption is that 
all operations are done either with a maximum degree of parallelism or 
none, and there are no delays. Although (1.2.7) is a very simplified model, 
it is instructive. Suppose that in a given problem, half of the operations can 
be done in parallel and the other half not. Then a = 1/2 and (1.2.7) becomes 

That is, no matter how many processors there are, and ignoring all communi­
cation, synchronization, and contention delays, the speedup is always less 
than 2. More generally, Figure 1.2-2 gives a plot of (1.2.7) as a function of 
a for p = 100, a nominal value. Note the very rapid decrease of SP for 
small values of a. If even 1% of the operations can be done only on a 
single processor, the speedup is halved from 100 to 50. 

Case 4. td Large. This case is meant to illustrate the fact that, no matter 
what the values of at. a 2 , and a3o for sufficiently large td we can have 
SP < 1. Thus, in a problem with a lot of communication, contention, or 
synchronization it is possible that using more than one processor is actually 
worse than just a single processor. This is a rather extreme case, but for 
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Figure 1.2-2. Degradation of speed-up. 
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many problems one does reach a point of diminishing returns in terms of 
employing additional processors. 

We return now to the definitions 1.2.3 and 1.2.4 of speedup. There are 
several difficulties in applying these definitions in practice. On parallel 
machines with local memory, the more processors that are used the larger 
the problem that can be run. In particular, problems that can be run on a 
large number of processors may not fit into the memory of a single processor 
so that the time on a single processor would have to include 1/0 time to 
secondary memory. In one sense, this is an entirely legitimate measure of 
speed-up, but it may not be an appropriate one for some considerations. 
A related problem is that we expect to need a parallel machine only for 
those problems too large to run in a feasible time on a single processor. It 
follows that studies. of speed-up of an algorithm should be done on large 
problems and, perhaps, on a relatively large number of processors. 

Another measure of speedup, which can potentially handle both of the 
above problems, is to measure the computation rate as the size of the 
problem and the number of processors increases. Consider, for example, 
the problem of matrix-vector multiplication Ax, which will be discussed in 
more detail in the next section. If A is n x n, then 2n 2 - n operations are 
required (n 2 multiplications and n2 - n additions). Suppose, for a nominal 
problem size, the computation runs at the rate of 1 mftop on a single 
processor. Then if we double n, the number of operations increases by a 
factor of about 4, for large n, and if this problem runs on four processors 
at a rate of 4 mftops we have achieved perfect speed-up. More generally, 
if a problem size is determined by a parameter n, and the operation count 
is f(n), we can plot the computation rate (in mftops, say) as n increases 
and p = af(n); that is, the number of processors remains proportional to 
the number of operations. This is illustrated in Figure 1.2.-3. In order to 
use this approach, we would choose a problem size n1 , suitable for a single 

perfect speed-up 

mtlops 

p 

Figure 1.'1.-3. Speed-up in terms of computation rate. 
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processor. Then the commensurate problem size for p processors, nP, would 
satisfy f(np) = pf(n1) so that the number of operations done on p processors 
is p times that for a single processor. 

Vector Computers 

So far in this section, we have limited our discussion to parallel 
computers, but much of what we have done has a natural analog or 
interpretation for vector computers. On the other hand, we will also need 
some additional definitions. 

1.2. 7. DEFINITION. The degree of vectorization of a computation on a 
vector computer is the vector length used. If different vector lengths are 
used in different parts of the computation, then the average degree is the 
average vector length used. 

We note that the degree of parallelism in a problem is not necessarily 
related to the degree of vectorization. As a simple example, consider the 
evaluation of n functions f 1(x1), ••• .fn(Xn), and assume that they can be 
evaluated in the same amount of time. Then, the degree of parallelism of 
the problem is n. Moreover, if the functions are all identical and are to be 
evaluated at different arguments X;, then the evaluations can be done on a 
vector computer using vectors of length n (see Exercise 1.2-3). Thus, the 
degree of vectorization is n, the same as the degree of parallelism. However, 
if the /; all have a different functional form, so that we cannot vectorize 
across them, then the degree of vectorization will be only 1, even though 
the degree of parallelism is still n. 

The data ready time for parallel computers has a natural analog for 
vector computers. 

1.2.8. DEFINITION. The data ready time on a vector computer is the 
delay time required to move data to the right positions for vector operations. 

For example, as discussed in the previous section, on some vector 
computers the data must be in sequentially addressable storage locations 
in memory. Data transfers may be necessary to achieve this and they cause 
a delay in the computation. For large problems requiring access to external 
storage devices, such delays can also be included in the data ready time. 
We note that single processor vector computers are internally synchronized, 
and thus synchronization is not an issue. 

The speedups SP and S~ for parallel computers have natural analogs 
for vector computers: 

time for algorithm using only scalar arithmetic 
Sv = time for algorithm using vector arithmetic 

(1.2.8) 
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time for fastest serial algorithm on serial computer 
s~ = (1.2.9) 

time for vector algorithm on vector computer. 

As with SP• Su is an internal measure of the speedup obtained by using 
vector operations when possible rather than just scalar. S~ is the more 
practical definition since it is what people purchasing vector computers will 
want to know I 

The speedup model (1.2.6) can be interpreted for vector computers as 
follows. Let 

(1.2.10) 

where now T1 is the lime for the problem using scalar arithmetic, p is the 
speed increase over scalar atithmetic of vector operations of optimum length, 
a 3 is the fraction of operations that can be done with vectors of optimum 
length, k is the average speedup of vector operations for vectors of non­
optimum length, a 2 is the fraction of operations using vectors of non­
optimum length, a 1 is the fraction of operations using scalar arithmetic, 
and td is the total data ready time. 

The term "optimum length" used above must be interpreted in the 
following way. On many vector computers, the computation rate will con­
tinue to increase as the vector length increases, at least up to some maximum 
length. However, for practical purposes, we can say that vector lengths are 
"optimum" when they are sufficiently long to give, say, 99% or 95% of the 
maximum rate. 

Again, it is instructive to look at the special cases discussed for parallel 
computers. 

Case 1. a 1 = a 2 = 0, a 3 = 1, td = 0. Here, all operations are done with 
vectors of optimum length and with no delays so that Su is simply the 
speedup of optimum vector arithmetic over scalar arithmetic. On most vector 
computers, this is in the range 10-100. 

Case 2. a 1 = 0, a 2 = 1. a 3 = 0, td = 0. Now, the speedup is k < p 
representing the degradation of optimum speedup caused by using average 
vector lengths less than optimum. 

Case 3. a 2 = 0, td = 0, a 1 = a, a 3 = 1 - a. In this case, (1.2.10) becomes 

s = 1 
u a+(l-a)/p 

and the assumption is that a fraction a of operations is done in scalar 
arithmetic and the rest in optimum vector arithmetic. Figure 1.2-2 again 
gives the degradation in speedup under the (unreasonable) assumption that 
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vector arithmetic is 100 times faster than scalar. For small speedup ratios, 
the form of the curve in Figure 1.2-2 remains the same and the important 
point is that even a very small amount of scalar arithmetic seriously degrades 
the speedup. Again, the special case a = 1/2 is instructive. Here, Sv < 2, 
which says that if 50% of the operations must be done in scalar arithmetic, 
a speedup of no more than a factor of 2 over a scalar code is possible, even 
if the vector operations are infinitely fast. 

Parallel-Vector Computers 

For parallel systems whose processors are vector computers, we must 
combine the preceding concepts. As discussed in the previous section, many 
commercial systems in the near future will consist of a relatively small 
number (4-16) of powerful vector computers. Moreover, many parallel 
systems with a larger number of slower processors will also contain the 
capability of vector arithmetic. Efficient use of parallel-vector systems 
requires, ideally, the assignment to the processors of relatively large tasks 
which require little communication and synchronization and which can be 
carried out with a high degree of vectorization. In terms of granularity, our 
goal for parallel-vector computers is the development of parallel algorithms 
with large-scale granularity for tasks each of which has small-scale vectoriz­
able granularity. Hence, our goal is not so much a high degree of parallelism 
as a relatively low degree of parallelism but for large tasks each of which 
has a high degree of vectorization. 

Consistency 

It may be possible to devise parallel or vector algorithms that are 
improvements over a scalar algorithm provided that the problem size 
remains sufficiently small, but that actually become worse than the scalar 
algorithm if the problem size becomes too large. We first embody this 
possibility in the following definition and then give a nontrivial example. 

1.2.9. DEFINITION. A vector algorithm for solving a problem of size n 
is consistent with the best serial algorithm for the same problem if V(n)/ S(n) 
is bounded as n-+ oo, where V(n) and S(n) are the total number of 
arithmetic operations in the vector and serial algorithms, respectively. The 
vector algorithm is inconsistent if V(n)/ S(n)-+ oo as n-+ oo. 

A similar definition may be given for parallel algorithms. 
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Recursive Doubling 

We next describe a potentially useful but inconsistent algorithm. Con­
sider again the problem of summing n numbers a1 , ••• , a", but suppose 
that we also wish to have the intermediate sums 

i = 2, ... , n, (1.2.11) 

If we are doing the calculation (1.2.11) serially, we obtain all the intermediate 
sums as a by-product of computing s". However, the parallel fan-in algorithm 
of Figure 1.2-1 computes only some of the partial sums. In order to compute 
all the partial sums in a parallel or vector fashion we proceed as illustrated 
in Figure 1.2-4, where the columns represent vectors. The same idea can 
be used for products (Exercise 1.2-2). 

In Figure 1.2-4, sij = a1 + · · · + a1; hence, the desired partial sums are 
su and these are the elements of the final vector. The first vector addition 
produces s1 and s2 (su and s12) as well as several intermediate sums. The 
second vector addition produces s3 and s4 and more- intermediate sums 
while the final addition produces s5 , s6 , s1 , and s8 • This recursive doubling 
algorithm is also known as the cascade method for partial sums. 

The blanks in the vector operands in Figure 1.2-4 indicate that no 
operation is to be performed in these positions. Thus, the first vector 
operation has seven additions, the second has six, and the third has four. 
For n = 2\ there are k vector additions for vectors of length n - 21, i = 0, 
1, ... , k- 1. Therefore, the average vector length of the addition is 

1 k-1 1 1 
-k L (n - 21) = -k [kn - 2k + 1] = -1 - [n(log n - 1) + 1] (1.2.12) 

i=O og n 

We then have the following situation. To generate all the desired sums su 
requires log n vector or parallel operations with average vector lengths given 
by (1.2.12). Hence, the total number of results produced in the log n vector 

at Su Su Su Su su 

a2 at S12 su su S12 su 

aJ a2 S23 S23 Su StJ su su 

a4 + a3 S34 S34 + S12 S14 S14 + s,4 

as a4 S4s S4s S23 S2s S2s Su SIS 

a6 as Ss6 Ss6 SJ4 SJ6 SJ6 su St6 

a, a6 s6, s61 S4s S41 S41 su s" 
as a1 s1s S1s ss6 Sss Sss S14 s,s 

Figure 1.2-4. Recursive doubling. 
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operations is n log n - n + 1 as compared with n - 1 in the serial computa­
tion. Therefore, the algorithm is inconsistent since (n log n- n)/n-+ oo as 
n -+ oo. But this does not mean that the algorithm is not useful, as we next 
show. 

Suppose that a vector computer performs vector additions with a timing 
formula of T = s + 'Yn for vectors of length n, and scalar additions in time 
IJ.. Then, the time for obtaining the n - 1 sums s11, j = 2, ... , n, for n = 2" 
by the recursive doubling algorithm is, by (1.2.12), 

k-J 

T.,(n) • r [s + 'Y(n- 21)] = ks + 'Y(kn- 2" + 1) 
1=0 

= s log n + 'Y( n log n - n + 1) (1.2.13) 

and the scalar time is T.(n) = JJ.(n - 1). Table 1.2-1 gives times for the 
vector and scalar computations, where it is assumed that s = 1000, 'Y = 10, 
and 1J. = 200 (all inns). Table 1.2-1 shows that the scalar algorithm is best 
until about n = 32 since the start-up time is dominating the vector operations 
for small n. For the range n = 32 to 220, recursive doubling is best, but for 
n > 221 the n log n term begins to dominate and the scalar algorithm again 
becomes the best. Thus, for a range of n that includes all sufficiently large 
but still practical vector lengths the recursive doubling algorithm will be 
superior. This conclusion depends, of course, on the particular values of s, 
'Y. and IJ. used in this example. The key factor is the relative sizes of 
'Y(Iog n - 1) and IJ., the coefficients of n. 

Data Flow Analysis 

As we shall see in subsequent sections, it is many times fairly easy to 
detect the inherent parallelism in an algorithm. Other times it is not so 
obvious. A systematic tool for uncovering the parallelism i!l a precedence 
graph for the computation. This is illustrated in Figure 1.2-5 for the compu­
tation 

Table 1.2.-1. Recursive Doubling Vector 
versus Scalar Times 

n 

8 
32 
128 
1024 
220 

221 

T.(n) 

3170 
6190 

15 X 103 

0.1 X 106 

90 X 106 

419 X 106 

T,(n) 

1400 
6200 

25 X 103 

0.2 X 106 

200 X 106 

415 X 1W 
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Figure l.l-5. Precedence graph. 

(1.2.14) 

The serial computation for (1.2.14) might proceed as 

(x2 + l + xJ) + (y4 + x2y2) 

which requires ten arithmetic operations. These ten operations can be 
done in four parallel steps as indicated in Figure 1.2-5. 

The use of a graph as in Figure 1.2-5 is known as a data flow analysis. 
It shows what computations must be done to provide data to subsequent 
calculations. We will use this approach in Chapter 2 to analyze the inherent 
parallelism of certain direct methods for solving linear equations. Another 
aspect of data ftow analysis might be called the Data Flow Principle: As 
soon as something can be done, do it. 

Exercises 1.2 

1. Formulate the fan-in algorithm of Figure 1.2-1 for the sum of s = 2' vectors 
a1 , ••• , a, of length n. Write a pseudocode to do this on a vector machine. 

2. Formulate the recursive doubling algorithm of Figure 1.2-4 for computing the 
products p1 = a1 ••• a;, i = 1, ... , n. 

3. Let f(x) = x 2 + x3• Write a pseudocode using vectors of length n to evaluate f 
at the points X 1 , ••• , x". 

4. Write a vector pseudocode to do the fan-in addition of Figure 1.2-1 for s = 2' 
numbers. Assume that vectors must be sequentially addressable storage locations 
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and discuss how to handle the storage. Assume that vector operations require 
(1000 + 10 m) ns for vectors of length m and scalar arithmetic operations require 
100 ns. Find the cross-over point s. for which the vector code is more efficient 
than the scalar code for (1.2.2). 

5. Let q(x) = a0 + a1x + · · · + anx" be a polynomial of degree n, where n = r2'. 
Write a parallel code for evaluating q(x) by first writing q as 

where s = 2r and 

q1(x) = a~+ • • • + ak+r-tX', k = (i- 1)2' + 1 

Then proceed along the following lines: 

a. Compute x2, ••• , x' (sequentially?); 
b. Compute q1(x), ... , q,(x) (in parallel); 
c. Compute x', x2', ••• , x<•-Or (sequentially?); 
d. Multiply x'q2(x), x2'q3(x), ... ,x<•-tlrq,(x) (in parallel); 
e. Add a0 + q1(x) + x'q2(x) + · · · + x<•-tlr q,(x) (by fan-in). 

Adapt your parallel code to a vector computer by doing steps b, d, and e with 
vector operations as follows: 

b'. Let v1 be the vector of the leading coefficients of the q, v2 the vector of 
the coefficients of x2 , and so on. Then form xv1 + xlv2 + · · · + x'v,. 

e'. Use Exercise 1.2-4. 

References and Extensions 1.2 

1. The ideas of degree of parallelism and speedup have been used for many years 
in one form or another. The definition 1.2.6 of data ready time is new and 
attempts to capture in one concept the various factors causing delay in a 
computation because data are not yet ready to be processed. 

2. The speedup formula (1.2.7) is given in Ware [1973] and is implied in Amdahl 
(1967]. The more general formula (1.2.6) is new. Various interesting observations 
about Ware's Law are made in Buzbee [1983, 1985]. 

3. Early theoretical papers on speedup of parallel algorithms tended to ignore the 
cost of communication and synchronization. See Heller [1978] for a review of 
this work on linear algebra algorithms. Gentleman [1978] was one of the first 
to point out that communication time could be an important, even dominant, 
factor in actual calculations. For a more recent general treatment, see Gannon 
and van Rosendale [1984]. 

4. The idea of consistency was first put forth in Lambiotte and Voigt [1975]. 

5. The idea of using mftop rates to compute speedups in situations where the 
problem is too large to fit in the memory of a single processor is given in Moler 
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[1986]. This paper also introduces the notion of the floating point utilization in 
a parallel computation. It is defined by u = y I ( TJ' ), where y is the mftop rate 
of the computation on p processors and Tis the mftop rate on a single processor. 
Clearly u = 1 if there is a perfect speedup. 

6. Further analysis of the effects of communication costs on various elementary 
operations, such as summation, is given in Parkinson [ 1987]. 

7. One of the first papers to address in a general way the load balancing problem 
was Bokhari [1981]. Fox et al. [1987] discuss dynamic load balancing. 

8. Recursive doubling was used by Stone [1973] as an approach to parallel 
algorithms for recursive relations. It was independently discovered about the 
same time by Harvard Lomax and Robert Downs. Lambiotte and Voigt [1975] 
pointed out that it led to inconsistent algorithms, as shown in the text. Further 
discussion of recursive doubling and the cascade method of partial sums may 
be found in Hockney and Jesshope [1981]. 

9. The reorganization of computations, such as the fan-in algorithm of Figure 1.2-1 
versus the serial algorithm (1.2.2), raises the question of numerical stability. 
That is, if a computation is numerically stable, will it still be stable if the order 
of operations is changed? Ronsch [1984] addresses this problem and shows, in 
particular, that the fan-in algorithm is more stable than (1.2.2). See, also, Gao 
[1987]. 

10. Synchronization can be, and has been, implemented by a variety of techniques 
and we summarize some of the basic ideas. A good overall review may be found 
in Andrews and Schneider [1983]. We note that many of the concepts and 
terminology of synchronization have arisen in operating systems theory. 

A critical section of a code is a sequence of statements that must be executed 
as an indivisible operation without interruption. It is a sequential part of an 
overall code. A fork usually follows a critical section and initiates code sequents 
that operate in parallel. At a join these parallel segments return to a critical 
section. This is illustrated in the figure below: 

fork 

parallel code 

A related idea is a barrier (Jordan [1986], Axelrod [1986]), which is a logical 
point in the control ftow at which all processes must arrive before any can 
proceed further. 

On shared memory machines, synchronization is usually accomplished 
through the use of shared variables, which can be referenced by more than one 
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process or processor. For example, in busy-waiting, a process tests a shared 
variable for a certain value that signals that it may proceed. While the process 
is waiting for the correct value, it is said to be spinning and the shared variable 
or variables are called spin locks. 

11. Greenbaum [ 1986a] analyzes various synchronization strategies including bar­
riers. She also considers neighbor synchronization, in which only the neighbors 
of a processor P that send data to processor P need to be synchronized for that 
processor. This is particularly the case for the iterative solution of linear systems 
on mesh-connected arrays. A refinement of neighbor synchronization is boundary 
synchronization, which recognizes that only certain data (for example, from 
boundary points) need be communicated in many cases. The author concludes 
that as long as the granularity of the program is sufficiently lare.e so that the 
execution time of synchronization is small compared with the work time of each 
processor, then the neighbor or boundary approaches provide very attractive 
syncrhonization schemes. 

12. How one achieves a fan-in summation on a given parallel system is dependent 
on the intercommunication pattern of the system. Consider, for example, the 
spanning tree of a hypercube as given in Figure 1.1-18. Then, a fan-in addition 
can be achieved by following the spanning tree in reverse order. For example, 
if 16 numbers are to be summed and each processor initially holds two, all 
processors first add these two. Then, processors 5-8 send their sums to processors 
1-4 as indicated. Processors 1-4 do an addition, and then processors 3 and 4 
send to processors 1 and 2. These do an addition and processor 2 sends to 
processor 1, which makes the final addition. 

1.3. Matrix Multiplication 

We consider in this section the problem of evaluation of Ax and AB, 
where A and B are matrices and x is a vector. These basic operations will 
be important in the following chapters. Moreover, the study of matrix 
multiplication allows us to explore many of the basic issues of parallel and 
vector computation in the context of a very simple mathematical problem. 
We assume first that A and B are full matrices and then treat sparse matrices 
of various types later in the section. We will first work in terms of vector 
operations and then turn to parallel computers. 

Matrix-Vector Multiplication 

Assume first that A is an m x n matrix and x an n-vector. Then 

[ (a1? x)] 
Ax= : 

(am, x) 

(1.3.1) 
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where a1 is the ith row of A and (x, y) = I:~- 1 Xi)'1 is the usual inner product. 
Thus, the evaluation of Ax requires the computation of m inner products. 
Before examining this approach in more detail, we consider the other 
standard way to view matrix-vector multiplication, as a linear combination 
of the columns of A. Thus, 

" Ax= L x1a, (1.3.2) 
i=l 

where now a1 denotes the ith column of A. 
We note that the difference in (1.3.1) and (1.3.2) can be viewed as two 

different ways of accessing the data, as shown in the codes given in Figure 
1.3-1. In both cases, it is assumed that the y1 are set to zero at the beginning. 
In Figure 1.3-1a, for each i the j loop computes the inner product of the 
ith row of A and x, so that this is (1.3.1). Figure 1.3-1b corresponds to 
(1.3.2). Note that the final arithmetic statement is the same in both codes 
of Figure 1.3-1, so that the difference is in the order of the indices. We will 
see in the sequel that the same type of reordering of indices gives various 
possible algorithms for matrix-matrix multiplication and the solution of 
linear equations. 

On some vector computers, there will be a hardware instruction for 
the inner product; we shall return to an example of this shortly. Otherwise, 
for (1.3.1) we will need to do the inner product computation 

" t; = Xi)';, i = 1, ... , n, (x,y)= L t, (1.3.3) ,_, 

The first step of (1.3.3) is a vector-vector multiplication, while the second 
involves a summation which, as we saw in the previous section, has less 
than perfect parallelism. For vector computers, we would modify the fan-in 
addition algorithm of the previous section (Figure 1.2-1; see also Exercise 
1.2-4). For example, on a vector computer for which a vector consists of 
sequentially addressable storage locations, we would add the first n/2 
elements to the second n/2, then repeat this halving process at each stage. 
Note that at some point the vector length becomes less than some threshold 

Fori= 1 tom 
For j = 1 ton 

Yt = Y; + a;iXJ 

For j = 1 ton 
Fori= 1 tom 

y1 = y1 + a11 x1 

Figure 1.3-1. The ij and ji forms of matrix-vector multiplication. 
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for which it may be more efficient to add the remaining numbers by scalar 
arithmetic. 

For the linear combination approach, (1.3.2), the algorithm will be 

y=O for i = 1 to n do y = y + x1a1 (1.3.4) 

As noted previously, an operation of the form vector plus scalar times vector 
is called a linked triad (or saxpy) and is particularly efficient on some vector 
computers. 

In order to compare the two approaches, (1.3.1) and (1.3.2), we first 
give an example. On the CDC CYBER 205, there is a hardware instruction 
for the inner product of two n vectors. For a two-pipeline 205, it has an 
approximate timing formula of (2300 + 20n) ns, so that the evaluation of 
m inner products requires 

(2300m + 20nm) ns (1.3.5) 

The timing formula for a linked triad on this machine is approximately 
(1700 +10m) ns for vectors of length m so that the computation (1.3.4) 
requires 

(1700n + lOnm) ns (1.3.6) 

Clearly, (1.3.5) is roughly twice as large as (1.3.6) for most values of n and 
m, in particular for m = n. However, for small values of m, (1.3.5) may be 
smaller. For example, for m = 5 

2300 · 5 + 20 · 5n < 1700n + 10 · 5n for n > 6 

This simply reflects the fact that the degree ofvectorization (or parallelism) 
of (1.3.4) is m and so is inefficient for small m. 

The previous example shows that the choice of one algorithm over 
another may depend on the size of certain problem parameters, and we will 
see several examples of this in the sequel. Another extremely important 
consideration is the data storage. Suppose that A is stored by columns, 
which is the usual FORTRAN convention for storing two-dimensional arrays. 
(Other languages, however, such as PASCAL and PLl, store a two­
dimensional array by rows.) Then the vectors required for the linear combi­
nation algorithm (1.3.2) are sequentially addressable locations in storage, 
while for the inner product algorithm (1.3.1), the rows of A will be vectors 
with a stride of m. As noted previously, on some vector computers only 
vectors with a stride of 1 are admissible as operands for vector arithmetic 
instructions, and for vectors with stride greater than 1 the data must be 
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moved in storage before the arithmetic can proceed. On other computers, 
a stride greater than one is allowed but the speed of the vector operation 
may be degraded. In either case, if the matrix A is stored by columns, then 
these storage considerations make the case for the linear combination 
algorithm even stronger. On the other hand, if the matrix A is already stored 
by rows, then the storage is better for the inner product algorithm and this 
may dictate it to be the algorithm of choice. Only a detailed analysis for 
the particular machine to be used can lead to a clear choice. 

Loop Unrolling 

We next consider the linear combination algorithm (1.3.4) on register­
to-register machines. A straightforward implementation of (1.3.4) would 
have the following sequence of operations: 

Load y = 0 into vector register 
Load a1 into vector register 
Multiply x1a1 • Result goes to register 
Add y = y + x1a1 • Result goes to register 
Store y in main memory 
Load y 
Load a2 

In the above, we have assumed that the vectors fit in the registers; if 
not, we would process them in segments. 

The above code is very inefficient. Each cycle requires two vector loads, 
a store, and two vector arithmetic operations. For the arithmetic operations, 
we should incorporate chaining, provided the hardware allows this. Chain­
ing was illustrated in Figure 1.1-4 and allows the result x1a1 to go directly 
to the addition unit. Addition of y can then begin while the multiplications 
are still being carried out, so that both vector operations are being done 
almost concurrently. We next note that the store and load of y between the 
vector operations is unnecessary; we can simply access the current y from 
its register. Finally, most register-to-register machines will allow loads to 
occur concurrently with arithmetic operations. Thus, we can be loading a2 
while the operation y + x1a 1 is being done. (Note, however, that we would 
use a different vector register for a2 than for a1 , so that the code must 
"flip-flop" on its access of the a;.) 

With these changes, the code would be as follows: 

Load y = 0 into vector register 
Load a1 into vector register 
Form y = y + x1a1 by chaining. Load a2 
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Form y = y + x2a2 by chaining. Load a3 

Now, each cycle will require only slightly longer than the time for a single 
vector arithmetic operation and this code will run almost five times faster 
than the original. 

Compilers will typically recognize when a chaining operation can be 
done. Unfortunately, compilers have not always recognized when intermedi­
ate results could be left in vector registers nor when loads and arithmetic 
operations could be overlapped. Of course, this problem can be corrected 
in assembly language. In FORTRAN, it can be mitigated to a large extent by 
the idea of loop unrolling. For example, if we replace the loop 

Fori= 1 ton 

y = y+ X;a; 

by 
For i = 2 to n, steps of 2 

y ::::: y + X;-1a;_ 1 + x;a; 

the vector y will be stored and reloaded only half as many times as in the 
original; moreover, the loading of a; will be done concurrently with the 
arithmetic of y + X;_ 1a;_ 1 • (Note that an extra statement is required to 
process an if n is not a multiple of 2). In this example, the loop has been 
unrolled to a depth of two. Unrolling to a depth of three is done by 

For i ::::: 3 to n, steps of 3 

y ::::: y + X;-28;-2 + X;- 18;-1 +X;&; 

and similarly for unrolling to greater depth. (Again, additional statements 
are required if n is not a multiple of the depth.) Loop unrolling has been 
employed in practice up to depths of eight or even higher. 

Multiplication of Matrices 

The previous discussion of matrix-vector multiplication extends in a 
natural way to the multiplication of matrices, although we will see that 
other alternatives are now available. Let A and B be m x n and n x q 
matrices, respectively, so that AB is m x q. 

The inner product form of matrix-vector multiplication extends to the 
inner product algorithm 

C = AB = [ :J (b,, ... , b,) = (a,b1) (1.3.7) 
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Here, A is partitioned into rows and B into columns and the product AB 
requires the formation of the mq inner products a1b1 of the rows of A and 
columns of B. Ideally, A will be stored by rows and B by columns. Note 
that if q = 1, so that B is a vector, (1.3.7) reduces to the inner product 
algorithm for matrix-vector multiplication. The algorithm has the same 
advantages and disadvantages as the corresponding matrix-vector 
algorithm, and we shall not discuss it further. 

The next algorithm is based on repeated matrix-vector multiplications. 
Let a1 and b1 denote the ith columns of A and B. Then 

(1.3.8) 

The ith column of C is just A times the ith column of B, and these 
matrix-vector operations are done as linear combinations of the columns 
of A. A pseudocode for (1.3.8) is given in Figure 1.3-2. The algorithm of 
Figure 1.3-2 is sometimes called the middle product algorithm; ideally, A is 
stored by columns while the storage of B is immaterial. If B is stored by 
rows, and a1 and b1 now denote the ith rows of A and B, then an alternative, 
which we call the dual middle product algorithm, is 

(1.3.9) 

Here, the ith row of C is a linear combination of the rows of B. If m = 1 
in (1.3.9), so that A is a row vector, then (1.3.9) is the linear combin ltion 
algorithm for a row vector times a matrix. 

Another algorithm is based on outer products. The outer produc of an 
m-long column vector u and a q-long row vector vis 

SetC=O 
Fori= 1 to q 

For j = 1 ton 
c1 = C; + b1;a1 

Figure 1.3-2. Middle product matrix multiplication. 

(1.3.10) 
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The outer product can be formed by multiplication of the elements of v 
times the vector u, and gives an m x q matrix whose i, j element is U;Vi. 

The outer product algorithm for matrix multiplication based on (1.3.10) is 

C = AB =(a., ... ,a.) [ :J = t a,b, = J, (b.,a,, ... , b~a,) (1.3.11) 

and a pseudocode is given in Figure 1.3-3. 
Ideally, in Figure 1.3-3, A is stored by columns and the storage of B 

is immaterial. If B is stored by rows, an alternative is 

(1.3.12) 

which we call the dual outer product algorithm. In either case, C is formed 
as the sum of n outer products and (1.3.11) and (1.3.12) differ only in how 
these outer products are computed. 

We note that, corresponding to Figure 1.3-1, all of the above matrix 
multiplication algorithms can be viewed as different orderings of the loop 
variables i, j, and k in the basic code 

For ___ _ 
For ___ _ 

For ___ _ 

c;i = cii + a;kbki 

The six possible <;odes, sometimes called the ijkforms of matrix multiplica­
tion, are given in Exercise 1.3-3. 

Comparison of Algorithms 

We next wish to compare the middle and outer product algorithms 
under the assumption that A is stored by columns. Analogous considerations 

Set C = 0 
Fori= 1 ton 

For j = 1 to q 
ci = ci + biia; 

Figure 1.3-3. Outer product matrix multiplication. 
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apply to the dual algorithms if B is stored by rows. For the outer product 
algorithm, Figure 1.3-3, the inner loop forms the outer product a;b;, adding 
it to the accumulating product in C. The basic step is a linked triad for 
vectors of length m; hence the degree of vectorization is m. For the middle 
product algorithm of Figure 1.3-2, again the basic operation is a linked 
triad and the degree of vectorization is m. On vector computers that access 
data directly from memory, the algorithms are essentially equivalent. For 
small m, however, neither algorithm will be attractive; if B is stored by 
rows and q > m, the dual forms of the algorithms will be preferred. 

On vector computers that utilize vector registers there can be an impor­
tant difference between the two algorithms that we now discuss. For sim­
plicity, we assume that the registers are of sufficient size to hold a column 
of A; if this is not the case, obvious modifications to the discussion can be 
made (Exercise 1.3-4). Note first that the inner loop of the middle product 
algorithm completely forms a column of C, while in the outer product 
algorithm the columns of C are accumulated over the whole calculation. 
Figures 1.3-4 and 1.3-5 illustrate the two computations on a vector register 
machine. 

The outer product algorithm has the advantage that a; is used q times 
once it is in a register. However, a disadvantage is that there is a delay at 
the end of each vector operation while the result register is stored and c1 is 
loaded. This can be alleviated to some extent by using an additional register 
for c1+1 and loading this register while the arithmetic operation is being 
performed. This decreases the delay to the time to store the result, at the 
expense of some additional logic to access a different register for c1 every 
other time. This strategy is useful on machines (for example, the CRA Y-1) 
that can overlap arithmetic and memory operations but that allow only a 
load or a store at a given time. On machines (for example, the CRA Y 

Figure 1.3-4. Outer product matrix multiplication. 
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X-MP) that allow load and store operations to proceed simultaneously, we 
can eliminate the storage delay altogether by utilizing a second result register 
for r1+1 as well. Now a basic step is 

compute r1, load c1+ 1 , store r1_ 1 

with the compute, load, and store operations proceeding simultaneously. 
Consider next the middle product algorithm, as illustrated in Figure 

1.3-5. Note that in this case, a1 must be loaded before each vector operation 
but the result need be stored only at the end of the inner loop. However, 
the registers for C; and r; must alternate at each vector operation since the 
result vector becomes the input vector c1 at the next step. In this form, there 
is a delay before each vector operation while a1 is loaded. However, again, 
we can use an additional register to overlap this load with the arithmetic 
as indicated by 

load a1+t 

Note that this requires only the capability to simultaneously load and 
compute. In FORTRAN, we would approximate the above behavior by loop 
unrolling. In summary, then, we see that the middle product algorithm is 
preferable on those machines that allow only one memory operation to 
proceed simultaneously with arithmetic, while on machines that allow both 
load and store operations simultaneously, the two algorithms are equivalent 
up to, perhaps, lower-order effects. 

Parallel Computers 

We next discuss the previous algorithms for parallel computers with p 
processors. Consider first matrix-vector multiplication by the linear combi­
nation algorithm, Ax= Lf=t X;a;, where, again, A is m x n. For simplicity, 

Memory 

riodic storage 
continuous loadina 

Figure 1.3-5. Middle product matrix multiplication. 
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assume first that p = n and let x1 and a1 be assigned to processor i as 
illustrated in Figure 1.3-6. All of the products x1a1 are formed with a perfect 
degree of parallelism, and then the additions are done by the fan-in algorithm 
of Section 1.2, applied now to vectors (see Exercise 1.2-1}. If the parallel 
system is one with local memory, then we interpret Figure 1.3-6 as meaning 
that the indicated 9ata are in local memories of the processors. In this case, 
the fan-in algorithm will require transfer of data between processors as the 
algorithm proceeds. On a shared memory system, we interpret Figure 1.3-6 
as meaning a task assignment; that is, P1 will do the multiplication x1a1• In 
the fan-in part of the algorithm, no data are transferred since all are in 
global memory. 

Synchronization is needed to ensure that the necessary multiplications 
are complete before addition begins. On a local memory machine, this will 
be accomplished by the need to communicate data. For example, suppose 
that P1 is to add x1a1 and x2a2 • When P2 has completed its multiplications 
it will send x2a2 to P1 • P1 will begin the addition after it has completed its 
multiplications, and if the data have not yet been received from P2 , it will 
wait. It is this wait that effects the necessary synchronization. Note that 
without the wait, if P1 started adding from the memory locations reserved 
for x2a2 before the correct data arrived, then erroneous results would be 
produced. In a global memory system, synchronization can be achieved in 
a variety of ways (Section 1.2), and the best way will depend on both the 
hardware and software features of the system. As an example of how the 
synchronization might be done, assume that when P2 is done with its 
multiplication it sets a "flag" (for example, a Boolean variable can be set 
to True), and P1 will then test this flag before it begins the addition. 

The inner product algorithm is more attractive in some respects. Assume 
now that p = m and that x and a1, which is now the ith row of A, are 
assigned to processor i as illustrated in Figure 1.3-7. Each processor does 
one inner product and there is a perfect degree of parallelism m. No fan-in 
nor data transfers are required, .and synchronization is needed only at the 
end of the computation. 

Although the inner product algorithm exhibits a perfect degree of 
parallelism, which of the two algorithms one uses will usually depend on 
other considerations. A matrix-vector multiplication will inevitably be done 
as part of a larger calculation and, on a local memory system, the storage 

Figure 1.3-6. Parallel linear combination algorithm. 
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p2 
Flaure 1.3-7. Parallel inner product algorithm. 

of A and x at the time the multiplication is required will play a major role 
in determining the algorithm. For example, if x1 and the column a1 are 
already stored in the ith processor, as in Figure 1.3-6, the linear combination 
algorithm will probably be used, although its degree of parallelism is less 
than the other algorithm. Another consideration is the desired location of 
the result at the end of the multiply; the first algorithm will leave the result 
vector in a single processor, while the second leaves the result distributed 
over the processors. We note the seeming paradox, relative to the vector 
codes previously discussed, that the linear combination algorithm requires 
a fan-in while the inner product algorithm does not. 

The above discussion assumes that the number of processors is equal 
to the number of columns or rows of A. Usually n and/ or m will be 
considerably larger than the number of processors and each processor will 
be assigned many rows or columns. Ideally, for the inner product algorithm, 
p would divide m and m/ p rows would be assigned to each processor. 
Mathematically, we would perform the multiplication in the partitioned 
form 

(1.3.13) 

where A1 contains m/ p rows of A. If A1 and x are assigned to processor i, 
then the products A1x, ... , APx are done with a perfect degree of parallelism. 
Note that for the multiplication A1x, it may not make any difference how 
this is carried out; it could be done by inner products or by a linear 
combination of columns. However, if the processors are vector processors, 
then our previous discussion would be relevant. Similar considerations 
apply to partitioning A into groups of columns (Exercise 1.3-5). If p does 
not divide m (or n), then we would try to distribute the rows (or columns) 
across the processors as evenly as possible. 

Matrix Multiplication 

Similar considerations apply to the multiplication of two matrices A 
and B, and it is left to Exercise 1.3-6 to discuss the inner product, outer 
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product, and middle product algorithms for parallel computers. There is 
also the possibility of algorithms, analogous to (1.3.13), based on partition­
ings of A and B. Thus, if A and B are partitioned commensurately, then 

[
Au 

C = AB = : 
A.1 

~1 '] = ( t A;kBkJ) (1.3.14) 
B k-1 

rl 

which leads to a variety of possible algorithms. For example, if p = st, the 
number of blocks in C, then these st blocks can be computed in parallel 
provided A and B are assigned suitably to the processors (see Exercise 
1.3-7). Special cases are s = 1, so that A is partitioned into groups of 
columns, and t = 1, where B is partitioned into groups of rows. Other 
special cases of interest are s = t = 1, which gives a "block inner product" 
type algorithm 

r 

AB = L AljBjl 
)=I 

and r = 1, which gives a "block outer product" algorithm 

(1.3.15) 

(1.3.16) 

For example, (1.3.16) would be useful if there were p = st processors with 
Ail and BIJ assigned to the processors as indicated in Figure 1.3-8. Here, 
the processor configuration mirrors the block structure of the product C 
and the individual products AiiB11 are all formed in parallel. 

Partitioned algorithms can also be useful for vector computers, like 
the CRA Y-2, which have a fast local memory. 

Figure 1.3-8. Parallel block multiplication. 
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Banded Matrices 

So far in this section we have assumed that the matrices were full, that 
is, that all, or most, elements are nonzero. Many, if not most, matrices that 
arise in practice, however, are sparse, with the majority of elements being 
zero. We will now examine the multiplication algorithms for various types 
of sparse matrices and see that additional algorithms are needed in certain 
cases. We begin with banded matrices. 

The n x n matrix A is banded if 

a!i = 0, i- j > 13" j- i > 132 (1.3.17) 

as illustrated in Figure 1.3-9. For simplicity, we will consider only the case 
in which A is symmetrically banded, 131 = 132 = 13, and call 13 the semiband­
width (or just bandwidth). Thus, A has nonzero elements only on the main 
diagonal and on the 213 adjacent diagonals above and below the main 
diagonal. Note that a symmetrically banded matrix is not necessarily sym­
metric. 

Consider first the matrix-vector multiplication Ax. The inner product 
and linear combination algorithms previously discussed are 

[ (•·: •>] (1.3.18) Ax= : 
(an, x) 

and 

n 
Ax= I: x1a 1 (1.3.19) ,_, 

where in (1.3.18) a1 denotes the ith row of A whereas in (1.3.19) it is the 
ith column. Assuming that A is stored by columns, the vector lengths in 
(1.3.19) range from 13 + 1 to 213 + 1. Typical values of 13 and n in some 

Figure 1.3-9. Banded matrix. 
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problems might be n = 104 and {3 = 102, in which case the vector lengths 
for (1.3.19) are reasonably large. On the other hand, for small {3, (1.3.19) 
has an unsatisfactorily small degree of vectorization. In the limiting case 
of tridiagonal matrices, for which {3 = 1, the vector lengths are at most 3. 

Similar considerations hold for the inner products in ( 1.3.18), for which 
the vector lengths are the same as in (1.3.19). However, (1.3.18) has a degree 
of parallelism of order n in the formation of the n inner products. For 
example, suppose that in a local memory parallel system with p = n pro­
cessors the ith processor holds a1 and x; then all inner products can be 
formed in parallel. If there are p = n/ k processors, we would assume that 
the first k rows of A are handled by processor 1, the second k by processor 
2, and so on; thus, the processors will be working with a maximum degree 
of parallelism up to the rather small loss from the fact that the lengths of 
the beginning and ending rows of A are shorter than the middle rows. A 
more careful balancing of the work load can alleviate this problem as well 
as the analogous one that results from n not being divisible by p. (See 
Exercise 1.3-10.) Hence, the inner product algorithm is potentially attractive 
on parallel systems, even for very small {3. 

Similar considerations hold for the multiplication of two banded n x n 
matrices. We note that if A has semibandwidth a and B has semibandwidth 
{3, then AB will, in general, have semibandwidth a+ {3 (Exercise 1.3-11). 
Consider first the middle product algorithm (1.3.8): 

(1.3.20) 

Here, if it is assumed that A is stored by columns, then the vector lengths 
for the linear combinations will range from a + 1 to 2a. Hence, as before, 
if a is sufficiently large, this can be a viable vector algorithm. If a < {3, the 
dual form (1.3.9) of the middle product algorithm may be superior to 
(1.3.20), especially if B is stored by rows. Note that on parallel computers, 
we also have the option of evaluating the first k columns of (1.3.20) in 
processor 1, the second k in processor 2, and so on, and can thus achieve 
a high degree of parallelism; the details of this approach are left to Exercise 
U-12. 

Consider next the outer product algorithm (1.3.11): 

n 

C = AB = L (bilaio ... , b1na1) (1.3.21) 
1-1 

where, again, we assume that A is stored by columns. The consideration 
of this algorithm is analogous to (1.3.20), with the vector lengths determined 
by a. Thus if a < {3, the dual form (1.3.12) may be preferable if B is stored 
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by rows. The previous discussion of the relative merits of (1.3.20) and 
(1.3.21) on vector computers that utilize vector registers also extends 
immediately to banded matrices (Exercise 1.3-13). There are also various 
possibilities for (1.3.21) on parallel computers. With p = n/ k processors, 
k of the outer products could be formed in parallel in each processor; this 
would require k columns of A and k rows of B to be assigned to each 
processor. The summation of the outer products is then required, and after 
those within each processor are summed, a fan-in across the processors is 
performed. A more attractive possibility is to form the first k columns of 
C in processor 1, the next k in processor 2, and so on. This is essentially 
the middle product algorithm. 

Consider, finally, the inner product algorithm (1.3.7): 

(1.3.22) 

in which the i, j element of C is the inner product of the ith row of A and 
the jth column of B. Since the semibandwidth of C is a + {3, only those 
inner products lying within C's bandwidth need to be formed, of course. 
As with matrix-vector multiplication, (1.3.22) is attractive for parallel com­
puters, regardless of the bandwidths a and {3. 

Multiplication by Diagonals 

The algorithms given so far are unattractive on vector computers for 
matrices with small bandwidth. This is also the case for matrices that have 
only a few nonzero diagonals that are not clustered near the main diagonal. 
An example is given in Figure 1.3-10, in which an n x n matrix is shown 
that has only four diagonals that contain nonzero elements. We will call a 
matrix that has relatively few nonzero diagonals a diagonally sparse matrix. 
Such matrices arise frequently in practice, especially in the solution of 
elliptic or parabolic partial differential equations by finite difference or finite 
element methods, as we will see in more detail in Chapter 3. 

A diagonally sparse matrix may have a relatively large bandwidth, but 
the algorithms we have discussed so far are unsatisfactory because of the 

Figure 1.3-10. Diagonally sparse matrix. 
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large percentage of zeros in each row or column. Indeed, the storage of 
such matrices by row or column is unsatisfactory for that reason and a 
natural storage scheme is by diagonal. Thus, the nonzero diagonals of the 
matrix become the vectors to be used in multiplication algorithms and we 
next study how this' multiplication can be done. 

Consider first the matrix-vector multiplication Ax, where the n x n 
matrix A is 

A (1.3.23) 

We do not assume at this point that A is diagonally sparse or symmetrically 
banded; indeed, A can be a full matrix. We denote in (1.3.23) the main 
diagonal by A 0 , the diagonals below A0 by A-1 , ••• , A_9 and the diagonals 
above A0 by A~o ... , Ar Then it is easy to see (Exercise 1.3-14) that Ax 
may be represented as 

Ax= AoX .f. A1x2 .f.· · ·.f. Apxp+l + A-IXn-1 t · · · t A_qXn-q (1.3.24) 

where 

(1.3.25) 

The multiplications in (1.3.24) are to be interpreted as elementwise vector 
multiplication of the vectors A" which are the diagonals of A, and the 
vectors of (1.3.25). The vectors appearing in (1.3.24) are not all the same 
length (for example, A1x2 is n - 1 long) and + means add the shorter 
vector to the first components of the longer one; for example, A1x2 would 
add to the first n - 1 components of A0x. Likewise t denotes adding the 
shorter vector to the last components of the longer one. 

We next discuss various special cases of (1.3.24) on vector computers. 
If A is a full matrix (p = q = n - 1), then there are 2n- 1 vector multiplies 
in (1.3.24). Moreover, the vectors range in length from 1 ton. Thus, (1.3.24) 
is unattractive for full matrices compared with the linear combination 
algorithm. Only if A were already stored by diagonal would we consider 
(1.3.24), and this storage scheme for a full matrix is unlikely. 
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At the other extreme, suppose that A is tridiagonal so that p = q = 1. 
Then (1.3.24) reduces to 

(1.3.26) 

which consists of vector lengths of n, n - 1, and n - 1 so that we have 
almost a perfect degree ofvectorization for large n. More generally, (1.3.24) 
is very attractive for small bandwidth systems but becomes increasingly less 
so vis-a-vis the linear combination algorithm as the bandwidth increases. 
There will be some bandwidth {30 , depending on the computer and n, for 
which (1.3.24) will be the fastest algorithm for {3 < {30 and the linear 
combination algorithm will be fastest for {3 > {30 • (See Exercise 1.3-15.) 

The algorithm ( 1.3.24) is also very attractive for diagonally sparse 
matrices. For example, suppose that A0 , A1 , A30 , A_ 1 , and A_30 are the 
only nonzero diagonals. Then (1.3.24) becomes 

(1.3.27) 

As with the tridiagonal case, A1x2 and A_1Xn-t have vector lengths of n- 1, 
while A30x31 and A_30Xn-3o have vector lengths of n - 30. If n is large, these 
vector lengths are still quite satisfactory. On the other hand, if A30 and A_30 

were replaced by An-p and A-cn-p) then the vector lengths for these diagonals 
are small if pis small, and the vector operations for An-pXn-p+t and A-<n-pJXp 

are inefficient. However, for such a matrix the linear combination algorithm 
does not provide a viable alternative, and one might switch to scalar 
operations to process the very short vectors. The more nonzero diagonals 
in a diagonally sparse matrix the more the efficiency of(1.3.24) will approach 
the linear combination algorithm, and at some point storage considerations 
will be a dominant consideration in the choice of the algorithm. 

On parallel computers, the computation (1.3.24) could be carried out 
as follows. The nonzero diagonals of A are distributed among the processors 
so that the total data assigned to the processors is balanced as much as 
possible. The vector x, or at least that portion of it needed by each processor, 
will also have to be distributed. Then the multiplications of the diagonals 
and x can be done in a highly parallel fashion, but, at some point, additions 
must be done with a fan-in across the processors, with a loss of parallelism. 
Moreover, there is less motivation to consider multiplication by diagonals 
on parallel computers since, as we have already discussed, the implementa­
tion of the inner product algorithm can be quite satisfactory for small 
bandwidth systems. The same is true of diagonally sparse matrices. Here, 
again, the rows of A can be distributed across the processors and the inner 



Introduction 53 

products done in parallel. Only the nonzero elements in each row, together 
with an index list giving their position in the row, need be stored provided 
the processors are sequential computers. Thus, there would seem to be little 
use for the multiplication by diagonal algorithm on parallel systems unless 
the individual processors are themselves vector computers. 

Matrix Multiplication by Diagonals 

The matrix-vector multiplication by diagonal algorithm extends to the 
multiplication AB of matrices stored by diagonal, but the details of the 
algorithm become more complex. For simplicity, we assume that both A 
and B are n x n and we consider only the multiplication of two tridiagonal 
matrices: 

(1.3.28) 
The diagonals of the product C are given by 

(1.3.29) 

where we have used A{ to denote the vector starting in the jth position of 
A;. We also use the convention that if the vectors are not of equal length, 
only the operations determined by the shorter vector are considered. For 
example, in the formation of C1 , A0 is of length n and B1 is of length n - 1 
so that A 0 B 1 denotes the n - 1 long vector in which the last element of A 0 

has been ignored. To clarify this we give the following 4 x 4 example: 

[
au a12 l [b11 
a21 a22 a23 b21 

a32 a33 a34 

a43 a44 
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Then the diagonals of C are given by 

c 11 = a11 b11 + a 12b21 

C22 = a21 b12 + a22b22 + a23b32 

C33 = a32b23 + a33b33 + a34b43 

c12 = a 11 b12 + a 12b22 

C,: C23 = a22b23 + a23b33 

C21 = a21 bu + a22b21 

(1.3.31) 

c_,: c32 = a32b22 + a33b32 

c,J = a,2b23 

C24 = a23b34 

CJI = a32b21 

C42 = a43b32 

It is left to Exercise 1.3-16 to write a pseudocode to carry out the algorithm 

(1.3.28), (1.3.29). 
The formulas corresponding to (1.3.29) for general banded matrices 

are easy to derive in principle, but rather complex in detail. Exercise 1.3-17 

considers the case of a tridiagonal matrix and a five-diagonal matrix. 

It is part of the folklore of parallel and vector computing that matrix 

multiplication is "easy." As we have seen in this section, this is true only 

if proper attention is paid to the structure of the matrices and if we adapt 

our algorithms to that structure. 

Exercises 1.3 

1. Find the values of m and n for which (1.3.5) is smaller than (1.3.6). 

2. Write pseudocodes, corresponding to Figures 1.3-2 and 1.3-3, for the dual 

algorithms (1.3.9) and {1.3.12). 

3. The matrix multiplication C = AB, where A is m x n and B is n x q, can be 

described by any one of the six loops 

fori= 1 tom 
for j = 1 to q 

fork= 1 ton 

ijk form 

forj = 1 to q 
fori= 1 tom 

fork= 1 ton 

jik form 

fori= 1 tom 
fork= 1 ton 

forj = 1 to q 

ikj form 
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forj = 1 to q 
fork= 1 ton 

fori= 1 tom 

jkiform 

fork= 1 ton 
fori= 1 tom 

forj = 1 to q 

kij form 

fork= 1 ton 
forj = 1 to q 

fori= 1 tom 

kji form 
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where the arithmetic statement in all cases is c11 = c11 + a,kbkJ· Show that the ijk, 
ikj, and kij forms correspond to the inner product, middle product, and outer 
product algorithms, respectively, while the jki and kji forms correspond to the 
dual middle product and outer product algorithms. Show also that the jik form 
gives a "dual inner product" algorithm that was not discussed in the text. 

4. Assume that the vector registers are of length s. Discuss the necessary changes 
to the outer and middle product algorithms of Figures 1.3-4 and 1.3-5 for 
arbitrary sizes of m, n, and q, where A is m x n and B is n x q. 

5. Formulate the algorithm illustrated by Figure 1.3-6 in the case that p ~ n. 

6. Discuss in detail the inner, middle, and outer product algorithms for matrix 
multiplication on p processors. 

7. Discuss the storage requirements to carry out the algorithm (1.3.14) efficiently 
on p = st processors. 

8. Let A be an m x n matrix and B an n x q matrix. Assume that there are p = nmq 
processors. Give a storage distribution of A and B across the processors so that 
all nmq multiplications needed to form AB can be done in parallel. (Note that 
this will require the elements of A and/ or B to be stored in more than one 
processor.) Then show that O(log n) fan-in addition steps are required to form 
the necessary sums. Hence, conclude that the matrix multiplication can be done 
in 1 + O(log n) parallel steps. 

9. Formulate the recursive doubling algorithm of Section 1.2 for sums and products 
of matrices. 

10. Assume that a parallel system hasp processors. Discuss the distribution of work 
for the inner product algorithm (1.3.18) for a matrix A of bandwidth p so as 
to achieve maximum utilization of the processors. Consider, in particular, the 
case that p does not divide n. 

11. Let A and B be n x n matrices with semibandwidths a and p, respectively. 
Show that AB will, in general, have semibandwidth a + {3. 

12. For n x n banded matrices A and B with semibandwidths a and p, organize 
the computation (1.3.20) on a parallel computer with p processors so as to 
obtain a maximum degree of parallelism. 

13. Discuss the relative merits of (1.3.20) and (1.3.21) on vector computers that 
utilize vector registers and (a) allow only a load or store operation concurrently 
with arithmetic; or (b) allow both load and store operations concurrently with 
arithmetic. 

14. Verify (1.3.24). 

15. Determine the semibandwidth p for which the algorithm (1.3.24) for matrix­
vector multiplication ceases to be better than the linked triad algorithm. Assume 
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that A is symmetrically banded, the storage is suitable for both algorithms, and 
the vector instructions obey the timing formula T = (1000 + 10) ns. 

16. Write a pseudocode to carry out the multiplication (1.3.28) of two tridiagonal 
matrices using the vector operations (1.3.29). Assume that A is stored as the 
linear array A0 , At. A_t. B is stored as the linear array B0 , Bt. B_t. and Cis 
stored as the linear array C0 , C,, C2 , C_,, C_2 • 

17. Give the formulas corresponding to (1.3.31) for C = AB, where A is an n x n 
tridiagonal matrix and B is an n x n pentadiagonal matrix. (The main diagonal 
and the two diagonals on each side are nonzero.) 

References and Extensions 1.3 

1. Further discussion of many of the algorithms of this section may be found in 
Hockney and Jesshope [1981], where the term "middle product algorithm" is 
used. 

2. The different loop formulations of Figure 1.3-1 and Exercise 1.3-3 are given in 
Dongarra, Gustavson, and Karp [1984]. Also, see this paper for a discussion 
of memory bank conflicts on CRA Y-1 computers that can influence timing 
degradation in inner product computations, chaining of stores, etc. This paper 
also introduces the term gaxpy (generalized saxpy) to denote a linear combina­
tion of vectors. 

3. Sorensen [1984] points out that the computation of Ax+ y by y + L x1a1 may 
not be good on some parallel machines because of the need to synchronize 
access to y. This paper also considers the possibility of buffering to improve 
performance in matrix-vector multiplication. 

4. The terms "symmetrically banded" and "diagonally sparse" are not standard, 
but no other suitable terms are in common use for matrices of these kinds. 

5. The multiplication by diagonals algorithm was developed by Madsen et al. 
[1976], and more details on the process may be found in this paper. Another 
advantage of storing a matrix by diagonals is that its transpose is much more 
readily available than if the matrix is stored by rows or columns. Indeed, the 
transpose may be obtained simply by changing the pointers to the first elements 
of the diagonals and no change in storage of the matrix elements need be made. 

6. McBryan and van de Velde [1985, 1986a, 1987] consider several approaches to 
matrix multiplication on parallel machines. In [1986b], they also consider a 
storage scheme that packs the 2n - 1 diagonals of an n x n matrix into n 
one-dimensional arrays by suitable "wrapping around." 

7. Melham [1987a, b] considers an interesting generalization of diagonals that he 
calls stripes. Roughly speaking, stripes may be considered to be "bent" diagonals. 
He then gives matrix multiplication algorithms based on this type of storage 
scheme. 

8. Hayes and Devloo [1986] give a matrix-vector multiplication algorithm predi­
cated on the matrix A being of the form A = L A1• (The primary motivation 
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for this is when the A1 arise from individual element matrices in a finite element 
problem.) 

9. Jalby and Meier [1986] consider the problem of effectively utilizing a two-level 
memory (main memory plus fast local or cache memory) on vector machines. 
They consider in some detail the problem of matrix multiplication by blocks 
where the block sizes are to be determined so as to minimize total time. They 
address this problem by minimizing memory time and computation time separ­
ately and then obtain a compromise. Fox et al. [1987] also give a block oriented 
algorithm, primarily for a hypercube architecture. 

10. Algorithms for banded matrix multiplication on several VLSI architectures are 
considered in Cheng and Sahni [1987]. 

11. Parallel and vector algorithms for matrix multiplication of arbitrarily sparse 
matrices are intrinsically more difficult than the algorithms we have discussed. 
For some work on this problem, see Reed and Patrick [1984; 1985a, b]. 

12. Loop unrolling is discussed in Dongarra and Hinds [1979]. As pointed out in 
this paper, it is also a useful technique for serial computers since it can reduce 
loop overhead as well as give other benefits. See Cowell and Thompson [1986] 
for a more general discussion in the context of a set of tools for transforming 
DO loops. 

13. The BLAS are a collection of subroutines for basic linear algebra operations 
such as inner products. The BLAS are continuously being extended to include 
more operations, such as matrix-vector multiplication. See Dongarra and 
DuCroz et al. [1986] for further information and references, and Louter-Nool 
[1987] for timing results for the BLAS on the CYBER 205. The use of the BLAS 
will help portability of codes between different machines. For another approach 
to the portability problem, see Dongarra and Sorensen [ 1987]. 

14. Dave and Duff [1987] give timing results for matrix-vector and matrix-matrix 
multiplication on a CRA Y-2. They report mflop rates as high as 432 on a single 
processor for multiplication of two 500 x 500 matrices. 
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Direct Methods for Linear Equations 

We now begin the study of the solution of linear systems of equations by 
direct methods. In Sections 2.1 and 2.2 we assume that the coefficient matrix 
is full, and we study Gaussian elimination, Choleski factorization, and the 
orthogonal reduction methods of Givens and Householder. In Section 2.1, 
we deal only with vector computers and then consider the same basic 
algorithms for parallel computers in Section 2.2. In Section 2.3 we treat the 
same algorithms, as well as others, for banded systems. 

2.1. Direct Methods for Vector Computers 

We consider the linear system of equations 

Ax=b (2.1.1) 

where A is a nonsingular n x n matrix. We assume in this section that A 
is a full dense matrix, and restrict our attention to vector computers. 

Gaussian Elimination and LU Decomposiion 

The most common form of Gaussian elimination subtracts multiples 
of rows of A from other rows in order to reduce (2.1.1) to an upper triangular 
system, which is then solved by back substitution. This is mathematically 
equivalent to first forming the decomposition A = LU, where L is lower 
triangular with 1's on the main diagonal and U is upper triangular. Then, 
the solution is obtained by solving the triangular systems 

Ly= b, Ux=y, 

which are called the forward and back substitutions. 
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(2.1.2) 
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We concentrate first on the LU decomposition, which is the time­
consuming part of the process, and return to the solution of the triangular 
systems shortly. A pseudocode for the decomposition is given in Figure 2.1-1. 

The j loop in Figure 2.1-1 subtracts multiples of the kth row of the 
current A from succeeding rows. These are linked triad operations in which 
the vectors are rows of A. Hence, on vector computers that require vectors 
to be sequentially addressable elements, it is assumed that A will be stored 
by rows. These linked triad operations perform updating of the rows of A 
and constitute the bulk of the work in the LU decomposition. At the kth 
stage of the algorithm, there are n - k vector operations and the vector 
lengths are n - k. Therefore, the average vector length ·for the updating 
operations is 

(n - l)(n - 1) + (n - 2)(n - 2) + · · · + 1 
-'----'-'--n ----'1-+--'-n---2-+.:.....:._· -. -. +--'-1--- = 0(2n/J) (2.1.3) 

where the verification of the equality is left to Exercise 2.1-1. [Here, and 
henceforth, we use the more or less common notation that O(cnP) is the 
highest-order term in the expression; in many cases, it is the constant c that 
plays a key role.] Hence, the average degree of vectorization of the vector 
instructions is 0{2n/3), and this is degraded somewhat by the scalar 
divisions to form the multipliers at each stage. On some vector computers 
it may be advantageous to switch from vector to scalar arithmetic when the 
vector length drops below a certain threshold, although this will complicate 
the code. 

A further degradation in the speed will be caused by pivoting, if this 
is needed. For the partial pivoting strategy applied to the first stage, we 
must search the first column for the maximum element in absolute value. 
Although some vector computers have vector instructions to facilitate this 
search, the elements of the first column are not in contiguous storage 
locations. Thus, the search might have to be carried out by scalar operations 
or by a gather operation followed ~y a vector maximum operation. Once 

For k = l to n - l 
For i = k + l to n 

l;k = atk! akk 

For j = k + l to n 
a;1 = a 11 - l;kakJ 

Figure 2.i-1. Row oriented LU decomposition. 
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the location of the maximum element is known, the corresponding row can 
be swapped with the first row by vector operations or the indexing can be 
modified. How the pivoting strategy will be done will depend on the 
particular vector computer. 

The right-hand side b of (2.1.1) may also be processed as part of the 
reduction to triangular form in order to achieve the forward substitution 
part of (2.1.2). If A is stored by rows, it is useful to append b; to the ith 
row, if other storage considerations permit this. Then, in Figure 2.1-1, the 
j loop would run to n + 1, and the vector lengths would increase by one. 

If A is stored by columns, we modify the LU decomposition algorithm 
as shown in Figur.e 2.1-2. At the kth stage, the algorithm of Figure 2.1-2 
first forms the kth column of L; this can be done by a vector divide. The 
innermost loop, the i loop, subtracts a multiple of this kth column of L 
from the n - k long jth column of the current A. Hence, the basic vector 
operation is again a linked triad, but now the vectors are columns of L and 
columns of the current A. The right hand side b can be processed in the 
same manner as the columns of A to effect the forward substitution of (2.1.2). 

Not counting the formation of the multiplier vector or processing the 
right-hand side, there are again n - k linked triad operations at the kth 
stage with vector lengths of n- k. Hence, (2.1.3) gives the average vector 
length so that the average degree of vectorization is again 0(2n/3). Only 
a more detailed analysis for a particular machine (see, e.g., Exercise 2.1-2) 
can determine whether the row form is more efficient than the column form, 
but the formation of the multipliers by a vector operation will probably 
show that the column form is the best. A deciding factor on which to use 
will be the way that A may already be stored. 

The incorporation of pivoting is somewhat more difficult in the column 
form, however. The search for the pivot element can now be done by vector 
operations on those machines with that capability, but the interchange of 
rows presents a problem. The elements of the rows can be interchanged by 
vector operations with a stride of n, by gathers followed by vector operations, 

For k = 1 to n - 1 
For s = k + 1 to n 

l,k = a.kl akk 

For j = k + 1 to n 
For i = k + 1 to n 

aiJ = a 11 - 11kakJ 

Figure :Z.l-:Z. Column-oriented LU decomposition. 
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or by scalar operations. Hence, if pivoting is required and if A can 
be easily stored by rows, the row-oriented algorithm will probably be 
preferable. 

Register-to-Register Machines 

The above discussion applies to both memory-to-memory and register­
to-register vector machines, but for register-to-register machines additional 
discussion is needed. Also, on some register-to-register machines an alterna­
tive approach is desirable. 

We examine first the load/ store pattern for the inner loop of the column 
algorithm of Figure 2.1-2. For simplicity, we assume that entire columns of 
A can be held in a vector register (see Exercise 2.1-4), and we consider first 
the case when only a register load or a store can be done concurrently with 
computation. The following gives the first few operations: 

Form first column of L {2.1.4a) 

Load second column of A (2.1.4b) 

Modify second column of A; load third column of A (2.1.4c) 

Store modified second column (2.1.4d) 

Modify third column; load fourth column of A (2.1.4e) 

As indicated in (2.1.4c), we can overlap the load of the next column of A 
with the modification of the current column. But then we have a delay while 
the modified second column is stored into memory from its register. 

We can modify the algorithm to eliminate the delay caused by the store 
in (2.1.4d). The new algorithm is similar to the middle ·product algorithm 
for matrix multiplication; the idea is to do all of the processing for the jth 
column before moving to the (j + 1)st. Thus, the updating of the remaining 
columns of A is delayed until such time as a column is to be completed. 
A pseudocode for this algorithm is given in Figure 2.1-3. The first few steps 
of the jth stage of the computation showing the load/ store pattern are 

Load first column of L {2.1.5a) 

Load jth column of A 

Modify jth column of A; load second column of L 

Modify jth column of A; load third column of L 

(2.1.5b) 

(2.1.5c) 

(2.1.5d) 

Note that in (2.1.5) there are no stores until all work on the jth column of 
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For j = 2 ton 
For s = j ton 

lsj-1 = asj-11 aj-1,)-1 

For k = 1 to j - 1 
For i = k + 1 to n 

aii = au - likakJ 

Figure l.l-3. Column-oriented delayed update LU decomposition. 
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A has been completed. The columns of L must be continuously loaded into 
registers, but this can be overlapped with the computation. Only at the 
beginning and end of each stage is there extra delay for loads and/ or stores. 
As in Section 1.3, it is likely that the compiler will not recognize that the 
current jth column can be retained in a register, and the desired effect of 
Figure 2.1-3 will have to be approximated by loop unrolling or achieved 
by assembly language coding. Another potential problem in implementing 
this algorithm is that the vector lengths in the updates are not equal. That 
is, at the jth stage, we update the jth column using the n - 1 last elements 
of column 1, the n - 2 last elements of column 2, and so on. 

The delayed update algorithm is not as necessary on those register-to­
register machines that allow both a load and a store to proceed concurrently. 
In this case, (2.1.4d) would be eliminated and (2.1.4e) would be changed to: 

modify third column of A; load fourth column of A; store second column 
of A 

Thus, the store of the second column of A would proceed concurrently 
with the load of the fourth column. We note that the delayed update 
algorithm is not necessary for memory-to-memory machines, although even 
there it may have some advantages. 

The ijk Forms of LU Decomposition 

It is instructive to view the above algorithms in terms of a triple For 
loop as done in Section 1.3 for matrix multiplication: 

For 
For 

For 
aij = aii - likak1 

(2.1.6) 
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This shows the basic arithmetic operation, which remains the same in all 
forms (we do not show the formation of the multipliers l;k), and three For 
loops where the blanks are to be filled with some permutation of the indices 
i, j, k. For example, 

For k = 1 to n - 1 

For i = k + 1 to n 

For j = k + 1 to n 

corresponds to the algorithm of Figure 2.1-1 while 

For j = 2 to n 

For k = 1 to j - 1 

For i = k + 1 to n 

(2.1.7) 

(2.1.8) 

corresponds to Figure 2.1-3. The algorithm of Figure 2.1-2 is the kji form. 
Note that the algorithms in Figures 2.1-1-2.1-3 are not as simple as is 
suggested by (2.1.6). This is especially so for the other three algorithms, 
which are given in detail in Appendix 1. 

We next summarize some of the properties of the ijk forms and refer 
to Appendix 1 for further details. One important property is that the different 
forms use different basic vector operations, as defined by the innermost 
loop. The vector operation of the kji and kij forms is a linked triad. In 
these forms, rows (or columns) are updated as soon as the multipliers are 
available, and we call these immediate update algorithms. In the jki form, 
which is Figure 2.1-3, columns are updated only just before that column is 

to be zeroed; the ikj form is the corresponding row-oriented version. We 
call these delayed update algorithms. The vector operation is again a linked 

triad but is applied repeatedly to accumulate a linear combination. The ijk 

and jik forms are also delayed update algorithms, but the vector operation 
is an inner product. 

The six different forms of (2.1.6) have different patterns of data access 

of the elements of A and of L. The kji and jki forms are column oriented; 

they access columns of both A and L. The kij and ikj forms access A by 
rows and only scalar elements of L. The ijk and jik forms have mixed 
access: A by columns and L by rows. Since we assume that L overwrites 
the lower triangular position of A, this mixed access will require access to 

vectors with stride greater than one. The data access patterns are given in 

Figure 2.1-4, and show which parts of the matrices are being accessed during 

a given stage. 
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L done and 
not accessed 

itb row of 
L and U being 

computed 

accessed 
L 
N~dd~~~ 

done n====l (k+l)st row of u being computed 
·and not 
accessed remaining submatrix of updated A 

kth column of L being computed 

·~ ~otdone and 
I ~accessed 

not yet 
accessed 

(b) 

(a) 

~~ 
don~ a~ 
accessed 

(c) 

not 
yet 

accessed 

U done and 
not accessed 

jth column 
of Land U 

being computed 

Figure 2.1-4. Data access patterns of the ijk LU forms. (a) kij, kji; (b) ikj, ijk; (c) jki, jik. 

Table 2.1-1 summarizes the basic properties of the ijk forms. It is 
doubtful that the last two forms, ijk and jik, are of interest on vector 
computers, but the other four all have a role under the right circumstances. 

Triangular Systems 

At the end of the reduction stage of Gaussian elimination, we must 
solve a triangular system of equations 

["" u22 ";l'] [] 
Unn Xn 

(2.1.9) 

Table 2.1-1. The ijk Forms of LV Decomposition. 

Form Operation Update A access L access 

kij Linked triad Immediate Row Scalar 
kji Linked triad Immediate Column Column 
ikj Lin. comb. Delayed Row Scalar 
jki Lin. comb. Delayed Column Column 
ijk Inner product Delayed Column Row 
jik Inner product Delayed Column Row 
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For j = n down to l 
x1 = c/u11 
For i = j - 1 down to 1 

c, = c, - x1u,1 

Figure 2.1-5. The column sweep algorithm. 

One usual back substitution algorithm is 

Chapter 2 

i = "· ... ' 1 (2.1.10) 

and we now consider its implementation in vector operations. If U is stored 
by rows, as it will be if the reduction algorithm has been done with A stored 
by rows, then (2.1.10) can be carried out by inner products with vector 
lengths ranging from 1 to n - 1, together with n scalar divisions. Ignoring 
the divisions, the average degree of vectorization is then O(n/2). 

An alternative algorithm, useful if U is stored by columns, is given by 
the pseudocode in Figure 2.1-5, which is known as the column sweep (or 
vector sum) algorithm. After Xn is computed, the quantities XnU;n, i = 
1, ... , n- 1, are computed and subtracted from the corresponding c1; thus, 
the contribution of x" to the other solution components is made before 
moving to the next stage. The ith stage consists of a scalar division followed 
by a linked triad of length i - 1. Hence, the average degree of vectorization 
is again O(n/2), but now the vector operations are linked triads. Which of 
the two algorithms we use will almost certainly be dictated by the storage 
pattern of U, if this has been determined by the LU decomposition. 

Both the inner product and the column sweep algorithms are easily 
formulated for lower triangular systems. (See Exercise 2.1-5.) 

Matrix-Vector Forms of LU Decomposition 

Although the ijk forms give six different organizations of LU decompo­
sition, there are still others that are potentially useful for vector computers. 
Even when one of the ijk forms is theoretically suited for a particular vector 
computer, there may be problems in implementing it, especially in a high­
level language. The following organizations are based on operations involv­
ing submatrices and have the potential to be more easily implemented and 
to be more portable to other machines. 

The simplest of these other organizations is based on the idea of 
bordering. Let A1 be the jth leading principal submatrix of A, and assume 
that we have the decomposition L1_ 1 ~- 1 of the (j - 1 )st leading principal 
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submatrix A1_1 • Then the decomposition of A1 satisfies 

[ L1_, OJ [ lf.i-t 
11 1 0 :~] 

where 11 and 81 are row vectors and u1 and a1 are column vectors. This gives 
the relations 

(2.1.11) 

Thus, the vectors u1 and 11 can be computed by solving the lower triangular 
systems 

(2.1.12) 

and then "» is computed from the third relation of (2.1.11). 
There are two natural ways to carry out the bordering form of LU 

decomposition. The first solves the triangular systems by the column sweep 
algorithm while the second uses the inner product algorithm. The decompo­
sition codes for these two approaches are given in Figure 2.1-6. The first i 
loop in Figure 2.1-6a does the updating of the jth column of A and thus 
computes the jth column of U. The second i loop updates the jth row of 
A and computes the jth row of L. The updates can be done by linear 
combinations but the vector lengths vary. Note that when i = j in the second 
i loop, we are updating the (j,j) element of A and thereby computing u» 
as in (2.1.11). 

In the second form of the bordering algorithm, Figure 2.1-6b, the first 
jk loop computes the ith row of L by first updating the elements of A with 
inner products of rows of L and columns of U. Together with the division, 
this is equivalent to solving the system UT- 11T =iT. Note that when j = i, 

For j = 2 to n 
For k = 1 to j - 2 

For i = k + 1 to j - I 
a11 = a11 - l;kakJ 

For k = I to j - I 
11k = a1k! akk 

For i = k + 1 to j 
a11 = a11 - 11kak1 

Fori= 2 ton 
For j = 2 to i 

l;J-1 = a;1-1/ a1-I,J-t 
For k = I to j - I 

a;1 = a;1 - l;kak1 
For j = 2 to i - I 

For k = 1 to j - 1 
a1; = a1; - 11kakt 

Figure 2.1-6. Bordering algorithms for LU decomposition: (a) Column sweep; (b) inner 
products. 
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done 
and 

accessed 

jth row 
of L being 
computed 

----+--
A 

not accessed 

jth column of U 
being computed 

Figure :Z.l-7. Data access pattern for bordering forms. 
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we are updating the ( i, i) element of A and this pertains to the calculation 
of the ith column of U. The second jk loop updates the ith column of A 
by, again, inner products of rows of Land columns of U. Equivalently, we 
are solving the triangular system L;-tU; =a; for the ith column of u. 

Both forms of the bordering approach have the same data access 
pattern, which is shown in Figure 2.1-7. Note that both forms require access 
to A by both rows and columns, and therefore will be unsatisfactory on 
vector computers that require contiguous elements. 

The key part of the bordering algorithm is the solution of the triangular 
systems (2.1.12). These are matrix-vector operations that could be imple­
mented as subroutines and made as efficient as possible for particular 
machines. The next organization, which we call the Dongarra-Eisenstat 
algorithm, has the advantage that its basic operations are matrix-vector 
multiplications. The algorithm can be described mathematically as follows. 
Let A, L, and U be partitioned as 

where a21 , a23 , 121 , and u23 are row vectors and a12, a32o In, and U12 are 
column vectors. Assume that A 11 has been factored into L 11 U11 and that 
121 , L31 , n12 , and U13 are known. Then at the next stage we wish to compute 
132 , the next column of L, as well as u22 and u23 , the next row of U. By 
equating corresponding elements in (2.1.13), these are obtained by 

The data access pattern for this is shown in Figure 2.1-8. 
The main operations in (2.1.14) are multiplications by rectangular 

matrices. We may carry out these multiplications either by inner products 
or by linear combinations, and this gives rise to the two different forms 
shown in Figure 2.1-9. In Figure 2.1-9a the first kj loop carries out the 
successive updates of the ith row of A, which then becomes the ith row of 
U at the termination of the k loop. These updates may be viewed as doing 
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done and 
not accessed A 1 

done 
and 

accessed 

done 
and 

accessed 

not 
accessed 

next row of U 
being computed 

next column of L being computed 

Figure 2.1-8. Data access pattern for the Dongarra-Eisenstat algorithm. 
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the vector-matrix multiplication h1 U13 of (2.1.14) by linear combinations 
of the rows of U. Note that when j = i we are doing the update leading to 
the first quantity of (2.1.14). The second kj loop does updates of the ith 
column of A, which may be interpreted in terms of the matrix-vector 
multiplication L31 u12 of (2.1.14) as linear combinations of the columns of 
L. At the termination of the k loop, the updated ith column is divided to 
obtain the ith column of L. Note that, as opposed to the delayed update 
algorithm of Figure 2.1-3, the linear combinations may be done by operations 
in which the vectors are the same length. The second index statement for 
k could be removed and the code would still be correct, but we have inserted 
it to emphasize the linear combination operations. Note also that the first 
kj loop accesses A by row while the second kj loop accesses it by column. 
Hence, this is an unsatisfactory form for vector computers that require 
contiguous elements for vectors. 

The algorithm given in Figure 2.1-9b uses inner products. At the jth 
stage, the first ik loop computes the jth column of L, except for the final 
division, by updating the jth column of A with inner products of rows of 
L and the jth column of U. The second ik loop computes the jth row of 
U by updating the jth row of A with inner products of the jth row of L 

Fori= 1 ton 
For k = 1 to i - 1 

For j =ito n 
a11 = a11 - l1kak1 

For k = 1 to i - 1 
For j = i + 1 to n 

a11 = a11 - 11kak1 

For s = i + 1 to n 
fsl = U5;/ aii 

For j = 1 to n 
For i = j + 1 to n 

For k = 1 to j - 1 
aij = aij - 11kakJ 

Fori= j ton 
For k = 1 to j - 1 

a11 = a11 - 11kaki 

For s = j + 1 to n 
lsj = asjl ajj 

Figure 2.1-9. The Dongarra-Eisenstat LV decomposition algorithms. (a) Linear Combina­
tions; (b) inner products. 
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and columns of U. Again, access to A by both row and column is required. 
The potential advantage of the Dongarra-Eisenstat algorithms is that the 
matrix-vector multiplications may be carried out very efficiently on some 
vector computers. 

Choleski Decomposition 

If A is symmetric positive definite, then an often used alternative to 
Gaussian elmination is the Choleski decomposition 

(2.1.15) 

where L is a lower triangular matrix, followed by the forward and back 
substitutions 

Ly= b, (2.1.16) 

to complete the solution of the linear system Ax = b. 
One implementation of (2.1.15) is given in Figure 2.1-10. Since A is 

symmetric, it is necessary to store only the lower (or upper) triangular part 
of A. The innermost loop, the i loop, in Figure 2.1-10, modifies columns 
of A by subtracting multiples of columns of L. Hence, the basic vector 
operation is again a linked triad. 

At the jth stage there are j - 1 linked triads using vectors of length 
n - j + 1. Hence, the average. vector length is (see Exercise 2.1.6) 

n- 1 + 2(n- 2) + · · · + (n- 1)1 = 0 (!!) 
1+2+···+n-1 3 

(2.1.17) 

which is only half that of LU decomposition. This is to be expected since 
in the Choleski algorithm we are using the symmetry of the coefficient 
matrix to reduce the serial computational work by a factor of 2. On vector 
machines with large start-up time, the relative speed advantage of Choleski 
over LU decomposition is much less than the nominal factor of 2 for serial 
computers. For example, using the results of Exercises 2.1-2 and 2.1-8, the 

lu = aW 
For j = 2 ton 

For s = j ton 
l-.J-1 = a•.J-.111-•.J-• 

For k = l to j - l 
Fori =j ton 

a11 = a11 - 11~cl1" 
Ill= a}fl 

Figure l.l-10. Column-oriented Choleski decomposition. 
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ratio of times is approximately 0.8 for n = 100 and 0.7 for n = 500. Only 
for very large n does the ratio approach the serial computer value of 0.5. 

The ijk Choleski forms 

We have used in Figure 2.1-10 only one possible organization of a 
Choleski algorithm. As with LU decomposition, we can give other organiz­
ations based on the nested loops 

For 

For 

For 

Again, there are six permutations of the loop indices ijk, which give six 
different organizations of the algorithm. These are given in detail in Appen­
dix 1, and we summarize some of the main aspects of the different organiz­
ations in Table 2.1-2. 

We note that several of the forms listed in Table 2.1-2 have mixed 
storage access; that is, rows of A and columns of L, or vice versa, are 
required. Since we are assuming that L will overwrite A, or at least be stored 
in the same fashion, this mixed data access will be bad for vector computers 
requiring contiguous elements. 

The algorithm of Figure 2.1-10 is the jki form, with access to both A 
and L by column. It corresponds to Figure 2.1-3 for LU decomposition 
but now the vector lengths in the updates at the jth stage are the same. The 
kji form also accesses both A and L by column and is very satisfactory for 
other vector computers. Figure 2.1-11 shows the data access patterns for 
the six Choleski forms of Table 2.1-2. 

Multiple Right-Hand Sides 

In some problems, we are required to solve several systems of equations 

Ax;= b;, j = 1, ... 'q (2.1.18) 

Table 2.1-2. The ijk Forms of Choleski Factorization 

Form Operation Update A-access L-access 

kij Linked triad Immediate Row Column 
kji Linked triad Immediate Column Column 
ikj Linear combination Delayed Row Column 
jki Linear combination Delayed Column Column 
ijk Inner product Delayed Column Row 
jik Inner product Delayed Scalar Row 
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not yet 
accessed 

Chapter 2 

L 
being accessed and updated at kth stage 

kth column being computed 

(a) 

done and accessed 

(b) (c:) 

Figure 2.1-11. Data access patterns of Choleski ijk forms. (a) kij, kji; (b) ikj, ijk; (c) jki, jik. 

with different right-hand sides b; but the same coefficient matrix A. This 
occurs, for example, in structural analysis problems in which a given 
structure is being tested for several different load configurations, which are 
represented by the vectors b;. It also occurs in computing the inverse of A, 
in which case q = n and b; is the vector with 1 in the ith position and 0 
elsewhere. 

We can write (2.1.18) in an equivalent way as AX= B, where X and 
B are n x q matrices. The column-oriented algorithm of Figure 2.1-2 can 
be modified so as to process all the columns of B by considering them as 
additional columns of A. The vector lengths remain n - j at the jth stage, 
but now there are n - j + q vector operations. Thus, the average vector 
length is (Exercise 2.1.6) 

(n- 1 + q)(n- 1) + · · · + (1 + q) = 0 (2n 2 + 3qn) 
(n- l + q) + · .. + (1 + q) 3n + 6q 

(2.1.19) 
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which decreases slightly as a function of q and for q = n is 0(5n/9) 
compared with 0(2n/3) for q = 1. 

On the other hand, we can modify the row-oriented algorithm of Figure 
2.1-1 by appending the rows of B to the rows of A, so that the vector lengths 
at the jth stage are n - j + q. Since there are still only n - j vector operations, 
the average vector length is (Exercise 2.1.6) 

_,_(n_-___;l):....:.(_n_-_l_+___!...q):....+_· _· ·_+_("--l_+_q=) = O(~n + q) 
(n -1) + · · · + 1 

(2.1.20) 

which is now an increasing function of q, and for q = n is O(Sn/3), over 
twice that for q = 1. We conclude that the row-oriented algorithm, although 
possibly slightly inferior for q = 1, becomes increasingly satisfactory as q 
increases. 

There remains the back substitution, and if there are sufficiently many 
right-hand sides, it may be beneficial to use the following scheme. Let the 
systems be given by UX = C, where X and C are n x q and X; and C; 

denote the ith rows. Then, the algorithm 

i=n,n-1, ... ,1 (2,1.21) 

computes the rows x,, x,_ 1 , ••• by using linked triad operations on vectors 
of length q. This is just the inner product algorithm (2.1.10) applied "simul­
taneously" to compute the ith components of all the solution vectors "at 
once." Thus, the basic vector operation is a linked triad and not an inner 
product. Whether this is preferable to the inner product algorithm applied 
to each right-hand side will depend on the size of q and n, as well as on 
the particular computer. (See Exercise 2.1-7.) 

Orthogonal Reduction 

An alternative to LU decomposition is the reduction 

A=QR (2.1.22) 

where Q is an orthogonal matrix and R is upper triangular. There are two 
usual approaches to obtaining the factorization (2.1.22): Householder trans­
formations and Givens transformations. On serial computers, (2.1.22) 
has an operation count of 0(4n3/3) using Householder transformations 
and 0(2n3) using Givens transformations. Thus, they are approximately 
two times and three times as slow as LU decomposition, respectively. They 
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have the property that they are numerically stable without any row inter­
changes, but this does not overcome the operation count advantage of LU 
decomposition, even with pivoting, and as a consequence they are rarely 
used on serial computers in the context of solving nonsingular systems of 
equations. They are, however, widely used for eigenvalue detemination, 
least-squares problems, orthogonalization of vectors, and other purposes. 
For many of these uses, A will be a rectangular matrix but, for simplicity, 
we will restrict our attention to n x n matrices. 

A Householder transformation is a matrix of the form I - ww r where 
w is a real column vector with wr w = 2. It is easy to see (Exercise 2.1-11) 
that a Householder transformation is symmetric and orthogonal. We use 
such matrices to perform the reduction (2.1.22) in the following way. Let 
a1 be the first column of A and define 

W = J~.U (2.1.23) 

where 

(2.1.24) 

and the sign of sis chosen to be opposite that of au for numerical stability. 
Then 

which shows that I- wwr is a Householder transformation. Moreover, 

wT a1 = 11- [<au- s)a11 + f. a:.] = J~.(S2 - aus) =.!. 
1=2 I' 

so that 

and 

i = 2, ... , n 

Therefore, 

(2.1.25) 
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and the effect of the Householder transformation applied to A is to produce 
a new matrix that has zeros in the first column below the main diagonal. 
We now repeat the process with a vector w2 that is zero in its first position 
and is otherwise defined as in (2.1.23) and (2.1.24) using now the last n - 1 
elements in the second column of the matrix A 1 • With P2 = I - w2w[, P2A 1 

retains the zero elements in the first column. and introduces zeros in the 
second column in the last n - 2 positions. We continue in this way to 
successively zero elements below the main diagonal by Householder 
matrices P, =I- w,wT. Thus 

where R is upper triangular. The matrices P1 are all orthogonal so that 
P = Pn-t · · · P1 and p-t are also orthogonal and Q = p-t is the orthogonal 
matrix of (2.1.22). 

The bulk of the work in carrying out the Householder reduction to 
triangular form is in updating the nonzero columns of A at each stage, and 
we next examine (2.1.25) more closely. If a1 , ••• , an are the columns of A, 
we have 

so that the ith column of A 1 is 

a;- WT A;W = 8;- 'YUT81U (2.1.27) 

We can then summarize the Householder reduction by the vector 
pseudocode in Figure 2.1-12. 

At the kth stage, the computation of sk requires an inner product of 
length n - k + 1, and scalar operations are then needed for 'Yk and akk- sk. 

For k = 1 to n - 1 

sk = -sgn(akk) ( i:. afk)
112

, 'Yk = (s~- skakk)-1 

1-k 

ur = (0, ... '0, akk - sk, ak+l,k• •.. ' ank) 
akk = sk 
For j = k + 1 to n 

aj = 'Ykuraj 
a1 = a1 - a1uk 

Figure 2.1-ll. Column-oriented Householder reduction. Inner products. 
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The inner loop is an inner product followed by a linked triad, and the 
vector lengths are n - k + 1. Thus the average vector length is the same as 
for LU decomposition, 0(2n/3), and the inner loop requires linked triads 
of the same form. The major difference, of course, is that the inner loop 
also requires the inner products Uk8j. 

On register-to-register machines, it is important to organize the compu­
tation of Figure 2.1-12 so that unnecessary references to memory are not 
made. Consider the first stage, k = 1, and assume first that n is no more 
than the length of the vector registers. Then, to start the updating, u1 and 
82 are loaded into vector registers and a 2 is computed. Since u1 and 8 2 are 
still in the registers, 8 2 can now be updated with no additional register 
loads. For j = 3, only 8 3 need be loaded since u1 remains in a register, and 
so on. Thus, the first stage, k = 1, requires only n vector loads. 

In the likely event that n exceeds the length of a vector register, the 
situation is quite different. Since a 2 must be computed before a2 can be 
updated, all of u1 and a2 must be loaded, in parts, to compute a2 and then 
all of u1 and 8 2 must be loaded again to update a2 • If the same is done for 
83> ••• , a", a total of 2(n - 1) loads of u1 and two loads each of a2o ... , 8n 

must be done for a total of 4(n - 1) loads of the complete vectors in the 
first stage. 

A better strategy may be to compute all of the a 1 before beginning the 
updating. In this case, we load the first part ofu1 into a register and compute 
all of the partial inner products with the corresponding parts of 
u" 82> 83> ••• , 8n. Then, the second parts of u1 and the a1 are loaded and 
the inner products are continued, and so on. For the updating, we again 
load the first part ofu, and then update the corresponding parts ofa2 , · ••• ,a". 
Then, the second part of u1 is loaded, the corresponding parts of 8 2 , ••• , a" 
are updated, and so on. The advantage of this approach is that u1 needs to 
be loaded only twice so there are now a total of 2n complete vector loads 
in the first stage. A disadvantage is that additional storage for the a1 must 
be provided. 

We next consider an alternative form of the Householder reduction. 
If a1 now denotes the ith row of A, the updating (2.1.26) may also be written 
in the form 

" zT = wT A= p. l: u18 1 = p.vT (2.1.28a) 
i=l 

so that the new ith row of A is 

(2.1.28b) 

This is sometimes called the rank one update form since wz T is a rank 
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For k = 1 to n - 1 

sk = -sgn(akk) ( ~ a~k) 112 , 'Yk = (si- skakk)-1 
1-k 

ur = (0, ... '0, akk - sk, ak+l,k• ... ' ank> 

" vi= r ulka1 
1-k 

vr = 'Yk'r 
For j = k ton 

aJ = aj- ujkvr 

Figure 2.1-13. Row·oriented Householder reduction. Rank one updates. 
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one matrix. The updating can be done entirely with linked triad or 
linear combination operations, and the overall algorithm is given in 
Figure 2.1-13. 

The average vector length in this algorithm is again 0(2n/3), and the 
vector operations are now all linked triads. Note, however, that the com­
putation of the sk is now less satisfactory since the elements of the columns 
of A are not in contiguous locations if A is stored by rows. The number of 
array references is essentially the same as in the alternative organization of 
the inner product algorithm. At the first stage, the computation ofv1 allows 
all of the ai to be used with v1 (or parts ofv1) left in a vector register. Hence 
0(2n) loads of complete vectors are required in the first stage. 

The code of Figure 2.1-13 for the rank one update form is predicated 
on storage of A by rows. It may be desirable to use this form when A 
is stored by columns and we can achieve this on vector computers 
requiring contiguous storage by using Householder transformations on 
the right, 

(2.1.29) 

The first transformation introduces zeros above the main diagonal in the 
last column and successive transformations give zeros in columns n - 1, 
n- 2, and so on. Thus, in place of the QR decomposition of A the sequence 
of transformations AP1P2 • • • Pn-t = L gives an LQ decomposition, where 
L is lower triangular and Q is orthogonal. This is equivalent to doing the 
QR decomposition of A r, but without performing an explicit transposition 
of A. The details of an LQ algorithm corresponding to Figure 2.1-13 are 
left to Exercise 2.1-10. 
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Givens Reduction 

A Givens transformation is a plane rotation matrix of the form 

1 

1 

cos Ou sin Ou 
1 

Pii= (2.1.30) 

1 
-sin Oii cos Ou 

1 

1 

with sine and cosine elements in the ith and jth rows and columns as 
indicated. It is easy to see (Exercise 2.1-12) that any plane rotation matrix 
is orthogonal. Viewed as a linear transformation, Pu causes a rotation 
through the angle Oii in the ( i, j) plane. 

We now use the matrices Pu in the following way to achieve the QR 
reduction (2.1.22). Consider 

c12a1 + s12a2 

-s12a1 + c12a2 

a3 (2.1.31) 

whe're c12 = cos 012 , s12 =sin 012 and a; is the ith row of A. We choose 012 

so that 

(2.1.32) 

Thus, A1 has a zero in the (2, 1) position and the elements in the first two 
rows now differ, in general, from those of A, while the remaining rows are 
the same. Next, we compute A2 = P13At, which modifies the first and third 
rows of A1 while leaving all others the same; in particular, the zero produced 
in the (2, 1) position in the first stage remains zero. The angle 013 is now 
chosen so that the (3, 1) element of A2 is zero. We continue in this fashion, 
zeroing the remaining elements in the first column, one after another, and 
then zeroing elements in the second column' in the order (3, 2), 
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(4, 2), ... , (n, 2), and so on. In all, we will use (n -1) + (n - 2) + · · · + 1 
plane rotation matrices and the result is that 

(2.1.33) 

is upper triangular. The matrices Pii are all orthogonal so that P and P- 1 

are also orthogonal. With Q = p-1, (2.1.33) is then the QR decomposition 
(2.1.22). 

We note that we do not actually compute the rotation angles (Jii but 
only their sines and cosines so as to achieve the desired zeroing of elements. 
For example, for (2.1.32), 

( 2 + 2 )-1/2 
S12 = a21 au a21 (2.1.34) 

The Givens reduction has a natural parallelism in the updating of the 
rows at each stage. At the first stage, after c12 and s 12 are computed by 
scalar operations, the first two rows are modified as shown in (2.1.31). This 
requires a scalar-vector multiplication followed by a linked triad. Note that 
the vector lengths are n - 1 because we know that the new (2, 1) element 
is zero. Since the Euclidean length of the first column must be preserved 
under multiplication by P12 , we also know that the new (1, 1) element is 
(a~1 + a~1 ) 112, which has already been computed. Thus, to zero the elements 
in the first column requires 4( n - 1) vector operations with vector lengths 
of n- 1. Similarly, zeroing elements in thejth column will require 4(n- j) 
vector operations with vector lengths of n - j so that the average vector 
length for the entire reduction will be (Exercise 2.1-6), 

4(n -l)~n - 1~ + 4~n - 2~(n - 2) + · · · + 4 = 0(2n/3) (2.1.3S) 
4 n-1 +4 n-2 + .. ·+4 

the same as LU decomposition and the Householder reduction. 
A pseudocode for the above Givens algorithm is given in Figure 2.1-14. 

Note that in the update of a1 it is the current ak that is used, not the new 
ak which has just been computed and is denoted by ik. 

Fork= 1 ton 
For i = k + 1 to n 

Compute sk;, ck1 
ak = ck,ak + sk,a, 
a, = -sk,ak + ck,a; 

Figure 2.1-14. Row-oriented Givens reduction. 
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The Givens algorithm has twice as many vector operations as the 
Householder algorithms. However, on register-to-register machines these 
can be accomplished with only half the number of memory references as 
the Householder algorithms. Consider the first stage, consisting of zeroing 
the first column of A. The vectors a1 and a2 (or parts of them) are loaded 
into vector registers and then the necessary arithmetic is done. The updated 
a1 is left in a register so that the zeroing of the (3, 1) element requires only 
the loading of a3 • Thus, the zeroing of the n - 1 elements in the first column 
requires only a single load of each of the rows of A, for a total of n complete 
vector loads. This compares with 0(2n) loads for the Householder 
algorithms, and Givens will be more competitive on such vector machines 
than a simple operation count would indicate. 

The Givens algorithm of Figure 2.1-14 is row oriented. A column­
oriented algorithm is given in Figure 2.1-15. At the beginning of the kth 
stage, all of the sine-cosine pairs for the kth column are computed. This 
requires continual updating of the ( k, k) element so that this preparatory I 
loop is entirely scalar arithmetic. The first arithmetic statement in the ji 
loop is the updating of the (k,j) element, which is modified each time 
through the i loop. Here, the superscripts indicate that the value of the 
( k, j) element is from the previous pass through the i loop. In terms of 
vector operations, the inner i loop may be written as 

For i == k + 1 to n 

a<Hn - c a<1> + p kj - ki kj i 

ai = r- q 

where the formation of p and r is by elementwise vector multiplication. 

For k = 1 to n - 1 
For I = k + 1 to n 

Compute sk, ck, 

akk = ck,akk + sk,alk 

For j = k + 1 to n 
For i = k + 1 to n 

(i+l)- (I)+ 
aki - ck;aki sklaii 

a 11 = -skia~1 + ck,ai1 

Figure 2.1-15. Column-oriented Givens algorithm. 
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Thus, the inner loop may be written in terms of three vector operations 
(two vector-vector multiplies and one vector add) plus a scalar loop. It is 
clear that this column-oriented algorithm does not vectorize as well as the 
row-oriented algorithm of Figure 2.1-14. 

Exercises 2.1 

1. Verify by induction the summation formulas 

n 

L i =! n(n + 1), I i2 =A n(n + 1)(2n + 1) 
i=l i=l 

Use these to show that the expression in (2.1.3) is 

1 n(n - 1)(2n - 1) 
- ( ) = t(2n- 1) = 0(2n/3) 
3 n n- 1 

2. Assume that a vector computer has timing formulas of (1000 +10m) ns for 
addition, (1600 +10m) ns for linked triads and (1600 + 70m) ns for division for 
vectors of length m, and 100 ns for scalar operations. Show that the total times 
for the LU decompositions of Figures 2.1-1 and 2.1-2 are 

for a system of size n. 

3. Assume that a vector computer has the characteristics of Exercise 2 and, in 
addition, can perform inner products with a timing formula of (2000 +20m) ns 
on vectors of length m. Ascertain which of the algorithms (2.1.10) and Figure 
2.1-4 is more efficient for solving triangular systems as a function of the system 
size n. 

4. Assume that on a register-to-register machine, the registers are of length 64 
words. Discuss modifications of (2.1.4) and (2.1.5) to take this into account. 

5. Formulate the inner product and column sweep algorithms for the solution of 
a lower triangular system of equations Lx = b. 

6. Use the summation formulas of Exercise 1 to verify (2.1.17), (2.1.19), (2.1.20), 
and (2.1.35). 

7. Assume that a vector computer has the characteristics of Exercises 2 and 3. For 
an n x n system with q right-hand sides, ascertain for which values of q and n 
the algorithm (2.1.21) for the back substitution is more efficient than (2.1.10) 
applied to each right-hand side. 

8. Assume that a vector computer has the characteristics of Exercise 2 and that 
square roots require 500 ns. Show that the total time for the Choleski decomposi­
tion algorithm of Figure 2.1-10 is 
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9. Change (2.1.13) to correspond to A= LLT and then give Dongarra-Eisenstat­
type formulations of Choleski decomposition. 

10. Give a rank-one update algorithm corresponding to Figure 2.1-13 for computing 
the LQ decomposition of A based on right-handed Householder transformations 
of the form (2.1.29). 

11. Let P = I - wwT, where w is a real column vector. Show that P is symmetric 
and is also orthogonal if and only if wT w = 2. 

12. Show that a plane rotation matrix of the form (2.1.30) is orthogonal. 

13. Extend the Dongarra-Eisenstat algorithm to a block form by replacing (2.1.13) 
by 

where A22 , L22 , and U22 are now matrices, and L22 has 1's on its main diagonal, 
Equate corresponding elements in this block factorization to obtain the formulas, 
corresponding to (2.1.14), that determine L22 , L32o U22 , and U23 given L11 , L21 , 

L 31 , U 11 , U12 , U13 • 

References and Extensions 2.1 

1. Dongarra, Gustavson, and Karp [1984] discuss in some detail how to handle 
vectors that are longer than the length of the vector registers, as well as important 
issues of chaining and overlapping. This paper also introduces in a systematic 
way the ijk forms of LU decomposition. Earlier, Moler [1972] had advocated 
the kji form for serial computers with virtual memory and Fong and Jordan 
[1977] had observed that thejki form was highly suitable for the CRAY-1. See 
also Ortega [1987b] for a more detailed treatment of the ijk forms for LU and 
Choleski decomposition and a generalized formulation that includes the border­
ing and Dongarra-Eisenstat algorithms. Appendix 1 is partially based on this 
paper. 

2. The Dongarra-Eisenstat algorithm is given in Dongarra and Eisenstat [1984], 
which also discusses bordering algorithms. The inner-product form of the 
Dongarra-Eisenstat algorithm is essentially the Doolittle reduction (see for 
example, Stewart [.1973]). We have preferred to call it the Dongarra-Eisenstat 
algorithm to recognize their emphasis on the matrix-vector multiplication aspect 
of the algorithm. 

3. Calahan [1986] has extended the Dongarra-Eisenstat algorithm to a block form 
(see Exercise 2.1-13) in which the basic operation is matrix-matrix multiplica­
tion, rather than matrix-vector. Results on a single processor CRA Y-2 are given. 
Other block algorithms for LU decomposition are discussed, primarily for the 
Alliant FX/8, in Gallivan et a/. [1987]. Their results are impressive and it is 
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becoming clear that the block approach will probably lead to the best algorithms 
on machines with hierarchical memories. 

4. Dongarra and Hewitt [1986] discuss a combinationjki and kji LU decomposition 
in which a few (for example, four) columns of L are computed and then used 
to update all remaining columns. Excellent results are reported for a four 
processor CRA Y X-MP. Dave and Duff [1987] give timing results for a similar 
algorithm on the CRA Y-2. Other papers considering the CRA Y X-MP include 
Calahan [1985] and Dongarra and Hinds [1985], which reports timing results 
for LU and Choleski factorization on the CRA Y X-MP and two Japanese 
machines. 

5. There are a variety of points of view regarding the problem of interchanges in 
Gaussian elimination. Lambiotte [1975] recommends doing the interchanges by 
scalar operations on CDC machines if A is stored by columns. Also for CDC 
machines, Kascic [1979] recommends interchange by gather-scatter operations 
if A is stored by columns and recommends finding the maximum element by a 
gather followed by a vector maximum operation if A is stored by rows. For 
CRA Y machines, Dongarra, Gustavson, and Karp [1984] recommend inter­
changing rows. Hay and Gladwell [1985] observe that doing implicit inter­
changes gives rise to indirect addressing, which may be bad for vector machines. 

6. A variation of Gaussian elimination is the Gauss-Jordan algorithm, which 
reduces A to a diagonal matrix, rather than upper triangular. At the kth stage, 
the partially reduced matrix has the form 

au a.k a., 
ak-l,k-• 

A A 

akk ak, 

ank " a,, 

where the carets indicate that the elements have probably been changed from 
their original values. Assuming that akk '>" 0, a multiple of the kth row is then 
subtracted from all other rows so as to eliminate all entries in the kth column, 
except the diagonal one. The basic update step is the linked triad a1 - akJmk 
where a1 is the current column of A and mk is the vector of multipliers a1k/ akk 
with the kth component of mk set to zero. The potential advantage of the 
Gauss-Jordan algorithm on vector machines is that the vector lengths remain 
n throughout the computation, rather than decrease in length as the reduction 
proceeds. However, the serial operation count is 0( n3) rather than the 0(2n3 /3) 
of Gaussian elimination and the extra operations tend to cancel out the advantage 
of the longer vector lengths. Moreover, there are potential problems of numerical 
stability. Overall, in spite of the seeming attractiveness of the long vector lengths, 
there seems to be little reason to prefer this algorithm over Gaussian elimination. 

7. Dongarra, Kaufman, and Hammarling [1986] give times on a CRAY-1 for 
solving triangular systems with q right-hand sides by the column sweep 
algorithm, the column sweep algorithm with loops unrolled to a depth of two, 
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and the "inner product" algorithm (2.1.21). A subset of their results is given 
below in units of 10-3 seconds. 

n q cs ucs IP 

100 25 12.5 8.32 6.92 
100 49.9 33.3 14.4 

200 25 38.6 25.5 24.1 
200 308 202 93.7 

300 25 78.5 51.1 51.8 
300 940 613 290 

Note that the unrolled column sweep algorithm is always about 50% faster than 
the original version. 

8. An excellent summary of Choleski's method (for serial computers) is given in 
George and Liu [1981], and the data access pattern figures in this section follow 
their examples. A review of the implementation of Choleski's method on the 
first generation of vector computers such as the TI-ASC, CRA Y-1 and CDC 
STAR-100 is given in Voigt [1977]. 

9. The algorithms of this section do not make explicit use of zeros in the coefficient 
matrix A; Section 2.3 will address this question. We note here only that zeros 
in A may well become nonzeros during the course of LU decomposition or the 
other algorithms; this is called fill-in. One of the simplest examples of how 
extensive fill-in can occur is given by a matrix of the form 

[i . ] 
which is zero except for nonzeros in the first row and column and main diagonal. 
All of the zero positions in the lower triangle will, in general, become nonzero 
during the course of LU decomposition. On the other hand, the matrix 

suffers no fill and the L and U factors have the same nonzero structure as the 
corresponding parts of the original matrix. 

10. Mattingly, Meyer, and Ortega [1987] have discussed the "ijk forms" of 
Householder and Givens reduction, in analogy with LU and Choleski factoriza­
tion. The row-oriented Givens algorithm given in the text corresponds to the 
kij form. There are also natural kji, jki, and ikj forms, but the other two forms 
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do not lead to viable vector algorithms. For Householder reduction, the rank 
one update algorithm of Figure 2.1-13 is the kij form, whereas the inner product 
algorithm of Figure 2.1-12 is the kji form. There is also a delayed update jki 
form, but the other three ijk forms are not useful. 

11. To minimize round-off error, the computation of the sines and cosines in Givens 
method as given in (2.1.34) can be replaced by 

Similarly, in the Householder reduction, it is possible that overflow or underflow 
could occur in the computation of sk in Figure 2.1-12. This problem can be 
eliminated by scaling; see, for example, Stewart [1973]. 

12. Dongarra, Kaufman, and Hammarling [1986] suggest combining two 
Householder transformations in a single step to reduce the number of memory 
references. This idea has been extended by Bischof and van Loan [1987) to 
block Householder methods in which the basic operations are matrix-matrix 
multiplication. As with the LU decomposition, such block methods will probably 
to the best on machines with hierarchical memories. 

2.2. Direct Methods for Parallel Computers 

We next consider the implementation of the algorithms of Section 2.1, 
as well as others, on parallel computers. As in the previous section, we will 
assume that the n x n coefficient matrix A is full. 

LU Decomposition 

We assume at first that we have a local memory system and that the 
number of processors p = n. Then one possible organization of LU 
decomposition is the following. Assume that the ith row of A is stored in 
processor i. At the first stage, the first row of A is sent to all other processors 
and then the computations 

j = 2, ... , n (2.2.1) 

can be done in parallel in the processors P2t ... , Pn. The computation is 
continued by sending the new second row of the reduced matrix from 
processor P2 to processors P3 , ••• , Pn, then doing the calculations in parallel, 
and so on. The first two stages are shown in Figure 2.2-1, in which a 1 denotes 
the current ith row of A. Note that this approach has two major drawbacks: 
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Stage 1: a1 -+ P" i = 2, ... , n 
In P., i = 2, ... , n, compute In and new a11,j = 2, ... , n 

Stage 2: a2 -+ P., i = 3, ... , n 
In P., i = 3, ... , n, compute 112 and new a11,j = 3, ... , n· 

Figure :Z.:Z-1. LU decomposition in n processors. 

there is considerable communication of data between each stage, and the 
number of active processors decreases by one at each stage. 

An alternative to storing by rows is to store column i of A in processor 
i. In this case, at the first stage, the multipliers 111 are all computed in 
processor 1 and then sent to all processors. The updates 

j == 2, ... , n (2.2.2) 

are then computed in parallel in processors 2, ... , n. Processor 1 ceases to 
be active after computing the multipliers In , and, in general, one more 
processor becomes idle at each stage, the same load-balancing problem as 
in the row-oriented algorithm. 

Interleaved Storage 

In the more realistic situation that p « n, the above load-balancing 
problems are mitigated to some extent. Suppose that n = kp, and, in the 
storage by rows strategy, assign the first k rows of A to processor 1, the 
second k to processor 2, and so on. This is called block storage. Again, 
the first row will be sent from processor 1 to the other processors and then 
the computation (2.2.1) will be done but in blocks of k sets of operations 
in each processor. As before, processors will become idle as the computation 
proceeds, but the overall ratio of computation time to data transmission 
and idle time will be an increasing function of k. 

A more attractive scheme is to interleave the storage of the rows among 
the processors. Assuming still that n = kp, rows 1, p + 1, 2p + 1, ... are 
stored in processor 1, rows 2, p + 2, 2p + 2, ... in processor 2, and so on, as 
illustrated in Figure 2.2-2. We will call this storage pattern wrapped inter­
leaved storage. It greatly alleviates the problem of processors becoming idle 
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rows l.p+l.···.(k-l)p+1 I I rows 2. p+2.···.(k-1)p+21 ... L.l __ ro_w_s_p_. -2-p._ ... _.k_p---' 

processor 1 processor 2 processor p 

Figure 2.2-2. Wrapped interleaved row storage. 

since, for example, processor 1 will be working almost until the end of the 
reduction, in particular, until processing of row (k- l)p + 1 is complete. 
There will, of course, still be some imbalances in the workloads of the 
processors. For example, after the first stage, row 1 is no longer needed and 
processor 1 will have one less row to process at the next stage than the 
other processors. A similar kind of imbalance will result in the likely event 
that n is not a multiple of the number of processors. 

A similar interleaving may also be done in storage by columns where 
now processor 1 would hold columns 1, p + 1, ... , (k- l)p + 1, processor 
2 would hold columns 2, p + 2, ... , (k- 1)p + 2, and so on. Again, all 
processors would be working, with minor imbalances, almost to the end of 
the reduction. Comparisons of the two algorithms are given in Exercises 
2.2-1 and 2.2-3. 

A variation of row (or column) wrapped storage is reflection interleaved 
storage. Here, the rows are distributed as illustrated in Figure 2.2-3 for the 
case of four processors and sixteen rows. In general, the first p rows are 
distributed to the p processors in order, the next p rows are distributed in 
reverse order, and so on. Wrapped and reflection storage have many of the 
same properties, but wrapped storage does have some advantages. We will 
consider only it in the sequel, and use the terms "wrapped," "interleaved," 
and "wrapped interleaved" as synonomous. 

The notion of interleaved storage is motivated primarily by local 
memory systems. It can also be used on global memory systems as a means 
of assigning tasks to processors. That is, with row interleaved storage, 
processor 1 will do the updates (2.2.2) on rows p + 1, 2p + 1, ... and so on. 
However, on global memory systems, dynamic load balancing can also be 
achieved by using the idea of a pool of tasks. Such dynamic load balancing 
is less satisfactory for a local memory machine because of the need to 
reassign storage from one processor to another. 

rows 1.8.9,16 I rows 2.7.10.151 I rows 3,6,11.141 I rows 4,5,12,131 

processor 1 processor 2 processor 3 processor 4 

Figure 2.2-3. Reflection interleaved row storage. 
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Send-ahead and Compute-ahead 

We now discuss in more detail the LU decomposition using wrapped 
interleaved row storage. We assume first a local memory system. Consider 
the first stage, in which zeros are introduced into the first column. If we 
proceed in the usual serial fashion, the multipliers lu are computed, the 
corresponding rows updated, and then the second stage is begun. At the 
beginning of the second stage, the processor holding the second row must 
transmit this row to all other processors. Hence, there is a delay while this 
transmission takes place. An obvious solution to this problem is for processor 
2 to transmit the updated second row as soon as it is ready. We call this a 
send-ahead strategy. If computation and communication can be overlapped, 
all of the processors can be carrying out the updating of the first stage while 
this transmission takes place. The same will be done at each stage: at the 
kth stage, the ( k + 1 )st row will be transmitted as soon as it is updated. 
How well this strategy works on a given machine will depend on the 
communication properties of the system. 

This.send-ahead strategy also has application on shared-memory sys­
tems. Here, a straightforward implementation would have a synchronization 
after each stage so that no processor would begin the next stage until all 
processors have finished the current one. During the kth stage, the processor 
to which row k + 1 is assigned will have at least as much work as any other 
processor since it is assigned at least as many rows. Thus, other processors 
may have to wait until this processor is done before they can begin the next 
stage. The send-ahead strategy, which is now really a compute-ahead 
strategy, modifies this by marking the (k + l)st row "done" as soon as it 
has been updated. Then, as soon as other processors have completed their 
work on the kth stage, they may immediately start the ( k + 1 )st stage if the 
(k + 1)st row has been marked "done". This marking serves to carry out 
the necessary synchronization without unnecessary delays. We note that 
send-ahead and compute-ahead are also called pipelining. 

Partial Pivoting 

The use of partial pivoting to maintain numerical stability introduces 
additional considerations into the storage question. Suppose, first, that A 
is stored by column wrapped storage. Then the search for the pivot element 
takes place in a single processor. This has the virtue of simplicity but also 
the potential for all other processors to be idle while the search is done. 
This problem can potentially be mitigated by a compute-and-send-ahead 
strategy in which, at the kth stage, the pivot element in the ( k + 1 )st column 
is determined as soon as the column has been updated. In any case, after 
the pivot row is determined, this information must be transmitted to all 
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other processors. Then an interchange of rows can be done in parallel within 
all the processors (or the interchange can be handled implicitly by indexing). 

The situation with row-wrapped storage is rather different. Now the 
search for the maximum element in the current column (say the kth) must 
take place across the processors. This can be done by a fan-in mechanism 
as indicated in Section 1.2 (See Exercise 2.2-3). At the end of the fan-in, a 
single processor will know the next pivot row and this information must 
be sent to all other processors. Again, we must decide whether to physically 
interchange rows. If we do interchange, only two processors are involved 
and all others may be idle during the interchange. On the other hand, if 
we do not interchange, then we deviate from row wrapped storage in the 
subsequent calculations. Indeed, the more interchanges that are required 
but not done physically, the more the storage pattern will look like a random 
scattering of the rows to local memories. 

The ijk Forms and Parallel-Vector Computers 

The ijk forms of LU decomposition discussed in the previous section, 
and in more detail in Appendix 1, provide a number of other possible 
organizations of LU decomposition that might be useful on parallel systems. 
More importantly, they provide alternative organizations for parallel-vector 
systems (the processors are vector computers). A detailed analysis of these 
ijk forms for parallel and parallel-vector systems is given in Appendix 1, 
and we summarize in Table 2.2-1 the main conclusions of that appendix. 

In Table 2.2-1, kij,r denotes the kij form using wrapped interleaved 
row storage, whereas kij,c uses wrapped interleaved column storage; 
similarly, for the other forms. We have listed the basic problems with each 
method as well as comments on the vector lengths. "Full vector lengths" 

Table 2.2-1. The ijk Forms of LU Decomposition on Parallel-Vector Systems 

kij, r: 
kij, c: 
kji, r: 
kji,c: 

ikj, r: 
ikj, c: 
jki, r: 
jki,c: 

Minimum delays 
Multiplier and transmission delays 
Minimum delays 
Minimum delays 

Very poor load balancing 
Multiplier and transmission delays 
High communication costs 
Multiplier and transmission delays 

ijk, r: High communication costs 
ijk, c: High communication costs 
jik, r: High communication costs 
jik, c: High communication costs 

Full vector lengths 
Partial vector lengths 
Partial vector lengths 
Full vector lengths but delays 

Partial vector lengths 
Partial vector lengths 
Full vector lengths but delays 
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means that the maximum vector lengths possible at a given stage of LU 

decomposition can be used; for example, at the kth stage, these vector 
lengths would be O(n - k). "Partial vector lengths" means that the corre­
sponding data are distributed across the processors and, consequently, the 
vector lengths are divided by the number of processors. As indicated in the 
table, in the case of kji,c and jki,c we can achieve full vector lengths but 
only at the expense of delays in acquring the elements of the vector. The 
ijk and jik forms have very poor data distribution and seem unsuitable for 
all parallel systems. The kij,r kji,r and kji,c forms seem most promising. 
In particular, the kij, r form is the algorithm described above under "send­
ahead and compute-ahead." 

Fine Grain Algorithms and Data Flow Organization 

The parallel organizations of LU decomposition discussed so far have 
used rows (or columns) as the basic entity, and are called medium grain 

algorithms. They essentially mirror the vector algorithms of the previous 
section. However, there is inherently more parallelism in the decomposition 
and this can be utilized if sufficiently many processors are available. We 
next discuss some of these algorithms, which are called small or fine grain. 

We first note that LU decomposition may, in principle, be carried out 
as in Figure 2.2-4, where each step performs in parallel the computations 
that are indicated. Since each element update requires two operations (a 
multiply and an add), the process is completed in 3(n - 1) time steps. (We 
have made the usually unrealistic assumption that a divide can be performed 
in the same time as a multiply or add.) 

The above scheme assumes that there are at least ( n - 1 )2 processors 
available so that all of the computations of step 2 proceed in parallel. 
However, the important question of communication is not addressed. It is 
assumed at each step that the necessary data (multipliers and/ or updated 
matrix elements) are available in the proper processors. For this to be true 

Step 1. Compute first column of multipliers /11 , i = 2, ... , n 
Step 2. Compute updated elements al1 = a11 - 111 a11 , i = 2, ... , n, j = 2, ... , n 
Step 3. Compute second column of multipliers 112 , i = 3, ... , n 
St~p 4. Compute updated element& a~1 = al1 - 112a~1 • i = 3, ... , n, j = 3, ... , n 

Step 2n - 3. Compute last multiplier ln,n-l 

Step 2n- 2. Update (n, n) element 

Figure 2.2-4. LU decomposition with maximum parallelism. 
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on a local memory system these data will need to be transmitted from the 
processors where they are computed to those that will use them at the next 
step. We next discuss one way to do this. 

Assume that there are (n - 1)2 processors, which are numbered accord­
ing to the matrix element they will update; that is, processor Pu will update 
au. Then the following transmissions need to be added to the scheme of 
Figure 2.2-4: 

Step 1. Compute til in processor Pil , i = 2, ... , n 

Step la. Transmit til to processors Pu, i = 2, ... , n, j = 2, ... , n 

Step 2. Compute a~ in processor Pu, i = 2, ... , n, j = 2, ... , n 

Step 2a. Transmit a~1 to Pu, i = 3, ... , n, j = 2, ... , n 

If we assume that the necessary transmissions at each step can be done in 
one time step, the total number of time steps increases to 0(5n). However, 
it is quite unrealistic that the transmission could be done this rapidly. 

We next examine another approach, which is a data flow algorithm. 
We again assume that there are n2 processors that are arranged in a square 
lattice with a four-nearest-neighbor connection (see Figure 1.1-14). We 
assume that each processor can transmit one word of data in the same time 
as a floating point operation and that transmission and computation can 
take place concurrently. (Both of these assumptions are highly optimistic.) 
The initial steps of the algorithm we wish to discuss are given in Figure 2.2-5. 

We now consider the above computation in more detail. Figure 2.2-6 
shows the situation at the end of step 4. At the end of this step, t21 a 12 has 
been computed in processor P22 • The multipliers have been sent to pro­
cessors P23 and P32 but the computations using these multipliers have not 

Step 1. Send a 11 from P 11 to P21,j = 1, ... , n. 

Step 2. Send a 11 from P21 to P3J>j = 1, ... , n. Compute 121 • 

Step 3. Send a11 from P31 to P4J> i = 1, ... , n. Send 121 to P22 • Compute 131 • 

Step 4. Send a 11 from P41 to P51 ,j = 1, ... , n. Send 121 to P 23 • Send 131 to P 32 • 

Compute t41 • Compute t21 a12 in P22. 

Step 5. Send a 11 from P51 to P61,j = 1, ... , n. Send 121 to P21 • Send 131 to P 33 • 

Send 141 to P42. 

Compute 151 • Compute a~2 = a22 - lz1 a12 in P22. 

Compute 121 a 13 in P 23 • Compute l31 a 12 in P 32 • 

Figure 2.2-5. A data flow organization of LU decomposition. 
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P21 ~ la1a12 823· 8J2•l21 aa~· a1~ 
, ... I a2n• 8tn 

P11 ~ la32. a1a.llll all• au al~· a1~ 
, ... I 8Jn• aln 

p•l ~ a42• a14 a4n• 8tn 

Figure 2.2-6. End of step 4 of data flow. 

yet been done. The multiplier 141 has just been computed in processor P41 

and the first row has been transmitted to all processors in the fifth row. To 
continue the process, Figure 2.2-7 shows the computation and transmission 
occuring during step 5. 

The pattern should now be clear. At each step, one more multiplier is 
computed, while the previous multipliers are all transmitted to the next 
processor to the right. Simultaneously, matrix elements are updated by those 
processors that have the necessary data. The computation thus moves 
through the matrix (equivalently, the array of processors) in a diagonal 
wavefront manner. Hence, this is sometimes called a wavefront organization 
of LU decomposition. Note that as soon as the updated (2, 2) element is 
computed, it can be transmitted to processor P32 , and when the updated 
(3, 2) element is ready, the multiplier 132 can be computed. This starts a 
new wavefront, which computes the updates of the second stage of LU 
decomposition. After a while, several wavefronts will be moving through 
the matrix simultaneously. 

p~J ~ 
cS 

Figure 2.2-7. Step 5 of data flow. 
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We next examine the number of time steps needed to complete the 
factorization. Consider the second row. At the end of the fifth time step, 
the updated element a~2 has been computed, 121 is in P24 , and 121 a 13 has 
been computed in P23 • At each subsequent time step, one additional updating 
is completed so the second row is finished after 5 + n - 2 = n + 3 time steps. 
The updating of the third row during the first stage is one time step behind 
the second row and the second stage is four time steps behind the first stage. 
To see this, consider the (3, 3) element. At the time the (2, 3) element is 
complete the (3, 2) element has just completed and the (2, 2) element 
received in processor P32 • Then the following steps are needed to complete 
the (3, 3) element: compute /32 ; send /32 ; compute 132 a~3 ; compute a ~3 = 
a33 - l32 a~3 • Therefore, the third row is complete at time n + 7. Continuing 
in this fashion, we see that the overall factorization is complete at the end 
of n + 3 + 4(n- 2) = 5n- 5 time steps. 

On the basis on this number of time steps, the speed-up of the data 
flow LU decomposition algorithm is 

S = O(~nJ) = 0( 2) 
P 0(5n) n 

Hence, for large n this algorithm gives very high speed-up, under the 
assumption of a very large number of processors. For the linear systems 
for which we would wish to use parallel computers we might expect n to 
be in the range 103 ~ n ~ 106• Even for n = 103, the above algorithm requires 
106 processors. Therefore, the algorithm as described is mainly of theoretical 
interest, although combinations of the data flow approach with the medium 
grained algorithms discussed previously could be potentially useful. For 
example, several matrix elements, rather than just one, could be assigned 
to each processor. Then the algorithm could be potentially useful on systems 
such as the Connection Machine (Section 1.1), which currently has 65,000 
processors. 

Choleski Decomposition 

If A is symmetric positive definite, we can consider the Choleski 
decomposition A = LL r, where now we assume that only the lower 
triangular part of A will be stored. As with LU decomposition, we use 
interleaved wrapped storage, either by rows or by columns. The ijk forms 
of Choleski decomposition provide a guide to several possible organizations, 
and these are discussed in some detail in Appendix 1 for both parallel and 
parallel-vector computers. We summarize in Table 2.2-2 the main con­
clusions of that appendix. As before, kij,r and kij,c denote the kij form 
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kij, r: 
kij, c: 
kji, r: 
kji, c: 

ikj, r: 
ikj, c: 
jki, r: 
jki,c: 

ijk, r: 
ijk, c: 
jik, r: 
jik, c: 

Chapter 2 

Table 2.2-2. The ijk Forms of Choleski on Parallel-Vector Systems 

High communication costs 
Not competitive 
High communication costs 
Minimum delays 

Not competitive 
Not competitive 
Fairly high communication costs 
Not competitive 

Poor load balancing 
High communication cost 
Delays for transmits 
Not competitive 

Full vector lengths but delays 

Partial vector lengths 
Full vector lengths but delays 

Partial vector lengths 

Full vector lengths 

with row and column interleaved wrapped storage, respectively, and 
similarly for the other algorithms. 

The most promising of these forms on parallel systems would seem to 
be kji,c and jki,r. Of these, only kji,c permits long vector lengths on parallel­
vector systems but at the expense of delays to accumulate the data for the 
vectors. 

Solution of Triangular Systems 

After the LV or Choleski decompositions, we need to solve triangular 
systems of equations, as discussed in the previous section. We will consider 
only upper triangular systems Ux = c; the treatment of lower triangular 
systems is similar (Exercise 2.2-8). The basic methods will again be the 
column sweep and inner product algorithms, discussed in Section 2.1, and 
given in Figure 2.2-8. 

We consider first local memory systems. Assuming that the triangular 
system has resulted from a prior LU or Choleski decomposition, the storage 
of U is already determined by the storage for the decomposition. For 
example, if we have used the row wrapped interleaved storage of Figure 
2.2-2, then the storage of U will have the same row interleaved pattern. We 

For j = n down to I 
Xj =ClUJ) 

For i = 1 to j - 1 
c1 = c, - XJUIJ 

For i = n down to 1 
For j = i + 1 to n 

c, = c, - u,_r1 
x, = c,ju, 

Figure 2.2-8. Algorithms for Ux =e. (a) Column sweep; (b) inner product. 



Direct Methods for Linear Equations 

Cl,Cp+l···· 
Ul,Up+l····, 

C2,Cp+2···· 

U2,Up+2···· 

Cp,C2p···· 
Up,U2p···· 

Figure 2.2-9. Wrapped interleaved row storage for Ux = c. 
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will assume that the right-hand side c also is stored by interleaved rows so 
that the storage of the system is as shown in Figure 2.2-9, where u1 denotes 
the ith row of U. The column sweep algorithm can then be implemented 
as in Figure 2.2-10. At the first step, c,. and u,.,. are in the same processor. 
After x,. is transmitted to all processors, each processor updates the right­
hand side components that it holds and then x,_ 1 is computed in the 
processor holding the (n - l)st row. The process is now repeated to obtain 
x,_2 , then x,._3 , and so on. The work of updating the c1 will be fairly well 
balanced until the current triangular system becomes small; indeed, in the 
final stages, an increasing number of processors will become idle. 

One bad aspect of the column sweep algorithm as shown in Figure 
2.2-10 is that the computation of x1 takes place in a single processor while 
all other processors are idle. Thus, it may be beneficial to try to overlap the 
computation of the subsequent x1 by the following compute-ahead strategy. 
The processor that holds the ( n - 1 )st row will update c,_ 1 and then compute 
and transmit x,_ 1 before updating the other c1• Hence, x,_ 1 will be available 
to all processors at the time they are ready to begin the next update. This 
will cause the processor that computed x,_ 1 to finish its first updates behind 
the other processors, but this imbalance should average out since each 
processor in turn will be subject to this delay as the subsequent x1 are 
computed. 

If U is stored by column wrapped interleaved storage, a straightforward 
implementation of the column sweep algorithm results in essentially a serial 
code. Assume that P(n), the processor holding the last column of U, also 
holds c. Then P(n) computes x,., updates c, and transmits the new c to 
P(n- 1). P(n- 1) then computes x,._t> updates c, transmits to P(n- 2), 

Compute x,. = c,./u,.,. in P(n) 
Send x,. to all processors 
Compute c1 = c1 - u1,.x,., i = 1, ... , n - 1, 
Compute x,_ 1 = c,_ 1ju,_ 1_,_ 1 in P(n -1) 
Send x,_1 to all processors 
Compute c1 = c1 .- u1,,_1x,_ 1 , i = 1, ... , n - 2 

Figure 2.2-10. Parallel column sweep algorithm for U stored by rows. 
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and so on. Thus, at any given time, only one processor is doing computation. 
There are ways to alleviate this problem by various compute-ahead and 
send-ahead strategies (see the References and Extensions). We will instead 
next consider the inner product algorithm since it is potentially attractive 
when U is stored by columns. 

In the inner product algorithm of Figure 2.2-Sb, the computation of x1 

requires the inner product of the ith row of U, excluding the main diagonal, 
and the vector with components xi+t. ••• , Xn. We assume that these com­
ponents have been computed so that xi e P(j). Thus, processor P(j) can 
compute I: uiJxJ for all the xi that it holds since the corresponding uiJ are 
also in P(j). After these partial inner products have been computed in 
parallel in all processors, they can be summed by a fan-in so that the inner 
product is in P(i). We assume that the right-hand side has been stored so 
that c1 e P(i), and then P(i) computes x1• We summarize this inner product 
algorithm in Figure 2.2-11. 

For large n and i, there is almost perfect parallelism in the computation 
of the partial inner products. The fan-in is less satisfactory. It will involve 
communication and an increasing number of processors will become idle. 
Moreover, in the initial stages, when i is close to n, there is very little 
parallelism even in the computation of the partial inner products. Some of 
these problems can potentially be alleviated by compute-ahead strategies. 
For example, during the ith stage, as soon as processor ~ has finished its 
computations required in this stage, it could begin its partial inner product 
for the next stage. 

We note that an intrinsic difficulty in solving triangular systems on 
local memory systems is that there are only 0( n2) arithmetic operations 
over which to amortize the communication costs. This is in contrast to the 
factorization, in which there are O(n3) operations. 

After the Choleski decomposition, we must solve the triangular systems 
L T y = b and Lx = y. If the storage of A has been by rows, then the storage 
of L will be the same and a column sweep algorithm analogous to Figure 
2.2-10 can be done for Lx = y, the only difference being that we now solve 
for the unknowns in the order x,, ... , x" (see Exercise 2.2-8). For the 
solution of L T y = b, storage of L by rows corresponds to storage of L r by 
columns. If A has been stored by columns, then L will be stored by columns 
and L T by rows. Thus, in either case, solutions of triangular systems with 
both row and column storage will be required. 

For i = n down to 1 
All processors compute their portion of ith inner product 
Fan-in partial inner products to P(i) 
P( i) computes x, 

Figure 2.2-11. Parallel inner product algorithm. 
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If (row n assigned to this processor) 
x,. = c,./u,.,. 
mark x,. as done 

For j = n - 1 down to 1 
wait for x1+1 to be marked done 
If (row j assigned to this processor) 

c1 = c1 - u11+tXJ+t 

x1 = c1/ u11 
mark x1 as done 

For i = 1 to j - 1 
If (row i assigned to this processor) 

c, = c, - uiJ+txJ+t 

Figure 2.2-12. Shared-memory column sweep for Ux =c. 
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For Gaussian elimination, it is usual to perform the forward substitution 
(the solution of Ly = b) as part of the factorization. The elements of b can 
be appended to the rows of A if row storage is being used, or considered 
as another column of A if column storage is used. 

The solution of triangular systems on shared memory machines can be 
carried out by either dynamic allocation of tasks or a static allocation. For 
example, we can use a row or column wrapped interleaved assignment 
scheme in which processor i is assigned the work associated with columns 
(or rows) i, i + p, i + 2p, .... Assuming assignment by rows, a pseudocode 
for each processor is given in Figure 2.2-12. 

In Figure 2.2-12, the necessary synchronization is achieved by marking 
the unknowns x1 "done" as they are computed. Processors wait until the X; 

needed for the next computations are done and thus available. The marking 
and waiting can be implemented in different ways, depending on the system. 
In order to be available to other processors as soon as possible, the x1 are 
computed before completing the current update of the right-hand side. 

Householder Reduction 

In the previous section, we discussed the Givens and Householder 
orthogonal reductions for vector computers and we now wish to consider 
their implementation on parallel systems. We treat the Householder reduc­
tion first and assume that A is stored by wrapped interleaved column storage. 
We start from the vector code of Figure 2.1-12, which we reproduce in 
Figure 2.2-13 for convenience (recall that a, is the ith column of the current 
A). 

The first stage of a parallel code on a local memory system might be 
implemented as shown in Figure 2.2-14. The steps in Figure 2.2-14 have 
been organized to achieve good load balancing. For example, while s1 is 
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For k = 1 to n - 1 

sk = -sgn(akd ( i: a:k)
112

, 'Yk = (si- skakd-1 

l=k 

ur = (0, ... '0, akk - sk, ak+t,k• ..• ' a.,k) 
akk = sk 
For j = k + 1 to n 

a,= 'Ykura, 
a1 = a1 - a1uk 

Figure :Z.l-13. Inner product form of Householder reduction. 

1. Send first column of A to all processors. 

Chapter :Z 

2. Compute St in processor 1. Start computation of the u r a, in other processors. 
Send s1 to all processors. 

3. Compute 'Yt and a11 - s1 in all processors. Continue computation of the 
uf a1. Replace a11 by s1 in processor 1. 

4. Compute a1 = 'Y1uf a1 in all processors. 
5. Compute a1 - a 1u1 in all processors. 

Figure l.l-14. First stage of parallel inner product form of Householder. 

being computed in processor 1, the other processors can begin the computa­
tion of the inner products u r a, although they cannot be completed, of 
course, until s, is available in all processors. We also elect to compute y 1 

and a11 - s1 in all processors rather than computing them in processor 1 
and then sending them. Thus, the only communication in this stage is the 
broadcast of the first column and s1 to all processors. This is a major delay 
in the first stage, and for the second stage it may be advantageous to do 
the transmission of the second column as soon as it is complete. The bulk 
of the work in each Householder stage is the updating of the columns, and 
we see that this has excellent load-balancing properties until the final stages. 

We next consider the rank one update form of Householder reduction 
as given in Figure 2.1-13. We reproduce the code in Figure 2.2-15 without 
explicit statements for sl> p.1 and u1, which are the same as in the inner 
product code. The first stage of the corresponding parallel code is shown 
in Figure 2.2-16. 

In Figure 2.2-15, the a; denote the rows of A. But since we are assuming 
that A is stored by columns, the computation in step 4 of Figure 2.2-16 is 
the same as in step 4 of Figure 2.2-14. That is, the computation ofvr is just 
'Yt times the inner products of u1 and the columns of A held by each 
processor. Similarly, the computations in step 5 of both figures are the same. 
Thus, the parallel forms given in Figures 2.2-14 and 2.2-16 are identical. 
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For k = 1 to n - 1 
sk, i'k• uk 

v[ = f. uikai 
j=k 

AT T 
V k = i'kVk 

For j = k + 1 to n 
AT 

ai = ai- uikvk 

Figure 2.2-IS. Rank one update form of Householder reduction. 

1. Send first column of A to all processors. 
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2. Compute s1 in procesor 1. Start computation of v1 in other processors. Send 
s1 to all processors. 

3. Compute y 1 and a11 - s1 in all processors. Continue computation of v1 in 
all processors. Replace a 11 by s1 in processor 1. 

4. Compute v1 in all processors. 
5. Compute Bj - ujl vi in all processors. 

Figure 2.2-16. First stage of parallel rank one form of Householder. 

If A is stored ·by interleaved wrapped row storage, the parallel 
algorithms are not nearly as satisfactory as with column storage. Consider 
first the inner product form. Here, we need the inner products uJ a;. The 
partial inner products obtained from the elements already in each processor 
are first computed, but a fan-in across the processors is needed to complete 
the inner product. Then each of these inner products must be sent to all 
processors. The rank one form suffers from the same problem. Here, we 
must compute the vector v J, which is a linear combination of rows of A, 
and in order to complete this we again need to fan-in across the processors 
and then transmit the result to all processors. We conclude that column 
storage is better than row storage for the Householder reduction. 

Givens Reiluction 

Recall from the previous section that in the first step of the Givens 
reduction the first two rows of A are modified by 

(2.2.3) 

where s12 and c12 are the sine and cosine defined by (2.1.34). This step 
produces a zero in the (2, 1) position of A. Subsequent steps zero the 
remaining elements of the first column, then the subdiagonal elements of 
the second column, and so on. 
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1. Compute c12 and s12 in processor 1. Send to all processors. 
2. Begin update of rows 1 and 2 in all processors. 
3. Compute c13 and s13 in processor 1. Send to all processors. 
4. Complete update of rows 1 and 2 in all processors. 
5. ~egin update of rows 1 and 3 in all processors. 

Figure 2.2-17. Column form of parallel Givens. 

Assume that A is stored by column wrapped interleaved storage. Then 
the initial steps of a parallel algorithm are shown in Figure 2.2-17. Note 
that there is a delay at the outset in computing the first sine-cosine pair 
and transmitting them to all processors. In subsequent stages, we compute 
and transmit the next sine-cosine pair as soon as the data are ready; for 
example, as soon as processor 1 has updated its ( 1, 1) element in step 2 it can 
perform step 3 while the other processors continue their updates of rows 1 
and 3. During the first stage, processor 2 has the additional work of 
computing all the sine-cosine pairs so that it will complete the first stage 
after the other processors. However, column 1 is now complete and processor 
1 has one less column so it will begin to catch up while processor 2 falls 
behind on the next stage, and so on. All in all, this form of the Givens 
reduction has good parallel properties. 

The same is not true if we use row wrapped interleaved storage in a 
straightforward way. At the first step only processors 1 and 2 will be active 
in processing rows 1 and 2; at the second step only processors 2 and 3 will 
be active, and so on. This problem is alleviated by another type of parallelism 
that is inherent in the Givens method, and which we now discuss. 

The above discussion has been predicated on the usual order of zeroing 
the elements in the lower triangular part of A. This ordering has the 
important property that once a zero is produced, it remains zero in sub­
sequent steps. However, other orderings, which we will call annihilation 
patterns, also have this property and we wish to consider annihilation 
patterns that allow the simultaneous zeroing of more than one element. 
One such ordering is illustrated in Figure 2.2-18. In the first stage, rows 1 
and 2 are combined to produce a zero in the first position of row 2. 
Simultaneously, rows 3 and 4 are combined, rows 5 and 6, and so on. At 
the second stage, rows 1 and 3 are combined, rows 5 and 7, and so on. 
Hence, each stage zeros half of the remaining nonzero elements in the first 
column. Although highly parallel in the first stages, in the latter stages 
successively fewer processors will be used. However, at the point that 
processors would begin to be not utilized, we can begin zeroing elements 
in column 2, using rows that have already been zeroed in the first position. 
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* 
0 

* 
0 

* 
0 

First Stage 

• 
0 

0 

0 

* 
0 

0 

0 

* 
Second Stage 

Figure 2.2-18. Simultaneous zeroing in Givens method. 
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One difficulty with the above arrangement is that a good deal of data 
must be transmitted. For example, if processor 1 is to perform the combina­
tion of rows 1 and 2, then row 2 must be sent from processor 2 to processor 
1 and then the modified second row sent back to processor 2. This problem 
can be alleviated to some extent if we begin by combining rows that a 
processor already holds. For example, processor 1 will hold rows 1 and 
p + 1 and these can be combined with no interchange of data. Then at the 
next stage, rows 1 and 2p + 1 can be combined and so on, with analogous 
combinations in the other processors. However, at some point, rows in 
different processors will have to be combined. But even with the above 
modifications, row storage does not seem to be competitive with column 
storage. 

We next consider a quite different annihilation pattern for Givens 
reduction. It is illustrated in Figure 2.2-19 for an 8 x 8 matrix. The numbers 

row 
2 7 
3 6 8 
4 5 7 9 
5 4 6 8 10 
6 3 5 7 9 11 
7 2 4 6 8 10 12 
8 1 3 5 7 9 ll 13 

Flaure 2.2-19. Sameh-Kuck annihilation pattern. 
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row 
2 n- 1 
3 n- 2 n 

n 

n-1 n+1 
n 

3 5 2n- 3 

Figure 2.2-20. Sameh-Kuck Annihilation Pattern for even n. 

Chapter 2 

indicate the stage that the corresponding element in the strictly lower 
triangular part of A can be annihilated by a Givens transformation while 
retaining all zeros previously produced. At stage 1, rows 7 and 8 are 
combined to yield a zero in position (8, 1). Then, rows 6 and 7 are combined 
to produce a zero in position (7, 1). At the third stage, rows 5 and 6 can 
be combined to produce a zero in position ( 6, 1) and simultaneously rows 
7 and 8 can produce a zero in position (8, 2), and so on. The maximum 
degree of parallelism occurs at the seventh stage when four zeros can be 
produced in parallel. For general (even) n, the maximum degree of parallel­
ism is n/2 at stage n - 1 as shown in Figure 2.2-20, in which there are 
2n - 3 stages. This will be true for either even or odd n. However, for odd 
n, both stages n - 1 and n exhibit a maximum degree of parallelism of 
(n -1)/2. 

The Sameh-Kuck annihilation pattern provides the possibility of large 
speed-up if sufficiently many processors are available. For example, we can 
envision an array of processors holding the matrix A as indicated below 
for p = n2/2 processors: 

rows 1, 2, 3 

rows 3, 4, 5 

rows n- 1, n 

That is, P; holds the elements in the ith column of rows 1, 2, and 3. Pn+i 

holds the elements in the ith column of rows 3, 4, and 5, and so on. The 
Sameh-Kuck annihilation pattern is used, but now the updating of the rows 
at each stage can be done in parallel. Hence, ignoring the computation of 
the sines and cosines and the communication, the average degree of parallel­
ism will be O(n2/4). 
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Multiple Right-Hand Sides 

We end this section with a few comments on the system AX = B, where 
X and B are n x q. Suppose that any of the methods of this section has 
produced a decomposition A = SU, where U is upper triangular and S will 
depend on the decomposition used. Then we need to solve the systems 

SY=B, UX= Y (2.2.4) 

Consider first the system UX = Y. Assume that there are q processors, that 
U is stored in each processor, and that the ith column of Y is stored in 
processor i. Then the q systems Ux; = y; can be solved in parallel, and the 
analogous computations can be done for SY = B. Thus, these computations 
can be done with a perfect degree of parallelism, and we next discuss the 
practicality of this approach. 

As mentioned previously, there are two main cases in which multiple 
right sides arise. The first is when B = I, q = n, and X = A-t. The second 
is where there may be different loads to be analyzed in a structures problem 
or analogous situations for other problems. In this case, q may vary from 
small to very large. Clearly, the above approach is not viable if q « p, where 
p is the number of processors, since p - q processors are left idle. In this 
case, we would solve the systems with, for example, the column sweep 
algorithm. For example, if q = 5 and p = 20 we might allocate four pro­
cessors to each system. 

On the other hand, if p « q, then the solution of q/ p systems in each 
processor is potentially attractive. The main difficulty is that if the reduction 
has been carried out by, for example, LU decomposition with interleaved 
row storage, then U will be distributed across the processors with the same 
interleaved row storage and it will be necessary to collect all of U in each 
processor before doing the computations. Only a more detailed analysis for 
a particular parallel system can ascertain if this is more efficient than solving 
each system Ux; = y; across the processors. 

Exercises 2.2 

I. Assume that a parallel system requires t time units to do arithmetic operations 
and at time units to send one word of data from one to arbitrarily many processors. 
Assume that the number of processors p = n, the size of the system. Without 
pivoting, compute the total time for the LU decomposition using storage by rows 
and storage by columns as discussed in the text. Conclude which is best as a 
function of a. 

2. Discuss in detail a fan-in procedure for determining the maximum of m numbers 
distributed across p processors. 
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3. Assume that a parallel system has the characteristics of Exercise 1 and that the 
comparison of the magnitude of two numbers also requires t time units. Compare 
the two algorithms with partial pivoting added. 

4. Assume that a parallel system has the characteristics of Exercise 1, and assume 
that n = kp. Compare the number of time steps for LU decomposition, without 
pivoting, if (a) the first k rows of A are stored in processor 1, the second k in 
processor 2, and so on, and (b), if the storage of the rdws is interleaved as shown 
in Figure 2.2-2. Repeat the analysis if partial pivoting is added. 

5. Repeat Exercise 4 if A is stored by columns. 

6. Carry out in detail the data flow algorithm of Figure 2.2-5 for the matrix 

7. Write out a code for the kji form of Choleski decomposition without consulting 
Appendix 1. Then compare your code with the one given in Appendix 1. 

8. Discuss the column sweep and inner product algorithms of Figure 2.2-8 for a 
lower triangular system. 

9. Show that a straightforward implementation of the column sweep algorithm on 
a shared memory machine with assignment of tasks by interleaved columns has 
very poor load balancing. Discuss ways to improve the implementation. 

References and Extensions 

1. The idea of interleaved storage was considered independently by O'Leary and 
Stewart [1985], who call it torus assignment, Ipsen et al. [1986], who call it 
scattering, and Geist and Heath [1986], who call it a wrapped mapping. O'Leary 
and Stewart [1985] also consider reflection storage. 

2. There have been a number of LU or Choleski factorization implementations 
reported for various real or assumed parallel systems. Saad [1986b] considers 
two implementations of Gaussian elimination on hypercubes. The first broad­
casts the pivot row to all processors that need it. The second pipelines the send 
of the pivot row in the following way. As each processor receives the pivot row, 
it first passes it to another processor and then proceeds computing. It is concluded 
that pipelining can be more efficient even if broadcasting takes advantage of 
the hypercube topology. LeBlanc [1986] reports on experiments on Gaussian 
elimination on a 128 processor BBN Butterfly. (The processors did not have 
floating point hardware so that arithmetic time was simulated by integer arith­
metic.) The goal of this study was to compare message passing versus shared 
memory, both of which can be implemented on the Butterfly. Davis [1986] gives 
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an implementation, which includes pivoting and a compute-and-send-ahead 
strategy, of LU decomposition using wrapped column storage for the Intel iPSC 
hypercube. George, Heath, and Liu [1986], motivated by the Denelcor HEP, 
have given implementations of Choleski factorization particularly suitable for 
shared memory machines. They consider implementations based on several of 
the ijk forms of Choleski; see also Heath [1985). Geist and Heath [1986) have 
given a detailed study of the kji,c form of Choleski factorization on an Intel 
iPSC hypercube. (They call their formjki, but in the final algorithm do immediate 
updates.) They consider different storage assignments of columns including 
block wrapping and random scattering and conclude experimentally that wrap­
ped column storage is the best of those tried. In particular, for a system of 512 
equations on 32 processors, they give the following execution times: column 
wrapped: 79.4 s, wrapped blocks (4 columns per block): 92.1 s; wrapped blocks 
(16 columns per block): 174.7 s; random: 94.1 s. They also consider various 
communication strategies, for example, a broadcast implemented by a send to 
each receiving processor, and a broadcast implemented by embedding a minimal 
spanning tree in the hypercube. The latter has the advantage that only O(Iog p) 
steps are required while the others take O(p) steps. (However, the other 
implementations have advantages in certain circumstances.) 

3. There have been a number of analyses of LU decomposition that attempt to 
understand its basic properties on parallel systems. Sa ad [ l986a] considers the 
communication complexity of Gaussian elimination for several possible architec­
tures. One of the main results is that for bus and ring local memory systems, 
the LU decomposition requires a communication time of at least O(n 2) for an 
n x n matrix, regardless of the number of processors. See also Ipsen et al. [ 1986] 
for related results. Romine [1986] gives a detailed analysis of the ijk forms of 
LU decomposition. He concludes that under certain assumptions on the parallel 
system, the kij form is optimal among all medium-grained algorithms that use 
row wrapped storage. He also gives a similar, less complete analysis of Choleski 
factorization. See also Ortega and Romine [1987], on which the parallel portion 
of Appendix 1 is based. 

4. Geist and Romine [1987] do an extensive study of pivoting strategic; on a 
hypercube. They consider four basic approaches: row storage with row pt voting, 
column storage with row pivoting, row storage with column pivoting, and column 
storage with column pivoting. For each basic approach, they also consider 
various possible enhancements (for example, compute-ahead, loop unrolling to 
minimize index computations, and so on). As mentioned in the text, if rows are 
not actually interchanged the row wrapped storage pattern is lost. At the extreme, 
there is essentially a random distribution of rows, and Geist and Heath [ 1986] 
have given some experimental results on an Intel iPSC hypercube showing that 
such a distribution causes a 5%-15% degradation in speed compared with 
wrapped storage (see Note 2). On the other hand, Chu and George [1987) have 
considered explicitly interchanging rows. They mitigate the problem of idle 
processors by broadcasting the pivot row before doing the interchange; thus, 
other processors will have the information to begin updating their rows. They 
also use a dynamic load balancing scheme. See also Chamberlain [1987], who 
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uses column pivoting rather than row pivoting, and Sorensen [1985], who 
considers pairwise pivoting in which only two rows are considered for inter­
changing at each step. 

5. The data flow approach to LU decomposition discussed in the text is based on 
a similar organization of the Choleski factorization given by O'Leary and Stewart 
[1985]. See also Funderlic and Geist [1986]. It exemplifies the general question 
of how much speed-up can be achieved in an algorithm if an arbitrary or 
unlimited number of processors are available. Much of the early research in 
parallel algorithms was along this line and typically ignored communication 
time. For a good summary of this early work for linear algebra algorithms see 
Heller [1978]. More recent papers that have considered LU decomposition for 
a large number of processors [usually O(n) or O(n2) for an n x n system] 
include Bojanczyk, Brent, and Kung [1984], Kumar and Kowalik [1984], and 
Neta and Tai [1985]. 

6. The data flow approach in the text also exemplifies wavefront-type algorithms, 
which have been used on systolic arrays and other parallel systems that are 
feasible to implement in VLSI. For a review of such algorithms on systolic 
arrays, see H. Kung [1984], and for wavefront algorithms, in particular, see S. 
Kung [ 1984]. More recent papers dealing with this approach include Onaga 
and Takechi [1986]. 

7. A method closely related to LU decomposition, which was introducd for parallel 
computation, is the Quadrant Interlocking Factorization (QIF) method analyzed 
in Shanehchi and Evans [1982]. The basic idea of the method is to eliminate 
from both the top and bottom of the matrix. This leads to a decomposition of 
the form 

* 0 0 * * 
* 

* * A= 0 0 
* * 

* 
0 0 * * * 

8. When the coefficient matrix A has a special structure, the system Ax = b can 
sometimes be solved much faster by special algorithms. For example, a Toeplitz 
matrix has constant diagonals and the system can be solved in O(n 2) operations 
rather than O(n 3). For a review of parallel methods for Toeplitz systems (with 
emphasis on systolic arrays), see Delosme and Ipsen [1987]. See, also, Gohberg 
et al. [1987) for other Toeplitz-like matrices, and Grear and Sameh [1981]. 

9. It was thought that the solution of triangular systems on local memory systems 
using column storage was an intrinsically difficult problem. Romine and Ortega 
[1988] then pointed out that the inner product algorithm was potentially very 
good, and Li and Coleman [1987a] gave an efficient implementation of the 
column sweep algorithm. Heath and Romine [ 1987] analyzed these as well as 
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"wavefront" implementations of the column sweep algorithm with column 
storage and the inner product algorithm with row storage. These wavefront 
algorithms are based on overlapping work as much as possible, and are imple­
mented by sending "segments" of partially computed results from one processor 
to the next in a ring arrangement. "Cyclic" algorithms also use a segment but 
of fixed size p - 1; the Li-Coleman algorithm is a cyclic implementation of the 
column sweep algorithm with column storage, and a similar approach by 
Chamberlain [ 1987] is an implementation of the inner product algorithm with 
row storage. Heath and Romine performed extensive experiments on hypercube 
systems. Their conclusions were as follows: 

a. For row or column wrapped interleaved storage the cyclic approach was 
best for a small number (16) of processors. 

b. For row or column wrapped interleaved storage the wavefront approach 
was best for a large number of processors. 

c. For random column interleaved storage, the inner product algorithm 
with fan-in done by the minimal spanning tree of the cube was best. 

A more recent modification of the cyclic algorithm by Li and Coleman [ 1987b] 
has shown much better performance for a large number of processors (see also 
Eisenstat et a/. [1987]). In any case, good algorithms now exist for either row 
or column storage. 

10. A version of Householder reduction has been described by Sameh [1985] for a 
ring of processors. The matrix begins in processor 1 (or the columns of A are 
loaded one by one from a central memory into processor 1). The first Househol­
der transformation and the updating of the second column are done in processor 
1. The new second column (from the main diagonal down) is then sent to 
processor 2, which computes the second Householder transformation. Simul­
taneously, processor 1 continues updating the columns of A and sending them 
to processor 2 (from the second position down). Processor 2 updates these 
columns and sends them to processor 3, and so on. At the end of the reduction, 
processor i will hold rows i, i + p, ... of the upper triangular matrix U so that 
U is stored by interleaved rows. 

11. Another approach to a parallel Givens algorithm, called "pipelined Givens," 
has been given by Dongarra, Sameh, and Sorensen [1986] for shared memory 
systems with relatively small synchronization overhead time. The idea is to 
overlap the processing of rows in such a way that several rows are being processed 
simultaneously, each slightly behind the previous one so that the proper sequenc­
ing of operations is maintained. See also Heath and Sorensen [1986] for a 
pipelined Givens method for sparse matrices. 

12. It was observed by Gentleman [1975] that the Givens reduction has a natural 
parallelism in that several elements can be zeroed at once. The particular 
annihilation pattern of Figure 2.1-19 was given by Sameh and Kuck [1978], but 
a number of others have been proposed. For example, Lord et al. [1980] gave 
a "zig-zag" pattern predicated on using O(n/2) processors, one for each two 
subdiagonals of the matrix, and a "column sweep" pattern when the number 
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of processors is small. See also Modi and Clarke (1984], and Cosnard and 
Robert [1986] for other annihilation patterns and some results on optimality. 

13. Other recent papers on parallel Givens or Householder methods include Bowgen 
and Modi [1985], who compare implementations of both methods on the ICL 
DAP and conclude that Householder is 1.5-2.3 times faster than Givens; Barlow 
and Ipsen [1984], and lspen [1984], who consider a "scaled" Givens method 
and a "fast" Givens method, respectively; Pothen et al. [1987], who compare 
several different versions of Givens method; Golub et al. [1986], who consider 
block orthogonal factorization methods for least squares problems; and Luk 
[1986]. 

2.3. Banded Systems 

In the previous two sections we assumed that the matrix A was full; 
now we treat banded systems. For simplicity, as in Section 1.3, we shall 
consider explicitly only symmetrically banded systems with semibandwidth 
f3 but most of the discussion extends in a natural way to general banded 
systems. 

LV Decomposition 

We begin with LU decomposition. The pseudocodes of Figures 2.1-1 
and 2.1-2 adapted to a system with bandwidth f3 are given in Figure 2.3-1. 
Adaptations of the other ijk forms of LU decomposition in Section 2.1 are 
easily given (Exercise 2.3-1). 

In Figure 2.3-2, we have indicated schematically the first few steps of 
the kij algorithm for a matrix with f3 = 3. For k = 1, multiples of the first 
row are subtracted from rows 2 through f3 + 1. Since the first row and 
column have f3 + 1 elements, only the first f3 + 1 rows and columns of A 
participate in this first stage, as indicated in Figure 2.3-2 by the submatrix 
marked 1. Similarly, for k = 2, only elements 2 through f3 + 2 of rows 2 
through f3 + 2 participate, and so on. As the decomposition proceeds, we 

For k = 1 to n - 1 
For i = k + 1 to min(k + {3, n) 

l;k = a;k/ akk 

For j = k + 1 to min(k + {3, n) 
ali = ali - l;kakJ 

For k = 1 to n - 1 
For s = k + 1 to min(k + {3, n) 

lsk = a,k / akk 

For j = k + 1 to min(k + {3, n) 
For i = k + 1 to min(k + {3, n) 

a 11 = aiJ - 11kali 

Figure 2.3-1. Banded LU decomposition. 
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* * * * 
* * * * * 
* * * * * * 
* * * * * * * 
2 * * * * * * 

3 * * * * * 

Figure 2.3-2. First stages of banded LU decomposition. 

will reach the point that a {J x {J sub matrix remains, and then the decomposi­
tion proceeds as for a full matrix. 

On serial computers, it is common to store a banded matrix by 
diagonals, but this is not very satisfactory for vector computers. For example, 
for the kij algorithm of Figure 2.3-1, the natural storage is by rows. However, 
we do not wish to use a full n x n two-dimensional array for the storage 
since much of this space would be wasted, especially when {J is small. An 
alternative is to store the rows in a one-dimensional array as indicated in 
Figure 2.3-3 in which a1 denotes the ith row and the corresponding row 
length is shown. Figure 2.3-3 also provides a schematic for column storage 
if a1 is interpreted as the ith column. 

The row or column updates in the last loops of Figure 2.3-1 can utilize 
vectors of length {J until the final {J x {J submatrix is reached and the lengths 
decrease by 1 at each subsequent stage. Thus, when {J is suitably large, 
Figure 2.3-1 provides the basis for potentially satisfactory algorithms for 
vector computers, but they are increasingly inefficient as {3 becomes small. 
In particular, for tridiagonal systems, for which {J -:. 1, they are totally 
inadequate. We will consider other algorithms for small bandwidth systems 
later in this section. 

Parallel Implementation 

We treat next the parallel implementation of LU decomposition. As 
in the previous section, we assume that we will use row or column wrapped 
interleaved storage, as illustrated in Figure 2.2-2. The general considerations 
of Section 2.2 for LU decomposition are relevant also to the banded case, 
but the major issue now is the effect of the bandwidth on the parallelism. 

all +I 

2~ + 1 

Figure 2.3-3. Row (column) storage for banded matrix. 

a,. 
~ + 1 
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For the algorithms of Figure 2.3-1, the basic degree of parallelism of 
the updates of the last loop is /3, the same as the vector length. In particular, 
with row interleaved assignment, at the first stage rows 2, ... , f3 + 1 will 
have an element in the first column to be eliminated. These f3 rows can 
then be updated in parallel in the kij form and the corresponding columns 
in the kji form. Hence, if f3 < p, the number of processors, then only 
processors 2, ... , f3 + 1 will be used during the first stage. Thus, we need 
f3 ;;:;. p in order to utilize fully all the processors. Moreover, there is more 
potential for load imbalance with banded systems even if f3 ;;:;. p. For 
example, suppose that we have 50 processors and n = 10,032. Then 32 
processors will have 201 rows and 18 will have 200. For a full system, this 
would be a very small imbalance. Suppose, however, that f3 = 75. Then the 
number of rows each processor holds is still201 or 200 but, with a straightfor­
ward implementation of the kij algorithm, only half of the processors would 
be active during the second part of a stage. Clearly, the worse case is when 
f3 = p + 1 so that only one processor would be active during the second 
part of the stage. This load imbalance problem can be alleviated to a large 
extent by a compute-ahead strategy. For example, during the kth stage, as 
soon as row k + 1 has been updated it will be sent to all other processors. 
Then, when a processor finishes its work on the kth stage it will immediately 
start the ( k + 1 )st stage. 

Choleski Decomposition 

The same considerations apply to the Choleski decomposition for 
algorithms analogous to those of Figure 2.3-1. In particular, if f3 < p, then 
some processors will be inactive in all stages of the decomposition, using 
either row or column interleaved storage. A more detailed discussion of 
Choleski algorithms is left to Exercises 2.3-5 and 2.3-6. 

Triangular Systems 

The treatment in Section 2.1 of the solution of triangular systems on 
vector computers goes over immediately to banded systems. Consider first 
the solution of the triangular system Ux = c, where U has an upper 
semibandwidth of f3 as shown below: 

u11
H

1

• u -][x;]=[c~ I n f3,n • • 

Unn Xn Cn 

(2.3.1) 
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For i = n down to 1 
x1 = c,/u11 

c = c- x,u, 

Figure 2.3-4. Column sweep algorithm. 
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If U is stored by its columns within the band, Ute column sweep algorithm 
of Figure 2.1-5 may be written as in Figure 2.3-4. In Figure 2.3-4, u1 consists 
of the elements in the ith column from the edge of the band to the main 
diagonal, but not including the main diagonal element. These vectors all 
have length {J until i ~ {J at which point the vector lengths decrease to 1 
as i decreases to 2. Thus, the vector lengths of the linked triad operations 
are {J for most of the computation, decreasing to 1 in the final stages. 

If U is stored by rows, we would use the inner product algorithm 
(2.1.10) which now becomes 

i = n - {J, ... , 1 (2.3.2) 

For i = n, ... , n - {J + 1, (2.3.2) would be modified to reflect a row length 
less than {J + 1. An algorithm based on (2.3.2) consists of inner products 
of vectors of length {J, while the corresponding inner products for i = 
n, .. . , n - {J + 1 use vectors of lengths 1, ... , {J - 1. 

As with full matrices, the column sweep algorithm may be appealing 
on some vector computers because of the linked triad operations as opposed 
to the inner products in the row algorithm. Moreover, for the row-oriented 
kij algorithm of Figure 2.3-1, and with storage as indicated by Figure 2.3-3, 
the element b1 of the right-hand side of the system cannot just be appended 
to the ith row of A, as was the case for full systems. This points more 
strongly towards the use of storage by columns than is the case for full 
matrices. However, for small {J and several right-hand sides, this is no 
longer the case, as will be discussed later. 

Consider, next, local memory parallel machines and assume that U is 
stored by wrapped interleaved row storage. The parallel column sweep 

Compute x, = c,/u,,. Send x, to all processors 
Compute c1 = c1 - u1,x,, i = n - /3, . .. , n - 1 
Compute x,_1 = c,_tf u,_1,n-l· Send x,_1 to all processors 
Compute c, = c1 - u1,,_1x,_1 , i = n - f3 - 1, ... , n - 2 

Figure 2.3-5. Parallel column sweep algorithm for banded systems. 
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algorithm given in Figure 2.2-10 is modified for banded systems as shown 
in Figure 2.3-5. Clearly, the degree of parallelism in this algorithm in the 
beginning stages is f3. If f3 < p, then p - f3 processors are not used. Even 
if f3 > p it is likely that there will be an imbalance in the workload unless 
a compute-ahead strategy is included, as previously discussed for the reduc­
tion phase. All in all, however, this is a potentially satisfactory algorithm. 
If U is stored by wrapped interleaved column storage, then the inner product 
algorithm in Figure 2.2-11 is easily adapted to banded systems. 

Interchanges 

The LU or Choleski decompositions preserve the bandwidth; that is, 
the upper triangular matrix U will have the same bandwidth as A. But the 
row interchanges needed for partial pivoting increase the bandwidth with 
consequences somewhat more severe for vector and parallel computers than 
for serial ones. Suppose that at the first stage, an interchange is made of 
the kth and first rows as illustrated below for a matrix with bandwidth 4 
and k = 5. 

* * * * * * * * * 
* * * ... ... ... 
* * * * * * * 
* * * * * * * * 
* * * * * 

As a consequence of this interchange, there will now be fill in the second, 
third, and fourth rows, as well as the new fifth row, as the decomposition 
proceeds. Thus, the bandwidth above the main diagonal has effectively 
doubled, and this can persist if additional "worst-case" interchanges are 
needed. 

One way to handle this problem is simply to allow enough extra storage 
at the outset. Thus, if A is stored by rows, we would modify Figure 2.3-3 
as shown in Figure 2.3-6, so that f3 extra storage locations are allowed for 
each row down to row n - 2/3, at which point the storage requirement 

.11+1 a, 
3P + 1 2p + 1 

Figure 1.3-6. Row storage for interchanges. 
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decreases by one for each row. In the LV decomposition using this storage 
pattern, we would like to use vector lengths that are no longer than necessary. 
Thus, for example, if there is no interchange at the first stage, then vector 
lengths of only {j are required, as before. In general, whenever there is an 
interchange, we will set the vector lengths for the subsequent operations 
accordingly. This adds both overhead and program complexity but is prob­
ably preferable to using the maximum vector lengths of Figure 2.3-6 when 
there are few interchanges or when the interchanges introduce relatively 
few extra nonzero elements. The considerations for storage by column are 
similar. 

Orthogonal Reduction 

Orthogonal reduction by means of Householder or Givens transforma­
tions also expands the bandwidth above the main diagonal. Consider first 
a Householder transformation I - wwT applied to A in order to zero 
elements in the first column of A below the main diagonal. Then, w is of 
the form wT = (*, ... , *• 0, ... , 0) in which the first {3 + 1 elements are, in 
general, nonzero. By (2.1.27), the new ith column of A is a;- wT a;w, and 
the effect on the bandwidth of A is illustrated in Figure 2.3-7 for {j = 3. 
The first Householder transformation introduces, in general, nonzero ele­
ments outside the original band. These are indicated to the right of the 
dotted line in Figure 2.3-7. No further nonzero elements are introduced 
since, on the first transformation wT a; = 0 for i > 2{j + 1. On the second 
Householder transformation, nonzeros will be introduced into the 2{3 + 2 
column, starting in the second element. At each subsequent transformation 
nonzeros will be introduced in one more column so that at the end of the 
triangular reduction the upper triangular matrix will have a bandwidth of 
2{j + 1. 

The same occurs with Givens' method. As we zero the elements in the 
first column by Givens transformations, we successively introduce {j nonzero 
elements outside the band in the first row. In zeroing the elements of the 

' 
* * * * ', * * * ' 0 * * * *', * * ' 0 * * * * *'' * ' 0 * * * * * *', 

' 
* * * * * * *' 

Figure 2.3-7. Structure of A after first Householder transformation. 
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* * * * 2 3 
1 * * * * 4 5 6 
2 4 * * * * 
3 5 * * * * * 

6 * 

Figure 2.3-8. Bandwidth expansion for Givens reduction. 

second column we introduce nonzero elements outside the band in the 
second row, and so on. This is illustrated for~ = 3 in Figure 2.3-8, where 
the numbers indicate the introduction of nonzero elements at the time of 
zeroing the corresponding element in the first two columns. Although the 
nonzero elements outside the band are introduced in a somewhat different 
way than by Householder transformations, the net result is the same: the 
bandwidth of the upper triangular part of A increases to 2~ + 1. 

Multiple Right-Hand Sides 

With multiple right-hand sides B = (b1 , ••• , bq) and storage of A and 
B by columns, the algorithm of Figure 2.3-lb may be modified to process 
the q right-hand sides during the reduction. This adds q linked triad 
operations during each stage of the reduction, just as with full matrices. 

If A is stored by rows, we would like to append the rows of B to the 
rows of A. As discussed in Section 2.1 for full matrices A, this increases 
the vector lengths during the reduction by q. For banded systems, however, 
we encounter the problem illustrated below: 

atll+t bu 
a21l+t a2iJ+2 b21 

Because of the varying lengths of the rows of A, the columns of B do not 
align properly. If ~ and q are both reasonably large, we can forego the 
idea of appending the rows of B and operate on A and B separately. 

A case of some interest is when ~ is small, but q is sufficiently large 
that vector operations of length q are efficient. In this case it may well be 
most efficient to do the decomposition of A in scalar arithmetic and then 
do vector operations for processing all right-hand sides "at once." 

Partitioning Methods 

The methods discussed so far are satisfactory for banded systems as 
long as the bandwidth ~ is sufficiently large. For small ~. however, the 
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vector lengths are too small or, on a parallel system, the processors become 
underutilized. In contrast to matrix-vector multiplication, as discussed in 
Section 1.3, there are no efficient elimination algorithms based on diagonal 
storage of A. 

We next consider a class of methods predicated on partitioning of the 
coefficient matrix A. We write the banded system in the block form 

(2.3.3) 

where we assume, for simplicity, that q = n/ p is an integer and the A1 in 
(2.3.3) are all q x q. We illustrate in Figure 2.3-9 in more detail the composi­
tion of the matrices A., B., and C1 for {3 = 2. In general, the B1 are lower 
triangular and the C1 are upper triangular. 

We assume that the A1 are nonsingular and have a stable LV decompo­
sition; this is the case, in particular, if A is symmetric positive definite or 
nonsingular and diagonally dominant. We then solve the systems 

(2.3.4) 

using the decompositions 

A1 =L1U1 (2.3.5) 

If we multiply the system (2.3.3) by diag(AI\ ... , A;'), the resulting system 

I 

* * * I I 
* * * * I 

A, * * * * : * B1 

* * * I * * --------------~--------* * I * * * I 

* I * * A2 I 
C2 , * 

I 

Figure 2.3-9. Partitioning for f3 = 2. 
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is 

[ 
I W

1 
] [ x

1
] [ d

1
] 

v2 •• ~ ~> ·wp-1 7 = ~2 
Vp I Xp dp 

(2.3.6) 

Thus, by solution of the systems (2.3.4), we reduce the original system 
(2.3.3) to (2.3.6). 

The jth column of W; is Ai1 times the jth column of B1• Even though 
A1 is banded, its inverse will, in general, be full and the jth column of W; 
will be full whenever the corresponding column of B1 is nonzero; that is, 
the W; "fill-in" the nonzero columns of B1• Likewise, the nonzero columns 
of the C1 "fill-in." The matrix of (2.3.6) then has the structure shown in 
Figure 2.3-10 for {j = 2. 

Only the first {j columns of each W; and the last {j columns of each 
V; are nonzero and we write these matrices in the form 

where the W; 1 , W;3 , ¥; 1 , and \/;3 are {j x {j and the W;2 and \/;2 are 
(q- 2(j) x {j. (We are assuming that q > 2{j.) We also partition the vectors 
x1 and d1 of (2.3.6) in the same fashion, as shown above. With these 
partitionings, the first block equation of (2.3.6), x1 + w,x2 = d,, can be 
written as 

(2.3.7) 

* : * * 
* I * * 

{~--~l;--~----------* *I* :· * 
* ·: * I* * 
* *I * :. * 

•: I 
• I 

Figure 2.3-10. Structure of reduced system. 
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Similarly, the second block equation, V2x1 + x2 + W2x3 = d2 can be written 
as 

(2.3.8) 

and so on for the remaining block equations. 
We now· note that the equations 

(2.3.9) 

are independent from the equations involving the xi2; that is, none of the 
equations in the system (2.3.9) contains any of the variables x12, X22, X32, •••• 

Therefore, the system (2.3.9) can be solved independently of the x12 • We 
call (2.3.9) the reduced system. (The reader may wish to work Exercise 2.3-9 
at this point.) Once (2.3.9) has been solved, the xi2 can be obtained from 
the second equations of (2.3.7) and (2.3.8) as 

and, in general, 

X;2 = d;2- Yt2Xi-t,3 - W;2Xi+t,3 (2.3.10) 

The unknown x11 does not appear in the reduced system and may be 
obtained from the first equation of (2.3.7): x11 = d1 - W11x21 • Similarly for 
xP3 , which also does not appear in the reduced system. 

The overall procedure is then shown in Figure 2.3-11. Clearly, steps 1 
and 3 are highly parallel. Assuming that we have p processors, the decompo­
sitions (2.3.5) and solutions (2.3.4) would be carried out in the ith processor. 
Similarly, for the final step (2.3.10). The potential bottleneck is solving the 
reduced system (2.3.9) and we next ascertain the size of this system. 

Step 1. Do the LV decompositions (2.3.5) and solve the systems (2.3.4). 
Step 2. Solve the system (2.3,9) to obtain the Xn and x13 • 

Step 3. Obtain the x 12 from (2.3.10), and obtain x 11 and xp3 • 

Figure 2.3-11. Lawrie-Sameh partitioning algorithm. 
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Table 2.3-1. Size of Reduced System (2.3.9) for Several 
Values of p and (3. 

~ 

p 2 10 20 so 

2 2 4 20 40 100 
10 18 36 180 360 900 
20 38 76 380 760 1900 
so 98 196 980 1960 4900 

The vectors Xn and xi3 are (3 long. Hence, the system (2.3.9) contains 
2(3(p- 2) + 2(3 = 2(3(p- 1) unknowns (Exercise 2.3-10). We tabulate in 
Table 2.3-1 the size of this reduced system for various values of (3 and p. 
We also note that the coefficient matrix of (2.3.9) is block pentadiagonal 
and has semibandwidth 3(3 (Exercise 2.3-10). 

Suppose, for example that n = 10,000, p = 20, and (3 = 2. Then q = 500, 
so that the matrices A1 are 500 x 500. The size of the reduced system is 
76 x 76 with semibandwidth 6. On the other hand, if p =50 and (3 = 10 the 
A1 are only 200 x 200 and the size of the reduced system is 980, with 
semibandwidth 30. 

We next discuss a different type of partitioning in which the reduced 
system is only half as large. Again, we assume that q = n/p is an integer and 
we partition the A1 in (2.3.3) as 

A,= [A;,t A1,2] 
A;,3 A1,4 

(2.3.11) 

where A 1,4 is (3 x (3 and A1,1 is (q- (3) x (q- (3). The B;, C;, x, and b; in 
(2.3.3) are partitioned accordingly as 

B· = [ 0 0] 
I B;t B,2 ' 

c = [0 c. .. ] 
I 0 C ' 1,2 

_ [x'·'] X;- ' 
X;,2 

[b··] b; = b:· (2.3.12) 
1,2 

We note that if 2(3 ~ q, then the B1,2 and C1,2 are zero. 
We now do the LU decompositions A 1•1 = L,,1 U1,1 , and by means of 

these decompositions solve the systems 

(2.3.13) 

The effect of these solutions is to multiply the original system by 
diag(A~l. I, A211, I, ... ) to obtain a new system, which we illustrate in (2.3.14) 
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for p = 3: 

I Al2 x,,, bl,, 

At,3 At,4 B,,, B1,2 Xt,2 bt,2 

ct. I Ab X2,1 bt, = 
C2,2 A2,3 A2,4 B2,t B2,2 x2,2 b2,2 

(2.3.14) 

cL I At2 xJ,t .,. 
3,1 

C3,2 A3,3 A3,4 X3,2 b3,2 

We next multiply the first block equation of (2.3.14) by A1,3 and the 
third block equation by B1,1 and subtract these from the second block 
equation to give the new equation 

where 

Continuing in this way, we multiply the third block equation by A2•3 and 
the fifth block equation by B2, 1 and subtract both from the fourth block 
equation. Finally, we multiply the fifth block equation by A 3,3 and subtract 
from the sixth block equation to obtain the system 

I AL2 x,,, bl,, 

Al,4 0 Bl,2 Xt,2 b:,2 

ct. I At2 0 x2.1 bL (2.3.15) = 
Cb 0 A~4 0 Bb x2.2 bb 

ct, I At2 xJ,t bt, 

c~.2 0 A~4 X3,2 b~2 

We now note that the even-numbered block equations in (2.3.15) are 
independent of the others and form the reduced system 

[ 
AL4 BL2 
Cb At4 

c~2 

(2.3.16) 
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Step 1. Form the decompositions Ail = Lit Uil and solve the systems (2.3.13) 
Step 2. Solve the reduced system (2.3.16) (in general, p x p block tridiagonal) 
Step 3. Obtain the remaining unknowns x1,1 from (2:3.17) 

Figure 2.3-12. Johnsson's partitioning method. 

Once (2.3.16) is solved, the x1,1 are obtained from the odd-numbered 
equations of (2.3.15) by 

i=1, ... ,p (2.3.17) 

where for i = 1, the last term is not present. 
The equations (2.3.14)-(2.3.16) exhibit the above computation for p = 3 

but the extension to general p should be clear. In particular, the reduced 
system (2.3.16) is a p x p block tridiagonal system withblock sizes f3 x {3; 
thus, its semibandwidth is 2{3 - 1. We summarize the overall procedure in 
Figure 2.3-12. As in the Lawrie-Sameh method, steps 1 and 3 are highly 
parallel but step 2 is a potential bottleneck. However, the reduced system 
for Johnsson's method has only {Jp equations as opposed to 2{3(p- 1) with 
the Lawrie-Sameh partitioning. 

Domain Decomposition Methods 

We next discuss another class of methods, which are similar in some 
respects to the partitioning methods. We will illustrate the basic idea by 
means of the tridiagonal matrix 

A= 

2 -1 
-1 

(2.3.18) 

-1 

-1 2 

This matrix arises, for example, in the solution of a two-point boundary 
value problem for the differential equation 

x"(t) = f(t), a,;:::;; t,;:::;; b, x(a) =a, x(b) = 'Y (2.3.19) 

The interval [a, b] is discretized by equally spaced grid points x1 as shown 
in Figure 2.3-13. The second derivative in (2.3.19) is discretized by the usual 
central difference formula to give the approximating equations at each grid 
point 

i = 1, ... , n (2.3.20) 

where h is the spacing between grid points. Since x0 and Xn+l are known 
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a= 10 ln+l = b 

Figure 2.3-13. Grid points and domain decomposition. 

boundary values, (2.3.20} is a system of n equations in the n unknowns 
x1 , ••• , x,., which approximate the solution of (2.3.19) at the grid points. 
If we multiply (2.3.20) by -1, then (2.3.18) is the coefficient matrix of the 
system (2.3.20}. 

We now partition the grid points 11 as indicated in Figure 2.3-13. We 
call D1 the points Ito ..• , tq, D2 the points tq+2, ... , t2q+l• and so on. For 
simplicity, we assume that n = pq + p - 1. Then there are p sets D1 , ••• , DP 
each containing q points and p- 1 points tq+l, t2q+2, ... , which are between 
the sets D1• These p - 1 points constitute the separator set S. We-then order 
the unknowns x1 by numbering those points in the separator set last. For 
example, for q = 2 and p = 3, the ordering of the unknowns corresponding 
to the grid points is shown in Figure 2.3-14. 

We now write the equations corresponding to (2.3.20) using this new 
ordering of the unknowns as 

x0 - 2x1 + X 2 = h2/ 1 , 

X 1 - 2x2 + X1 = h2/ 2 , 

x7 - 2x3 + X 4 = h2/ 3 , 

X3 - 2x4 + Xs = h2j4, 

x8 - 2x5 + x6 = h2f 5 

x5 - 2x6 + x9 = h2f 6 

x2 - 2x7 + x3 = h2f 7 

X4 - 2x8 + x5 = h2/ 8 

(2.3.21) 

Note that we have written the equations corresponding to the separator 
points last. We can write the system (2.3.21) in the matrix form 

(2.3.22) 

Figure 2.3-14. Reordering of unknowns. 
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where p = 3, C1 = BT, i = 1, 2, 3, and 

A = [-2 OJ 
s 0 -2 

More generally, the A1 will be q x q tridiagonal matrices, As will be a· 
(p- 1) x (p- 1) diagonal matrix, and the B1 will be q x (p- 1) matrices. 
The matrix in (2.3.22) is sometimes called the arrowhead matrix. 

Before discussing the properties of the system (2.3.22) further, we first 
return to the case of a general banded matrix with bandwidth {3. Such a 
matrix may or may not arise from the discretization of a differential equation 
but we can still proceed as above. We divide the unknowns into p + 1 sets 
D1 , ••• , DP and S such that each D1 has q unknowns and the unknowns 
in S "separate" the unknowns in the D1 in the following way. Analogous 
to Figure 2.3-13, we can imagine the unknowns lined up and partitioned as 

(2.3.23) 

Each set S1 in (2.3.23) contains {3 unknowns. The jth equation in the system 
Ax = b is of the form 

j+(J 

a»xi + ~ aikxk = bi 
k=j-fj 

(2.3.24) 

Therefore, if xi e D;, none of the unknowns in the equation (2.3.24) are in 
any of the other Dk. The sets S1 separate the unknowns in the D1 so that 
each equation in the system contains unknowns in only one D1• 

If we now renumber the unknowns so that those in the separator sets 
are numbered last, and write the equations in the corresponding order, we 
obtain a new system of the form (2.3.22) in which A 1, • •• , Ap are q x q 
and As is s x s, where s = {3(p -I) is the number of unknowns in the 
separator set S = U S1• Then the B1 are q x s and the C1 are s x q. We have 
assumed, for simplicity, that n = pq +sand will return to this point shortly. 

Now let 

BT = (B'[, ... 'BJ), 

c = ( c~> ... , cp) 

Then the system (2.3.22) can be written as 

(2.3.25) 

(2.3.26a) 

(2.3.26b) 
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where xf = (xf. ... , xJ) and bf = (bf, ... , bJ). We assume that A1 is 
nonsingular. Then if we multiply (2.3.26a) by CA/1 and subtract from 
(2.3.26b) we obtain the equation 

Axs = 6, A -) 
A= As- CA1 B, 

Note that this is just block Gaussian elimination for the system (2.3.26). 
The matrix A is called a Gauss transform or Schur complement. Once the 
system (2.3.27) is solved for x5 , the remaining X; can be obtained by solving 

the systems 

A;X; = b; - B;xs, i = 1, ... 'p (2.3.28) 

We now discuss the computation in more detail. We assume that the 
A; have stable LU decomppsitions 

i = 1, ... 'p 

We then solve the systems 

L;Y, = B;, L;y; = b;, i = 1, ... ,p 

U;Z; = Y;, U;Z; = y;, i = 1, ... ,p. 

Since 

and, similarly, C;Ai 1b; = C;z~o we can write 

i=l i=l 

and 

i=l i=l 

(2.3.29) 

(2.3.30) 

(2.3.31) 

(2.3.32) 

(2.3.33) 

which shows how A and 6 are to be obtained. The overall procedure can 
then be summarized as shown in Figure 2.3-15. 

It is clear that Steps 1, 2, 4, and 5 are highly parallel. For example, on 
a local memory system, assume that A;, B;, C~o and b; are assigned to 
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Step 1. Form the decompositions (2.3.29) and solve the systems (2.3.30) and 
(2.3.31). 

Step 2. Form C1Z1 and C1z;, i = 1, ... , p. 

Step 3. Form A and G and solve Axs = G. 
Step 4. Form c1 = b1 - B1xs, i = 1, ... , p. 
Step 5. Solve A1x1 = c, i = 1, ... , p using the decompositions (2.3.29). 

Figure 2.3-15. Domain decomposition algorithm. 

processor i. Then, the computations in each of the steps 1 and 2 are parallel 
and with no communication. The potential bottleneck is in Step 3. One 
possibility is to solve the system Axs =bin a single processor, say, P1 • In 
this case, the summations of (2.3.32, 33) would be done by a fan-in across 
the processors with the final sums arriving in P1 • Alternatively, we could 
use Gaussian elimination with interleaved storage. Then, we would wish to 
do the fan-in additions of (2.3.32) in such a way that the first row of A is 
in processor 1, the second row in processor 2, and so on. In any case, after 
xs has been obtained, we need to send copies of it to all processors. Then, 
steps 4 and 5 can be carried out in parallel with no further communication. 

We noted previously that As iss x s, with s = {3(p- 1). This compares 
to 2{3(p- 1) for the reduced system (2.3.9) in the Lawrie-Sameh partitioning 
method, and to f3p in Johnsson's method. 

We next summarize the changes to the domain decomposition algorithm 
in the important special case that A is symmetric positive definite. Since 
the matrix of (2.3.22), call it A, arises from A by interchanges of equations 
and unknowns, it is related to A by A= PAPr, where Pis a permutation 
matrix. Hence, A is symmetric positive definite and, thus, so are the A 1 and 
As. In step 1 of Figure 2.3-15, we would probably now use Choleski 
decompositions A1 = L1L{. Then, since C1 = BT by the symmetry, we have 

A p T -1 
A= As- L B1 A, B;, 

i=l 

But 

Bi Al 1 B, = Bj(L,Li)-• B, = Yi¥; 

so that with y1 = Lj 1b1 

A p T 
A = As - L Y, ¥;, 

i=l 
(2.3.34) 

An important point to note is that the matrix A is symmetric positive 
definite whenever A itself is. Clearly, it is symmetric. For the positive 
definiteness, let x2 be any nonzero vector of lengths, and set x1 = -A[1 Bx2 • 
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Step 1. Do the Choleski decompositions A, = L, LT and solve the systems 
L,Y, = B, L,l, = b, i = 1, ... ,p 

Step 2. Form A and b by (2.3.34) and solve Axs = b 
Step 3. Form c1 = b;- B,x5 and solve the systems A1x1 = c, i = 1, ... , p. 

Figure 2.3-16. Symmetric positive definite domain decomposition. 

Then 

T T [A' B] [Xt] 0 < (xt 'x2) BT As x2 

by the positive definiteness of A. Expanding this out gives 

0 < x'[ A,xt + 2x'[Bx2 + xf Asx2 = xf Ax2 

which shows that A is positive definite. We summarize the domain decompo­
sition algorithm for symmetric positive definite matrices in Figure 2.3-16. 
As with the previous algorithm~, Steps 1 and 3 are highly parallel and Step 
2 is the possible bottleneck. 

There is a very close relation between the domain decomposition 
methods and Johnsson's partitioning method as given in Figure 2.3-12. 
Indeed, Johnsson's method can be viewed as a domain decomposition 
method in which there is one additional separator set at the end [that is, 
(2.3.23) would end with SP rather than Dp_1], and in which no reordering 
of the unknowns is done. It follows (See Exercise 2.3-13) that the reduced 
system of Johnsson's method is symmetric positive definite if the original 
matrix is. The same is not necessarily true for the Lawrie-Sameh method 
of Figure 2.3-11. We note also that in the Lawrie-Sameh method there are 
no separator sets. 

Tridiagonal Systems and Cyclic Reduction 

The partitioning and domain decomposition methods all apply in 
principle to tridiagonal systems. (See Exercise 2.3-14). We next describe 
another approach to the solution of tridiagonal systems, which we write in 
the form 

a1x1 + b1x2 = dt 

c2x1 + a2x2 + b2x3 = d2 

C3X2 + a3X3 + b3X4 = d3 (2.3.35) 
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We multiply the first equation of (2.3.35) by c2/ a1 and subtract it from the 
second equation to eliminate the coefficient of x1 in the second equation; 
this is just the usual first step of Gaussian elimination. But next we multiply 
the third equation by b2/ a3 and also subtract it from the second equation 
to eliminate the coefficient of x3 in the second equation. This produces a 
new second equation of the form 

a~x2 + b~x4 = d~ 
We now do the same thing with equations 3, 4 and 5, subtracting multiples 
of equations 3 and 5 from equation 4 to produce a new equation of the form 

c~x2 + a~x4 + b~x6 = d~ 
in which the coefficients of x3 and x5 have been eliminated from the original 
fourth equation. We continue in this way, working with overlapping groups 
of three equa~ions to produce new middle equations in which the odd 
numbered variables have been eliminated. This is illustrated schematically 
in Figure 2.3-17 for n = 7. Assuming that n is odd, we have at the end of 
the process a modified system 

a~x2 + b~x4 = d~ 
c~x2 + a~x4 + b~x6 = d~ (2.3.36) 

involving only the variables x2 , x4 , ••• , Xn-t· (Note that we have already 
done this process for the block tridiagonal matrix' (2.3.3) in deriving the 
reduced system (2.3.16) of Johnsson's method.} 

The system (2.3.36} is tridiagonal in the. variables x2 , x4 , ••• , and 
we can repeat the process to obtain a new system containing only the 
variables x4 , x8 , •••• We continue in this fashion until no further reduction 
is possible. In particular, if n = 29 - 1, the algorithm will terminate with 
a single final equation. This final equation is solved and then a back 

Xt x2 J x, x2 x3 x2 x4 
x2 x3 

X3 X4 Xs } x, ~ x6 
x4 Xs ~ } Xs x6 x1 x4 x6 

x6 x1 

· Figure 2.3-17. Cyclic reduction. 
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Figure 2.3-18. Back substitution. 

substitution is initiated. This is illustrated in Figure 2.3-18 for n = 7, which 
continues the schematic of Figure 2.3-17. In Figure 2.3-18, the three 
equations obtained from the first step, as shown in Figure 2.3-17, are 
combined to yield a final equation in the single unknown x4 • This is solved 
and then the first and last reduced equations can be solved for x2 and x6 • 

The original first and last equations can then be solved for x 1 and x1 and 
the original third and fifth equations may be solved for x3 and x5 • 

If n ¢ 29 - 1, the process can be terminated in a system with a small 
number of variables which can be solved separately before the back substitu­
tion begins. An alternative is simply to add dummy equations of the form 
X; = 1 to the system so that the total number of variables becomes 29 - 1, 
for some q. 

The above process is known as cyclic or odd-even reduction. Although 
it was devised originally without parallel computing in mind, it has consider­
able inherent parallelism, which we now examine. Note first that the 
operations leading to the new equations for x2 , x4 , ••• , Xn-t are independent 
and can be done in parallel. Suppose that there are p = (n - 1)/2 processors 
with the storage pattern illustrated in Figure 2.3-19. The processors could 
then do in parallel the operations leading to the first reduced system 
containing the even-numbered unknowns. At the end of this step, each 
processor would contain the coefficients for exactly one new equation, and 
before the next step the coefficients for two additional equations would 
have to be transmitted to other processors. One natural scheme is that each 
"middle" processor receives this information as indicated below: 

Pt -+ P2 ~ P3 -+ P4 ~ Ps 

The odd-numbered processors are now finished and the even-numbered 
processors do the next elimination step. The process is continued with 

I rows 1, l, 31 
pl 

1 rows 3. 4. sl 
Pa 

lrows n-2. n-1. nl 

Pp 

Figure 2.3-19. Processor assignment for cyclic reduction. 
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essentially half of the remaining processors becoming inactive after each 
step; the final combination of three equations to give one equation in a 
single unknown would be done in one processor. Note that q - 1 = 
log[(n + 1)/2] parallel stages are required for the reduction. The back 
substitution essentially works in the reverse fashion. The final equation is 
solved in one processor and then additional processors can be used as the 
back substitution proceeds. 

In the more realistic case that p « n, several rows would be distributed 
to each processor initially and processors would work with high efficiency 
until the final stages, when data transmission would be required and the 
processors would start to become inactive as above. 

Exercises 2.3 

1. Give adaptations of the other LV decomposition pseudocodes of Section 2.1 
for the case of banded systems. Show that the maximum vector length for any 
of these codes is {3. 

2. Assume that a vector computer requires 200 ns for scalar operators and 1000 + 
10n for vector operations of length n, except linked triads, which require 
1600 + IOn. Do operation counts in both vector and scalar arithmetic for the 
LV decomposition of Figure 2.3-lb and for the column sweep algorithm of 
Figure 2.3-4 for a banded system of bandwidth {3, assumed to be stored by 
columns. Ascertain for what values of the bandwidth it is better to use just 
scalar arithmetic. 

3. For the vector computer of Exercise 2, ascertain if it is better to use the algorithm 
of Figure 2.3-1a or the algorithm of Figure 2.3-1b, assuming optimum storage 
for each. Next, add the solution of the triangular systems for forward and back 
substitution using the inner product algorithm or the column sweep algorithm 
as appropriate. Conclude which is the better overall algorithm. 

4. Let A be a 1000 x 1000 banded system of bandwidth {3. For {3 = 20, 45, and 75, 
discuss the load balancing of LV decomposition with row wrapped interleaved 
storage for 10, 50, and 100 processors. 

5. Let A be a symmetric positive definite matrix with bandwidth {3. Adapt the 
Choleski code of Figure 2.1-10 to banded systems. Discuss the vector lengths. 

6. For the matrix of Exercise 5, discuss the parallel implementation of Choleski's 
method for both row and column wrapped interleaved storage. Follow the 
discussion of LV decomposition in the text. 

7. Let A be a 1000 x 1000 matrix with bandwidth {3 = 100. Discuss the storage 
requirements for solving Ax = b assuming that interchanges are needed. 

8. Complete Figures 2.3-9 and 2.3-10 for p = 3. 

9. Write out the systems (2.3.7), (2.3.8), and (2.3.9) explicitly in component form 
for p = 3, {3 = 2, and q = 5. 
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10. Show that the size of the reduced system (2.3.9) is 2{3(p- 1). Show also that 
the coefficient matrix of (2.3.9) is block pentadiagonal and has semibandwidth 
3{3. 

11. Write out explicitly the matrix of (2.3.14) for f3 = 2 and q = 3. Do the same for 
the matrix of (2.3.16). 

12. Write out explicitly the matrix of (2.3.22) for p = 3, f3 = 2, q = 4, and s = 2. 

13. Reorder the system in Johnsson's method by numbering all the unknowns x1,2 

of (2.3.12) last and writing the equations in the corresponding order. Show that 
the coefficient matrix has the form of (2.3.22). Show next that the reduced system 
[corresponding to (2.3.16) in the case p = 3] corresponds to the system Ax5 = b 
of the domain decomposition method. Conclude, following the argument in the 
text for domain decomposition, that the reduced system of Johnsson's method 
is symmetric positive definite if A is. 

14. Formulate the partitioning and domain decomposition methods of Figures 
2.3-11, 2.3-12, 2.3-15, and 2.3-16 for tridiagonal systems ({3 = 1). Write out 
explicitly the reduced systems in each case, noting their size. Discuss the parallel 
properties of each method as a function of p and n. 

References and Extensions 2.3 

1. The recognition that the degree ofvectorization or parallelism of LU or Choleski 
decomposition depended on the bandwidth of the system motivated considerable 
early research on narrow banded systems, especially tridiagonal systems. Stone 
[1973] gave an algorithm for tridiagonal systems based on recursive doubling 
(Section 1.2). Lambiotte and Voigt [1975] showed that this algorithm was incon­
sistent and gave a consistent version, as did Stone [1975], but these methods 
have not been widely used. 

2. The cyclic reduction algorithm, or one of its variants, has probably been the most 
preferred method for tridiagonal systems on both parallel and vector computers. 
It was originally proposed by G. Golub and R. Hockney for special block 
tridiagonal systems (See Hockney [1965]), but it soon became apparent (Hockney 
[1970]) that it could be applied to general tridiagonal systems. Heller [1976] 
showed, under certain assumptions, that during the cyclic reduction process the 
off-diagonal elements decrease in size relative to the diagonal elements at a 
quadratic rate; this allows termination before the full log n steps have been 
performed. It was also recognized by several authors (see, for example, Lambiotte 
and Voigt [1975]) that cyclic reduction is just Gaussian elimination applied to 
the matrix PAPT for a suitable permutation matrix P. Thus, if A is symmetric 
positive definite, so is PAPT and cyclic reduction is numerically stable. However, 
it is still necessary to handle the right-hand side carefully in order to retain the 
numerical stability; see Golub and van Loan [1983]. Note also that when Gaussian 
elimination is applied to PAPT there is fill-in which does not occur with the 
original tridiagonal system; consequently, the arithmetic operation count of cyclic 
reduction is roughly twice that of Gaussian elimination applied to the tridiagonal 
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sy!!tem. For further discussion of cyclic reduction and its variants, see Hockney 
and Jesshope [ 1981 ]. For a recent analysis of cyclic reduction and related methods 
on several parallel architectures, see Johnsson [1987b]. For an analysis of com­
munication on hypercubes, see Lakshmivarahan and Dhall [1987]. 

3. There have been a number of other parallel methods proposed for tridiagonal 
systems. Traub [1974] (see also Heller et al. [1976]) proposed an iterative method 
by turning the three basic recursion relations in LU factorization into iterations. 
Swarztrauber [1979] considered a method based on Cramer's rule. Sameh and 
Kuck [ 1978] use Given's transformations for a QR reduction, which is numerically 
stable without interchanges. This, and a partitioning method of Wang [1981], 
were the precursors of the partitioning methods discussed in the text. Other 
papers proposing or analyzing parallel methods for tridiagonal systems include 
Gao [1986], who bases an algorithm on parallel methods for linear recurrence 
relations, Opsahl and Parkinson [1986], who consider almost tridiagonal systems 
on SIMD machines such as the ICL DAP and the MPP, and van der Vorst [1986]. 

4. For p = 1, the Lawrie-Sameh partitioning algorithm of Figure 2.3-11 is based 
on the method of Wang [1981] for tridiagonal systems. The QR method ofSameh 
and Kuck [1978] used a similar partitioning and Lawrie and Sameh [1984] 
extended the partitioning idea to give the algorithm of Figure 2.3-11 for LU 
decomposition of banded systems. A similar method was developed by Meier 
[1985]. Since the solution of the reduced system (2.3.9) is a potential bottleneck 
in this algorithm, Dongarra and Sameh [1984] considered using iterative methods 
for the reduced system. The partitioning algorithm of Figure 2.3-12 was given by 
Johnsson [1985b], who analyzed its basic properties and gave complexity esti­
mates for a number of communication topologies, including hypercubes, binary 
trees, and linear arrays. See also Dongarra and Johnsson [1987] for further 
analysis and experimental results for partitioning methods. A variant of the 
Lawrie-Sameh method was used by Gannon and van Rosendale [1984] as an 
example in a study of communication complexity. 

5. The idea of domain decomposition has a long history in the engineering com­
munity, independent of parallel methods, where it is usually called substruoturing. 
The original motivation was to break up a large problem into small parts which 
could be solved separately, and then the final solution obtained from these 
subproblems (see, for example, Noor et al. [1978]). Under the name "one-way 
dissection," George and Liu [1981] discuss domain decomposition from the point 
of view of utilizing sparsity in the matrices B1 of (2.3.22). The idea of exploiting 
substructuring in parallel computing is reviewed in Adams and Voigt [1984]. 

6. The substructuring process can be continued by substructuring the subproblems. 
For example, if the original system has bandwidth p, then so do the matrices A, 
in (2.3.22) and the substructuring approach can be applied to each of them. The 
process can then be repeated again, and so on. This idea was developed by A. 
George in the early 1970s (see George [1977] and George and Liu [1981]) and 
called nested dissection. It is particularly useful for certain problems arising from 
partial differential equations. Some of the properties of nested dissection on 
parallel and vector computers have been studied in George et at. [1978] and 
Gannon [1980]. 
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7. Other papers dealing with banded systems on parallel or vector computers include 
Ashcraft [1985a], Cleary et al. [1986], who discuss LU and Choleski factorization 
on a parallel computer with local and shared memory, Gannon [1986], who 
considers Gaussian elimination on a parallel-vector machine, Bjorstad [1987], 
who describes a large-scale finite element code that uses repeated substructuring, 
Schreiber [1986], who gives a QR factorization algorithm for systolic arrays, 
Kapur and Browne [1984], who deal with the solution of block tridiagonal systems 
on a reconfigurable array of processors, and Saad and Schultz [1987]. 

8. We noted in the text the fact that interchanges in Gaussian elimination increase 
the bandwidth. The same is true of Gauss-Jordan elimination, even without 
interchanges. More precisely, in eliminating the superdiagonal elements in the 
ith column, all elements above the diagonal in the ( i + {3) column become 
nonzero, in general. This increases the amount of computation considerably and 
makes the Gauss-Jordan algorithm even less attractive for banded systems than 
for full ones. 

9. The methods discussed in this section are not suitable for general sparse matrices. 
For such matrices, there are well-developed methods for serial computers (see, 
for example, George and Liu [1981]). For parallel computers, George and Heath 
et al. [1986] consider Choleski factorization assuming that suitable preprocessing 
(permutation and symbolic factorization) has already been done. They give a 
column-oriented factorization algorithm in which the basic operations are to 
modify the jth column using the kth column when lik ¢ 0 (j > k), and divide 
thejth column by a scalar. See also George, Liu, and Ng [1987] and George and 
Heath et al. [1987a, b]. Peters [1984] discusses parallel pivoting algorithms. Lewis 
and Simon [1986] treat Gaussian elimination on vector computers, especially the 
CRA Y X-MP series. The basic operation is a sparse linked triad which is difficult 
to vectorize. However, the X-MP series, as opposed to the CRA Y-1, has hardware 
gather/scatter operations and the use of these allows mftop rates up to 78 for 
assembly language coding. Other papers dealing with methods for sparse matrices 
include Duff [1984] for implementations on CRA Y machines, Duff [1986], who 
proposes a multifrontal method, Dave and Duff [1987], who report on the 
performance of a sparse frontal method on the CRA Y-2, Liu [1986, 1987] on 
sparse Choleski factorization, Greenbaum [1986b], who considers triangular 
systems on a shared memory machine, Wing and Huang [1977, 1980], and 
Alaghband and Jordan [1985]. 



3 

Iterative Methods for Linear Equations 

3.1. Jacobi's Method 

We consider in this section one of the simplest iterative methods: Jacobi's 
method. Although Jacobi's method is not a viable method for most problems, 
it provides a convenient starting point for our discussion of iterative 
methods. It will also be useful as a subsidiary method later. 

Let A be an n x n nonsingular matrix and 

Ax= b (3.1.1) 

the system to be solved. We assume that the diagonal elements, aii, of A 
are all nonzero. Then Jacobi's method is 

i = 1, ... , n, k = 0, 1,... (3.1.2) 

where the superscript indicates the iteration number and it is assumed, as 
in all iterative methods, that x?, ... , x~ is a given approximation to the 
solution of (3.1.1). 

For many purposes it is convenient to rewrite (3.1.2) in matrix form. 
Let D = diag( a11 , ••• , ann) be the diagonal matrix containing the diagonal 
elements of A, and let B = D - A so that A = D - B is the splitting of A 
into its diagonal and off-diagonal elements. Then we can write (3.1.2) as 

k = 0, 1, ... , H = v-1B, d = v-1b (3.1.3) 

The Jacobi method does not, of course, always converge. Two standard 
convergence theorems are the following, whose proofs are given in 
Appendix 2. 
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3.1.1. THEOREM. If A is strictly or irreducibly diagonally dominant, then 
the Jacobi iteration converges for any x0 • 

3.1.2. THEOREM. If A= D-B is symmetric and positive definite, then 
the Jacobi iteration converges for any x0 if and only if D + B is positive definite. 

The basic operation of (3.1.3) is a matrix-vector multiply and for this 
we can consider any of the techniques of Section 1.3. As we saw there, an 
effective parallel or vector implementation of matrix-vector multiplication 
depends very much on the structure of H. Iterative methods will generally 
be used only when A, and hence H, is a large sparse matrix of the type 
that, for example, results from the discretization of elliptic boundary value 
problems by finite difference or finite element methods. We next describe 
a model problem of this type. 

Poisson's Equation 

We consider the elliptic partial differential equation, known as Poisson's 
equation, 

Uxx + Uyy = J. (3.1.4) 

where (x, y) E !l = [0, 1] x [0, 1] and u is given on the boundary of the 
domain n. f is a given function of x and y and iff= 0, (3.1.4) is Laplace's 
equation. We discretize the unit square as illustrated in Figure 3.1-1 with 
mesh spacing h. If uii denotes an approximation to the solution of (3.1.4) 
at the grid point (ih,jh), then by approximating the derivatives of (3.1.4) 
by the usual second-order difference approximations we obtain the system 
of equations 

y 

(0,1) 

• • 

•-h-• 
I 
h 

~ • 

i,j = 1, ... , N (3.1.5) 

(1,1) 

• • 

• • 

• • 
~----------------._---X 

(0,0) (1,0) 

Figure 3.1-1. Mesh points on the unit square. 
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where (N + 1)h = 1. By our assumption that u is given on the boundary 
of the domain, only the N 2 variables u11 , i,j = 1, ... , N, at the interior grid 
points are unknowns in (3.1.5); hence, this is a linear system of n = N 2 

equations, the solution of which gives approximations at the grid points to 
the solution of (3.1.4). 

We can write the system in the form Ax = b by letting xk = uk~o 
k = 1, ... , N, be the unknowns on the first line of grid points, xk = 
uk-N,2, k = N + 1, ... , 2N, be-the unknowns on the second line, and so on. 
That is, 

The coefficient matrix A can be written in the block form 

A= 

T -1 
-I 

-I 
-1 T 

T= 

4 -1 
-1 

-1 
-1 4 

(3.1.6) 

(3.1.7) 

where I is the N x N identity matrix and T is N x N. The right-hand side 
b of the system consists of the quantities -h2/ 11 as well as the known 
boundary values in the proper positions. 

Note that (3.1.7) is an example of a diagonally sparse matrix, as 
discussed in Section 1.3, and consists of only five nonzero diagonals, 
regardless of the size of N. However, such a matrix would rarely be stored, 
even in diagonal form, especially to carry out something like the Jacobi 
iteration. Rather, we would apply the Jacobi method to (3.1.5) in the form 

k+l l[ k + k + k + k h2"] u11 = 4 Ui+J,j U;-J,j U;,j+J U;,j-l - Jij , 

(3.1.8) 
i,j = 1, ... , N, k = 0, 1, ... 

For Laplace's equation, (/ = 0), (3.1.8) shows that the next iterate at the 
( i, j) grid point is just the average of the previous iterates at the neighboring 
north, south, east, and west grid points. 

Jacobi's Method in Parallel 

It is clear from (3.1.8) that, in principle, all of the u~+• can be computed 
in parallel; it is for this reason that Jacobi's method is sometimes considered 
to be a prototypical parallel method. However, various details need to be 
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considered in implementing it on vector or parallel computers. We consider 
next some of the simplest issues for parallel systems, for the moment 
remaining with the discrete Poisson equation (3.1.5). 

Suppose first that the parallel system consists of a mesh connected 
array of p = q2 processors Pii arranged in a two-dimensional lattice with 
each connected to its north, south, east, and west neighbors as illustrated 
in Figure 3.1-2. Suppose that N 2 = "mp. Then it is natural to assign m 
unknowns to each processor and there are a variety of ways to accomplish 
this. One of the simplest is to imagine the array of processors overlaid on 
the grid points of Figure 3.1-1, as illustrated in Figure 3.1-2 for four 
unknowns per processor. We assume that those processors that contain 
interior points adjacent to a boundary hold the corresponding known 
boundary values. 

On a local memory system, at the end of each iteration the new iterates 
at certain grid points will need to be transmitted to adjacent processors. 
We next discuss this in more detail. A limiting case of the above arrangement 
is when there are p = N 2 processors, and each processor contains exactly 
one unknown. In this case, the computation in an interior processor will 
proceed as 

compute u~+' in processor Pii 
(3.1.9) 

send u~+' to processors Pi+,,J, P,_,,1, P,,J+h P,,1_, 

that is, at each stage a compute step, using (3.1.8) in the case of Poisson's 
equation, is followed by transmissions of the updated iterates to the pro­
cessors that need them for the next iteration. Although this arrangement 
exhibits the perfect parallelism of Jacobi's method, the requirement of N 2 

processors is generally unrealistic, and, moreover, a good deal of time may 
be spent in communication. 

t t 
u,4 U24 U34 u44 

ull U23 Ull u4l 

t 
p21 

t 
p22 

+ !_ 

u,2 U22 ul2 U42 

Uu U21 Ull u4, 

Pu pl2 

Figure 3.1-2. Grid point assignments. 
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A more common situation is when N 2 = mp and each processor holds 
m unknowns. This was illustrated in Figure 3.1-2 for m = 4, but a more 
realistic case might be N = 100 and p = 20, wh_ich implies that m = 500. 
Each processor will proceed to compute iterates for the unknowns it holds. 
For example, for the situation of Figure 3.1-2 the computation in processor 
P22 would be 

k+l k+l. d p compute u 33 , u43 , sen to 12 

k+l d k+l k+l p compute u 34 , sen u 33 , u34 to 21 (3.1.10) 

with analogous computations proceeding in parallel in the other processors. 
We denote by "internal boundary values" those values of uii that are 

needed by other processors at the next iteration and must be transmitted. 
This is illustrated in Figure 3.1-3 for a single processor. If there are m = q2 

unknowns in a processor, then all m must be updated but at most 4q are 
transmitted. Thus, if we have a fixed number of processors, then the larger 
the problem, the higher will be the ratio of computation time to communica­
tion. In particular, the number of interior grid points for which no data 

(\c. . -==> 
1\ 

. . 

v c:::=-. ·=> \J 

Flaure 3.1-3. Communication of internal boundary values. 
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communication is required grows quadratically as a function of the number 
of unknowns, whereas the number of grid points for which communication 
is required grows only linearly. Hence, for sufficiently large problems, the 
data communication time becomes increasingly negligible relative to the 
computation time. 

Synchronous and Asynchronous Methods 

In the computation scheme indicated by (3.1.10), it is necessary to add 
a synchronization mechanism to ensure that the Jacobi iteration is carried 
out correctly. For example, the computation of u~;t cannot be completed 
until u~2 and u~3 have been received from the neighboring processors. As 
discussed in Section 1.2, the time necessary to carry out the synchronization, 
as well as the time that a processor must wait until its data is ready to 
continue the computation, adds an overhead to the computation. 

For certain iterative methods, such as Jacobi's method, a potentially 
attractive alternative is to allow the processors to proceed asynchronously, 
that is, without any synchronization. In this case, some iterates may be 
computed incorrectly. For example, in the situation of Figure 3.1-2 suppose 
that at the time u~i 1 is to be computed, u~3 has not yet been received from 
processor P12 • Then the previous value, u~) 1 , will be used in the computation 
of u~i 1 , and this new iterate is not the Jacobi iterate defined by (3.1.8). 
However, this need not be detrimental to the overall iteration and it may 
be cost-effective in some cases to allow iterative methods to proceed asyn­
chronously. The Jacobi method implemented in this fashion will be called 
an asynchronous method. 

Convergence Tests 

In carrying out any iterative method, it is necessary to test for conver­
gence of the iterates. If {xk} is the sequence of iterates, two common tests 
are 

(3.1.11) 

where II II denotes a vector norm. It is also relatively common to use the 
residual, rk = b- Axk, of the kth iterate and require instead of (3.11) that 

(3.1.12) 

We next consider the implementation of the tests (3.1.11) for Jacobi's 
method in the situation of Figure 3.1-2. Two common norms are the /2 and 
loo norms defined for a vector x by 

( 
n )1/2 

llxlh = ;~1 x~ , (3.1.13) 



Iterative Methods for Linear Equations 139 

The use of the 12 norm requires the computation of an inner product across 
the processors, which was discussed in Section 1.3. On the other hand, the 
first test of (3.1.11) can be implemented in the loo norm in the following 
way. Each processor tests its unknowns at each iteration to see if they all 
satisfy 

I k+l kl u!l - u!l E; e 

If so, a "flag" is set indicating that the processor's iterates have converged 
and then some mechanism is required to examine the flags of all processors. 
If they are all set, the iteration has converged and is stopped; if not, the 
iteration proceeds. Thus, this procedure is very much like a synchronization 
mechanism. Note that the vector norm is not actually computed in order 
to carry out the convergence test. 

The second test of (3.1.11) is a relative error test and is useful when 
the magnitude of the solution is not known a priori so as to guide in the 
choice of e. However, this test requires the computation of a norm across 
the processors followed by a transmission of the norm back to the processors 
and is more costly to implement. 

Vectorization 

We turn next to the implementation of Jacobi's method on vector 
computers. Again, at first, we will restrict attention to the discrete Poisson 
equation and the iteration (3.1.8). Then, Jacobi's method would be imple­
mented by the pseudocode of Figure 3.1-4. Here, U and UN are (N + 2) x 
(N + 2) two-dimensional arrays that hold the iterates on the grid as well 
as the boundary values, and G is an N x N two-dimensional array that 
holds h2f. Figure 3.1-4 depicts only one iteration; at the next iteration the 
roles of U and UN would be reversed. Note that we allow zero indices in 
order to retrieve the boundary values. 

Consider first the implementation of Figure 3.1-4 on a vector computer 
that utilizes vector registers. Assuming, for simplicity, that N + 2 is the 
length of a register, we could proceed as illustrated in Figure 3.1-5. A 
schematic of the register layout is given in Figure 3.1-6. The statements in 

For J = 1 toN 
For I= 1 toN 

UN(/, J) = 0.25*[ U(J- 1, J) + U(I + 1, J) + U(J, J + 1) 
+ U(J, J -1)- G(I, J)] 

Figure 3.1-4. Code segment for Jacobi's method. 
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Load U( , '0) (boundary column) 

[ Load U( , 2) (second column) 
Compute UN( , 1) = U( , 0) + U( , 2) 

[ Load U( , 1) (first column) 
Compute UN( , 1) = UN( , 1) + U( , 1)+1 

Compute UN( , 1) = UN( , 1) + U( , +1)_1 

Load G( , 1) 
Compute UN( , 1) = UN( , 1)- G( , 1) 
Compute UN( , 1) = 0.25 *UN( , 1) 
Load U( ,3) 

[~tore UN( , 1) 

Figure 3.1-5. Jacobi's method on a register computer. 
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Figure 3.1-5 compute the new iterates in the first column of grid points. 
U ( , 1) denotes the vector of length N containing the current iterates 
correspondihg to the first column of the grid, and U( , 1)±1 denotes the 
corresponding vector translated by one in the up or down directions. The 
bracket on the second and third statements indicates that on some vector 
computers these operations can be overlapped after a short delay. Similarly, 
the second bracket indicates that the load instruction for the next column 
of data can be done concurrently with the previous computation, and the 
next bracket indicates that the final store instruction can be done concur­
rently with the next computation. This section of code would, of course, 
be part of an overall loop that would index on the columns of U and UN. 
Additional code complexity would be required to utilize efficiently data 

Uo G 

.25 

Figure 3.1-6. Register utilization for Jacobi's method. 
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U(N+3) U(N+4) 
U(l) U(2) U(3) U(N + 2) 

Figure 3.1-7. Storage as one-dimensional array. 

currently in the registers and, of course, when N + 2 is larger than the 
length of the vector registers, it will be necessary to do each column in 
appropriate segments. The important point is that with proper handling of 
the vector registers, the computation vectorizes nicely. 

Long Vectors 

We consider next the implementation on vector computers that obtain 
their vector operands directly from memory and are most efficient for long 
vector lengths. The code of Figure 3.1-4 can be implemented easily one 
column at a time, but the vector lengths will be 0( N). It is possible, however, 
to reorganize the computation so that the vector lengths are O(N2). In 
order to do this, it is convenient to think in terms of the iterates and boundary 
values being stored by rows, left to right, bottom to top, in one-dimensional 
arrays of length (N + 2)2• This is illustrated in Figure 3.1-7. 

We will use the notation that U(I; K) denotes a K-long vector starting 
in the /th position of U, and let M1 = (N + 1)(N + 2)- 1, M2 = 
N(N + 2)- 2. Then one stage of the Jacobi iteration is carried out as shown 
in Figure 3.1-8. In Figure 3.1-8, T is a temporary vector of the same length 
as U. The first statement computes the pairwise "diagonal" sums as indicated 
in Figure 3.1-9. The dotted line in Figure 3.1-9 coupling U(N + 3) and 

T(2; Ml) = U(2; Ml) + U(N + 3; Ml) 

U(N + 4; M2) = T(2; M2) + T(N + 5; M2) 

U(N + 4; M2) = 0.25*( U(N + 4; M2)- G(N + 4; M2)) 

Figure 3.1-8. Jacobi long vector code. 

U(2N + 5)'- U(2N + 6) " 
U(N + 3) ......._ U(N + 4) " .. · 

U(2) U(3) 
U(2N + 3)""'- U(2N + 4) ...... 

U(N + 2) 'U(N + 3) 

Figure 3.1-9. Pairwise sums. 
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U(2)+ U(N+3)+ U(N+S)+ U(2N+6) 
U(3) + U(N + 4) + f.!(N + 6) + U(2N + 7) 

Figure 3.1-10. Sums from second statement. 
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U(2N + 4) indicates that this is an unnecessary computation that we will 
discuss in a moment. The last sum produced by the first statement is 
U((N + l)(N + 2)) + U((N + 2)2 - 1). The second statement yields the 
sum of the neighboring values for each grid point, as shown in Figure 3.1-10. 

A potential difficulty with the second statement of Figure 3.1-8 is that 
it overwrites the boundary values with spurious results. On some vector 
computers (for example, the CYBER 205) there is the capability to suppress 
storage by means of a bit vector, and this capability is very useful here; no 
time is added to the computation but storage for (N + 2)2 bits is required. 
The final statement subtracts h2/ and divides by 4. It is assumed that G is 
also an (N + 2)2-long array, and the suppression of storage onto the 
boundary positions is needed in this statement also. An alternative to 
suppressing storage is to restore the boundary values after each iteration, 
which would be much more time consuming. We also note that the code 
in Figure 3.1-8 contains only three vector additions as opposed to the four 
that would seem to be implied by Figure 3.1-4. This is because we obtain 
the effect of a fan-in addition; that is, in the first statement of Figure 3.1-8 
we compute the sums U(2) + U(N + 3) and U(N + 5) + U(2N + 6); then, 
in the second statement, we add these sums. 

To summarize the above discussion, we are able to achieve maximum 
vector lengths of 0( N 2) and eliminate one vector addition but at the expense 
of a more complicated code, additional storage for the boundary positions 
in both the T and G arrays (as well as for the bit vector if that capability 
is used), and additional redundant calculations corresponding to the boun­
dary values. We note that it is not possible to do a code of the type in 
Figure 3.1-8 using a vector of only the values at the interior grid points 
(Exercise 3.1-11). 

Vectorization by Matrix Multiplication 

The approach of Figure 3.1-8 has very limited applicability. We will 
give an example of a more complicated differential equation in the next 
section to which it does apply, but, in general, one cannot deviate very far 
from the Poisson equation. Even for the Poisson equation, if the region is 
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not a square (or a rectangle) or if uneven spacing ofthe grid points in either 
the x or y direction is taken, it does not work (Exercise 3.1-12). The approach 
of Figure 3.1-8 has two benefits: long vector lengths, and a reduction in the 
amount of computation by reducing four vector additions to three. A much 
more generally applicable approach, to be described next, can achieve the 
long vector lengths but not the arithmetic reduction. 

For many problems, the iteration matrix H of the Jacobi iteration 
(3.1.3) is diagonally sparse but does not have constant diagonals as with 
the Poisson equation (3.1.5). We illustrate this by the "generalized Poisson" 
equation 

(3.1.14) 

where a and bare positive functions of x andy. Again, for simplicity, we 
shall assume that the domain of (3.1.14) is the unit square and the solution 
u is prescribed on the boundary. A standard finite difference discretization 
of (3.1.14) is 

(3.1.15) 

where 

Cy = a,_J/2,J + ai+l/2,J + b~J-l/2 + b;,J+l/2 (3.1.16) 

In (3.1.15) the coefficients a and b are evaluated at the midpoints of the 
intervals between grid points. For example, a1_ 112,1 = a(ih - !h,jh) and 
similarly for the others. This assures symmetry of the coefficient matrix, as 
seen below. Note that (3.1.15) reduces to (3.1.5) if a= b = 1. 

It is easy to see (Exercise 3.1-13) that the equations (3.1.15) can be 
written in the form Ax = b, where x is the vector of unknowns uy as given 
in (3.1.6), b is the vector containing boundary values and -h2fu. and 

Tt Bt 
Bt 

A= (3.1.17) 

BN-l 

BN-1 TN 

where 
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1}= 

c11 -ai/2,J 

-ai/2,J C21 -a3/2,J 

-QN-I/2,j 

-aN-I/2,j CNj 

The matrix A of (3. 1.17) has five nonzero diagonals. The Jacobi iteration 
matrix H has the same structure, as shown schematically in (3.1.18): 

0~ 

~0 
H=~~o ~ "· .. 

0 ' 
'· ·., 0 

(3.1.18) 

We assume that H is stored by diagonals and that the multiplication Hxk 
in the Jacobi iteration is carried out by the multiplication by diagonals 
procedure of Section 1.3. Thus the vector lengths in carrying out the Jacobi 
iteration are O(N2). More precisely, the main diagonal of H is of length 
N 2, the close off-diagonals are of length N 2 - l, and the far off-diagonals 
are of length N 2 - N. Hence, the storage of the matrix H requires 2N2 -

N- 1 words since, by symmetry, we need only store the upper triangular 
part. There is wasted storage of N - 1 words for the zeros on the close-in 
diagonal, indicated in (3.1.18), but this is necessary to obtain the desired 
long vector length. 

The above method of implementing the Jacobi iteration in terms of 
long vector operations is efficient for those problems with variable 
coefficients for which the equivalent of the matrix H must be stored in any 
case. However, for the Poisson equation, the explicit storage of H is 
unnecessary, as we have already seen. Moreover, the approach of Figure 
3.1-8 is much more efficient if it can be carried out (see Exercise 3.1-14). 

On parallel machines, the implementation of the Jacobi method for 
the equations (3.1.15) follows the previous discussion for Poisson's equation 
but with the important difference that the coefficients a, b, and c must now 
be stored and used. If, again, the grid points are assigned to processors as 



Iterative Methods for Linear Equations 145 

shown in Figure 3.1-2, then on a local memory system we wish the corre­
sponding a, b, and c to be stored in the memory of the processor that 
requires them. For example, from (3.1.15), the next Jacobi iterate for uij is 
given by 

k+l -1( k + k + b k + b k h21") uiJ = cij ai-J/2,Jui-J,J a;+t/2,Jui+J.J i,J-t/2ui,J-t t,J+t/2ui,J+I- Jij 

and we would want all of the indicated coefficients, including /;J, to be 
stored in the processor that does this computation. Note that this will require 
storing a few of these coefficients in more than one processor. For example, 
in the situation depicted in Figure 3.1-2, the iterations for u33 and u23 both 
require the coefficient a512,3, which we. would want to be stored in both of 
the processors P12 and P22 • Similarly, the iterations for u33 and u32 will both 
require the coefficient b3,S/2· 

Block Methods 

Let a given matrix A be partitioned into submatrices as 

[ ~II 
A= : 

Aqt 

~Jq] 
Aqq 

(3.1.19) 

where each A 11 is assumed to be nonsingular. Then the block Jacobi method 
for the solution of Ax = b, relative to this partitioning, is 

Alix~+J = - L Aijx: + b, 
j .. i 

i = 1, ... ' q, k = 0, 1,... (3.1.20) 

where x and b are partitioned commensurately with A. Thus, to carry out 
one block Jacobi iteration requires the solution of the q systems of (3.1.20) 
with coefficient matrices Aii. Note that in the special case that each Aij is 
1 x 1, (3.1.20) reduces to the Jacobi method previously discussed. It is 
known that in certain cases block methods are faster than point methods 
on serial computers. 

As an example of a block Jacobi method, consider again the discrete 
Poisson equation (3.1.5) and the corresponding matrix representation 
(3.1.7). In this case, q = N, A;;= T, i = 1, ... , N, A11+1 = Al+ 1,; =-I, and 
all other Aij are zero. Thus (3.1.20) becomes 

T k+l- k + k + b X1 - Xl+t X;-1 ;, i = 1, ... , N (3.1.21) 

where we assume that x~ and x~+• contain the boundary values along the 
bottom and top boundaries, respectively, and the vectors b; contain the 
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d~ = x~+l + x~- 1 + b, i = 1, ... , N 
Solve Ly~ = d~, i = 1, ... , N 
Solve Ux~+l = y~. i = 1, ... , N 

Figure 3.1-11. Line Jacobi method. 

boundary values on the sides of the region as well as the h2f values. ln 
terms of the grid of Figure 3.1-1, the effect of (3.1.21) is to update all 
unknowns on each row of grid points simultaneously using the values of 
the unknowns from the previous iteration at the adjacent grid lines. Thus 
(3.1.21) is known as a line Jacobi method. 

We would implement (3.1.21) by doing a Choleski or LU decomposi­
tion of T once and for all at the outset, and then use the factors to solve 
the systems of (3.1.21). Thus, if T = LU, then (3.1.21) is carried out as 
shown in Figure 3.1-11. The systems for the y~ are independent and can be 
solved in parallel; similarly for the x~+l once the y~ are known. Thus, for 
example, if there are p = N processors, we can assign one pair of systems 
to each processor as illustrated in Figure 3.1-12. As also illustrated in Figure 
3.1-12, after each iteration the new iterates x~+• must be transmit~ed to each 
of the neighboring processors P1-1 and P;+1• Note that this arrangement is 
ideal for a linearly connected array of processors. 

The more general block matrix (3.1.19) can be handled in much the 
same way. Since each A 11 is assumed to be nonsingular, it has a decomposi­
tion L,U, where, if interchanges are required in the decomposition, L1 need 
not be lower triangular. These decompositions may be done in parallel at 
tlie outset as is illustrated in Figure 3.1-13, where the dashed line separates 
these one-time decompositions from the subsequent iterative process, and 
it is assumed that there are q processors. From (3.1.20), the vector d~ in 
Figure 3.1-13 are 

d~ = - 1: A!ixJ + b, (3.1.22) 
jr'l 

Hence, in general, x~+l would have to be transmitted to every other processor 
before the next iteration. However, it is highly unlikely that an iterative 

d~ = x~ + x~+J + b1 

Ly~ = d~ 
Ux~+t = y~ 

Figure 3.1-12. Parallel line Jacobi. 
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L1y~ = d~ 
U1 x~+• = yf 

Pa 

Lqy~ = d~ 
Uqx~+a = y: 

Pq 

Figure 3.1-13. Parallel block Jacobi. 
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method would be used for a matrix with this full block structure. It is more 
likely that A arises from some decomposition of the domain of a partial 
differential equation. Two such decompositions are illustrated in Figure 
3.1-14. 

We assume that the subdomains contain some specified portion of the 
grid points on the interior boundaries between subdomains, so that all 
interior grid points are associated with one and only one subdomain. For 
example, in Figure 3.1-14a we might assume that each subdomain contains 
the points on its top interior boundary. A limiting case of Figure 3.1-14a is 
when each strip contains only one line of grid points so that we again obtain 
the line Jacobi method. More generally, if we assume that any unknown 
associated with the ith strip is coupled with unknowns only in strips i - 1 
and i + 1, then A will have the block tridiagonal form 

Au A.2 
A21 

A= (3.1.23) 

Aq-t,q 

Aqq-t Aqq 

In this case x~+t needs to be transmitted only to processors Pi-t and Pi+., 
just as in Figure 3.1-12. We assume, of course, that the workload is balanced 

4 4 8 12 16 

3 3 7 11 15 

2 2 6 10 14 

1 1 5 9 13 

(a) (b) 

Figure 3.1-14. Domain decompositions. (a) Strips; (b) subsquares. 
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among the processors as much as possible. This would be the case if the 
Au are all the same size and structure (and also that the off-diagonal blocks 
are such that the formation of the d1 requires roughly the same time). If 
not, a different distribution of the data across the processors would be 
considered. And, of course, if there are fewer than q processors, more than 
one subsystem would be assigned to each processor. In Figure 3.1-14b, it 
is possible that unknowns in an interior subsquare will be coupled with 
unknowns in any of the surrounding subsquares. In this case, the block 
form of the matrix will no longer be tridiagonal but neither will it be full 
as in (3.1.19). Block methods may be run asynchronously,just as previously 
discussed for point methods, but now there is the potential for whole blocks 
of unknowns to fail to be updated in time for the next iteration, depending 
upon how the data transmission is accomplished. 

Vectorization of Block Methods 

We consider next the implementation of the block Jacobi method 
(3.1.20) on vector computers, and we begin with the special case of (3.1.21). 
Assume that T has been factored into LU where L is a lower bidiagonal 
matrix with unit diagonal. Then the forward and back substitutions of Figure 
3.1-11 can be accomplished by "vectorizing across the systems" as illustrated 
in Figure 3.1-15. A pseudocode to accomplish this is given in Figure 3.1-16. 
In Figure 3.1-16, it is assumed that L1 is a one-dimensional array that holds 
the elements of L in the first diagonal below the main diagonal and y is a 
two-dimensional array such that y( , J) is the N-long vector of the Jth 
components of all of the solution vectors. Similarly, d( , J) is the N-long 
vector of the Jth components of the right-hand sides. Thus, the vector 
lengths in Figure 3.1-16 are all N. The back substitution Ux = y can be 
handled in an analogous way (Exercise 3.1-15). 

At each iteration it is also necessary to determine the new right-hand 
sides as given by (3.1.21). These can also be computed using vectors across 
the x1; indeed, this storage of the x1 is what is produced by the back 
substitution since the code analogous to Figure 3.1-15 will give x( , J), the 
vectors of Jth components. Thus, the computation of the next set of 

Figure 3.1-15. Vectorizing across systems. 
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y( '1) = d( '1) 
For J = 2, N 

y( ,J) = -Ll(J)•y( ,J -l) + d( ,J) 

Figure 3.1-16. Vector forward substitution for several systems. 

right-hand sides would be accomplished by 

fori= 1 toN 

d( ,J) = x( , J)_1 + x( , J)+t + b( , J) 
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where x( , 1)±1 denotes the vector x( , J) shifted up or down one position. 
Consider, next, the more general matrix (3.1.23) [or (3.1.19)]. If we 

assume that the diagonal blocks A11 are all the same dimension and have 
the same structure (for example, they all have the same semibandwidth) 
then we can vectorize the LU decompositions Ali = L1U1 across the systems. 
For each fixed j and k, we assume that the (j, k) components of all the A11 

are stored as a vector. These factorizations can be done once and for all at 
the beginning of the Jacobi iteration and the factors stored. Note that in 
the case that all A11 are identical (as in (3.1.21) in which A11 = T, i = 
1, ... , N) nothing is gained by vectorizing the decomposition in this way; 
rather, the decomposition would be done by one of the techniques discussed 
in Section 2.3. It could also just be done in scalar arithmetic since this single 
decomposition will usually be only a small part of the total time for the 
Jacobi iteration. 

With the factors L1 and U1 known, the forward and back substitutions 
in the Jacobi iteration can be done in a manner analogous to Figure 3.1-16 
after the new right-hand sides are computed. These right-hand sides are 
given by (3.1.22) and their computation can also be vectorized across the 
Ay provided that, in the case of (3.1.23), the A1,1+h i = 1, ... , q- 1, all have 
the same size and structure; likewise for the A1_ 1,;, i = 2, ... , q. In this case, 
the vector lengths for all parts of the computation-the decomposition, 
formation of the right-hand sides, forward and back substitutions-will be 
q and the size of q will determine whether this is a viable approach on a 
particular vector computer. 

ADI Methods 

We end this section with a brief discussion of alternating direction 
implicit (ADI) methods. Probably the most central of these is the Peaceman­
Rachford method, which we will describe first for the discrete Poisson 
equation (3.1.5) on a square. 
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At the (k + l)st stage of the Peaceman-Rachford iteration there are 
two steps: 

Step 1: For some parameter ak solve the N linear systems for j = 
1, ... ,N 

(2 + ) k+1/2 k+1/2 k+1/2 - ( 2 + ) k + k k h21" 
ak U;,1 - U;-1,1 - ui+1,1 - - ak u 1,1 U;,1+ 1 + u 1,1_ 1 + JU• 

i = 1, ... , N (3.1.24a) 

Step 2: Solve the N linear systems for j = 1, ... , N 

(2 + ) k+1 k+1 k+1 ( 2 + ) k+t/2 + k+l/2 + k+t/2 + h2.r 
ak U;,1 - u 1,1- 1 - U;,1+1 = - ak u 1,1 ui+ 1,1 U;- 1,1 J!i• 

i = 1, ... , N (3.1.24b) 

The first step, (3.1.24a), produces intermediate values uk+t/2 that are then 
used in the second step, (3.1.24b), to obtain the final values of the iterates 
at the ( k + l)st stage. 

The systems in (3.1.24a) are N x Nand tridiagonal and are the same 
as for the line Jacobi method, with the exception of the parameter ak and 
the fact that half of the term uu has been moved to the right-hand side and 
evaluated at the previous iterate value. In any case, as in the line Jacobi 
method, (3.1.24a) amounts to solving for new values of u on each line while 
holding values of u on the adjacent lines at their previous iterate value. In 
(3.1.24b), the directions of the lines are changed to vertical so that new 
values along each vertical line of the grid are obtained, using values on the 
adjacent vertical lines just obtained at the previous half step; hence the 
name "alternating directions." The directions are shown in Figure 3.1-17. 

We next formulate (3.1.24) in matrix terms. With n = N 2, let H and 
V be the n x n matrices 

H= 
fc 
l ] • V = [ ~~ -I · . _I] 

c -1 21 

(3.1.25) 

where all the identities are N x N and C is the N x N matrix 

[ -~ -1 

C= -J (3.1.26) 

-1 

Then 

A=H+V (3.1.27) 
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Figure 3.1-17. Alternating directions. (a) Horizontal directions; (b) vertical directions. 

where A is the coefficient matrix of the discrete Poisson system as given by 
(3.1.7). It is easy to see (Exercise 3.1-22) that (3.1.24) is equivalent to 

(akl + H)xk+l/2 = (akl- V)xk + b (3.1.28a) 

(akl + V)xk+l = (akl- H)xk+l/2 + b (3.1.28b) 

where x is the vector of the unknowns at the interior grid points, as in 
(3.1.6), and b contains the boundary values as well as the forcing 
function f. 

If H and V are given by (3.1.25), it is clear from (3.1.28a) that xk+l/2 

is obtained by solving N tridiagonal systems with coefficient matrix akl + C. 
The systems in (3.1.28b) are not tridiagonal but there is a permutation 
matrix P such that PVPT = H (Exercise 3.1-23). Hence, the systems in 
(3.1.28b) are permutationally similar to tridiagonal systems and can be 
solved, in essence, as tridiagonal systems. 

Since the matrix C of (3.1.26) is positive definite (Exercise 3.1-19), so 
is H. Thus, so is V, since it is a permutation of H. Therefore, for ak ;;:, 0, 
the coefficient matrices of (3.1.28) are positive definite and hence nonsin­
gular. It is this positive definite property that is the key to convergence of 
the iteration. We state the following theorem, whose proof is given in 
Appendix 2. 

3.1.3. THEOREM. ADI Convergence. Let A, H, and V be symmetric 
positive definite n x n matrices such that (3.1.27) holds, and let ak = a > 0, 
k = 0, 1, .... Then the iterates (3.1.28) are well defined and converge to the 
unique solution of Ax = b for any x0 • 

Theorem 3.1.3 applies to any positive definite matrix A However, the 
matrices H and V must be chosen so that the systems (3.1.28) are suitably 
"easy" to solve. That a > 0 is critical, and the iteration is not convergent 
with the ak of (3.1.28) all zero (Exercise 3.1-24). Theorem 3.1.3 can be 
extended to a variable sequence of positive ak. The role of a variable 
sequence of ak is to give very rapid convergence of the iterates when the 
ak are chosen in a certain way. However, the restrictive condition that 
HV = VH is required. This commutativity property is satisfied (Exercise 
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3.1-25) for the H and V of (3.1.25), but, in general, it will be true only for 
certain elliptic boundary value problems and suitable discretizations. 

The parallel and vector implementation of (3.1.24) can be done as 
follows. The N tridiagonal systems of (3.1.24a) are independent and can 
be solved in parallel or by vectorizing across the systems, just as with the 
line Jacobi method. The same can be done, in principle, with the systems 
(3.1.24b). However, if the storage of the iterates is correct for the solution 
of the systems (3.1.24a), then it is not correct for the systems (3.1.24b) and 
must be rearranged by essentially a matrix transpose before the solution of 
(3.1.24b) can be vectorized. However, the storage is correct to solve the 
tridiagonal systems of (3.1.24b) by the cyclic reduction algorithm of 
Section 2.3. 

Exercises 3.1 

1. Verify that (3.1.2) can be written in the matrix form (3.1.3). 

2. Let 

[
1 a a] 

A= a 1 a 
a a 1 

Show that A is positive definite when -1 < 2a < 2 but that the conditions 
of 3.1.2 for the convergence of the Jacobi iteration are satisfied only for -1 < 
2a < 1. 

3. Write out the system (3.1.7) completely for N = 2, 4, and 6. 

4. Assume a local memory parallel system of p processors in which arithmetic 
computation requires a time units per result and transmittal of one word of 
data between any two processors requires f3 time units. Assume that N 2 = mp 
so that m unknowns are assigned to each processor. Ascertain the time for one 
Jacobi iteration for the discrete Poisson equation. 

5. Write out the details of the computation described by Figures 3.1-4, 3.1-5, and 
3.1-6 for N = 4. 

6. Write out the details of the computation of Figure 3.1-8 for N = 4. 

7. Assume that a vector computer requires (1000 +tOn) ns (nanoseconds) for 
arithmetic operations on vectors of length n and 200 ns for scalar operations. 
Estimate the time required for one Jacobi iteration for (a) the algorithm of 
Figure 3.1-4 and (b) the algorithm of Figure 3.1-8. Compare these estimates for 
N =50, 100, 200. 

8. For the vector computer of Exercise 7, estimate the amount of time lost to 
redundant calculations in the algorithm of Figure 3.1-8 for N =50, 100, 200. 

9. Assuming the parallel system of Exercise 4 with p = N, estimate the time for 
the line Jacobi iteration as described in (3.1.21), Figure 3.1-11, and Figure 3.1-12. 
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10. For the vector computer of Exercise 7, estimate the time required to do the line 
Jacobi iteration for (3.1.21) using the vectorization of Figure 3.1-14. 

11. Show that a code of the form of Figure 3.1-8 cannot give correct results on the 
Poisson (or even Laplace) equation if the array U contains only the interior 
points. 

12. If the Poisson equation (3.1.4) is discretized by finite differences using a grid 
spacing Ax in the x direction and Ay in they direction, the equation (3.1.5) is 
replaced by 

(Ax)-2(ui+IJ- 2u1i + U;-1,i) + (Ay)-2(u;,J+I- 2u11 + u;,J-1) = J.i 

or 

ui+I,J + U;-1,1 + c(u1,J+I + u,,,_1)- 2(1 + c)u11 = (Ax)2f,1 

where c = (Ax)2/(Ay)2• The Jacobi iteration is then 

ut+l = (2 + 2c)- 1 [u~+l,i + u~-I,J + c(uti+l + uti-1)- (Ax)2/,i] 

Show that the code of Figure 3.1-8 cannot be modified to carry out this Jacobi 
iteration for Ax #- Ay. 

13. Verify that (3.1.15) can be written in the form Ax= b where A is given by (3.1.17). 

14. For the discrete Poisson equation (3.1.5) on a square, show that the Jacobi 
iteration matrix is 

I T0 I 

H=~ I T0 I 

I 

where the submatrices are N x N. Show that the matrix-vector multiplication 
Hx, where xis given by (3.1.6), can be written as 

starts N in 

U21 

~ 
ul2 

Uu 

UNI 

Hx = 0.25 UN-1,1 + 0.25 0 

[""] + 02l 0 U22 + 0.25 
U12 

l ""P' N .t.ort \__ stops one short 

Discuss how to implement this calculation using linked triad operations and 
storage suppression. Assuming that the timing formulas for vectors of length m 
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are (1000 +10m) ns for addition and multiplication and (1700 +10m) ns for 
linked triads, show that the time for one Jacobi iteration is approximately 
(50N2 - 40N + 7000) ns. Show, however, that the time for one Jacobi iteration 
using Figure 3.1-8 is approximately (40N2 +lOON+ 4000) ns, and for Poisson's 
equation and using the average instruction (for the CYBER 205), this can be 
reduced to (20N2 +SON+ 2000) ns. 

15. Write a pseudocode analogous to Figure 3.1-16 for the back substitution Ux = y. 

16. Consider the Poisson equation uxx + Uyy = 4 on the unit square with the condi­
tion that u(x, y) = x2 + l on the boundary. Show that the exact solution of 
this problem is u(x, y) = x 2 + y2. For the discrete equations (3.1.5), show that 
the exact solution is uiJ = x~ + YJ; that is, there is no discretization error. 

17. For the discrete problem of Exercise 16, implement the Jacobi iteration of Figure 
3.1-6 in a column-oriented way as exemplified by Figure 3.1-5, and in a "long­
vector" way as exemplified by Figure 3.1-8. Estimate the time per iteration and 
the storage required for each method. 

18. For the problem of Exercise 17, compare the three convergence tests llxk+l -
xk lb ~ e, llxk+l_xklloo~ e, lib- Axk+'lb ~e. Which test requires the most 
time to implement on your machine? 

19. Show that the eigenvalues of the N x N matrix 

2 -1 

-1 -1 

S= 
-1 

-1 2 

are 2- 2 cos[k-1r/(N + 1)], k = 1, ... , N with corresponding eigenvectors 

( • k'7T • Nk'7T )T 
sm N + 1 , ... , sm N + 1 

Hint: Use the trigonometric identity sin( a± {3) =sin a cos f3 ±cos a sin f3 to 
verify that Sx =Ax. 

20. A Kronecker product of two n x n matrices B and C is the n2 x n2 matrix 
defined by 

The Kronecker sum of B and C is defined by A = (I® B) + ( C ® I), where I 
is the n x n identity matrix. It is known (see, e.g., Ortega [1987a; Theorem 
6.3.2]) that the eigenvalues of the Kronecker sum A are p.1 + v1, i,j = 1, ... , n, 
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where p.1 , ••• , P.n and v1 , ••• , "" are the eigenvalues of B and C, respectively. 
Show that the matrix A of (3.1.7) is the Kronecker sum (I® S) + (S ® J) where 
Sis the matrix given in Exercise 19. Then use the result of Exercise 19 to show 
that the eigenvalues of A are 

( k1r j'll' ) 4-2 cos--+cos--
N+1 N+1' 

j, k = 1, ... ' N. 

21. Use the results and/or methods of Exercise 20 to show that the eigenvalues of 
the Jacobi iteration matrix of Exercise 14 are 

1 ( k'll' j'll' ) - cos--+cos--
2 N+1 N+1' 

j, k = 1, ... , N. 

22. Show that (3.1.24) and (3.1.28) are equivalent if Hand V are given by (3.1.25). 

23. Find a permutation matrix P such that pypT = H where H and V are the 
matrices of (3.1.25). Hint: Consider ordering the grid points bottom to top, left 
to right. 

24. Let A = H + V where A, H, and V are symmetric positive definite. Show that 
the iteration (3.1.28) with ak = 0, k = 0, 1, ... , is not convergent. 

25. Let Hand V be given by (3.1.25). Show that HV = VH. 

References and Extensions 3.1 

1. The Jacobi iteration is described in numerous books. Definitive treatments on its 
basic properties are given, for example, in Varga [1962] and Young [1971]. 
Because of its nearly ideal parallel properties, the Jacobi iteration has been 
implemented by many authors on parallel and vector machines; see, for example, 
Lambiotte [1975] for a review of earlier work and the use of the long vector 
approach exemplified by Figure 3.1-8. The long vector approach by means of 
matrix multiplication was used by E. Wachspress. 

2. We have only considered in the text the simplest kind of partitioning of the grid 
points to the processors in a parallel system. More difficult problems include 
irregular regions, nonuniform grids, and dynamically changing grids. For these 
and other questions, see Bokhari [1985], Berger and Bokhari [1985], Gropp 
[1986], McBryan and van de Velde [1985, 1986a], and Morison and Otto [1987]. 
The latter paper considers mappings of irregular domains to hypercubes (or other 
mesh-connected arrays) by scattered decomposition. 

3. The idea of asynchronous iterations dates back at least to the "chaotic relaxation" 
of Chazan and Miranker [1969]. A detailed study of asynchronous iterations, 
including numerical experiments, was done by Baudet [1978]; see also Barlow 
and Evans [1982], Deminet [1982], and Dubois and Briggs [1982]. 

4. Block Jacobi methods are classical and a detailed treatment of line methods and 
their rate of convergence is given in Varga [1962]. More recent work on block 
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methods (not necessarily just Jacobi) includes Parter and Steurwalt [1980, 1982], 
and Fergusson [1986]. 

5. ADI methods date back to the 1950s. See Varga [1962] for a good discussion of 
the methods and their convergence properties. Implementations on vector com­
puters have been given by Lambiotte [1975], Oppe and Kincaid [1987], and 
Kincaid, Oppe, and Young [1986a, b]. Chan [1987] has considered the 
implementation of an ADI method on a hypercube by a strategy that avoids 
transposing the data. See, also, Saied et al. [ 1987]. 

6. Although the discrete Poisson equation (3.1.5) has long been a standard model 
problem for iterative methods, it can be solved very efficiently by direct methods, 
referred to as "fast Poisson solvers." For a short review of such methods on 
vector and parallel computers, and further references, see Ortega and Voigt 
[1985]. For recent work on fast Poisson solvers using domain decomposition, see 
Chan and Resasco [1987a,b]. 

3.2. The Gauss-Seidel and SOR Iterations 

We now consider other iterative methods for the system Ax = b, where, 
again, we assume that the diagonal elements of A are nonzero. After 
computing the new Jacobi iterate for x 1 , 

it is reasonable to use this updated value in place of x~ in the computation 
of the subsequent x~+ 1 • The Gauss-Seidel principle is to use new information 
as soon as it is available, and the Gauss-Seidel iteration is then 

(3.2.1) 

i = 1, ... , n, k = 0, 1, ... 

Let 

A=D-L-U (3.2.2) 

where D is the diagonal of A and - L and - U are the strictly lower and 
strictly upper triangular parts of A. Then it is easy to see (Exercise 3.2-1} 
that (3.2.1) may be written as 
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or 

k = 0, 1, ... , H = (D- L)- 1 U, 
(3.2.3) 

Since D - L is just the lower triangular part of A, its inverse exists by the 
assumption that the diagonal elements of A are nonzero. 

An important modification to the Gauss-Seidel iteration is the follow­
ing. Let .X~+I denote the right-hand side of (3.2.1), the Gauss-Seidel iterate, 
and define 

(3.2.4) 

Substituting the representation of x~+l into (3.2.4) and rearranging terms 
shows that the x~+l satisfy 

a11x~+l + w ~ auxJ+ 1 = (1 - w )a;;X~ - w ~ aljx: + wb, (3.2.5) 
j<i j>l 

or, in terms of the matrices of (3.2.2), 

k = 0, 1, ... (3.2.6) 

This defines the successive overrelaxation (SOR) iteration. Note that if w = 1, 
this reduces to the Gauss-Seidel iteration. Note, also, that D - wL is 
nonsingular by the assumption on the diagonal elements of A. 

While (3.2.6) and (3.2.3) provide useful matrix representations of the 
SOR and Gauss-Seidel iterations, the actual computations are to be done 
by (3.2.1) and (3.2.4). In any case, the next iterate is obtained by solving a 
lower triangular system of equations with coefficient matrix D - wL. The 
equations (3.2.1) and (3.2.4) are just an explicit representation of this 
solution. 

Convergence Theorems 

We next state a few main theorems about the convergence of the 
Gauss-Seidel and SOR iterations. Proofs of these and additional results, 
as well as definitions, are given in Appendix 2. We assume throughout that 
A is nonsingular. 
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3.2.1. THEOREM. If A is strictly or irreducibly diagonally dominant, or 
if A is an M matrix, then the Gauss-Seidel iterates converge for any x0• 

The following result shows that, no matter what the matrix, the real 
parameter w in SOR must be restricted to the interval (0, 2) in order to 
have convergence. 

3.2.2. KAHAN'S LEMMA. The SOR iteration cannot converge for every 
x0 unless w E (0, 2). 

The previous result by no means implies convergence if w E (0, 2). 
However, for an important class of matrices, this is indeed the right interval. 

3.2.3. OSTROWSKI-REICH THEOREM. If A is symmetric positive definite and 
w E (0, 2), then the SOR iteration converges for every x0• 

We note that the introduction of the parameter w has been made in 
order to enhance the rate of convergence of the Gauss-Seidel iteration. 
This is discussed in Appendix 2. 

Block SOR 

We next consider two variations of the SOR iteration that will be 
important in the sequel. As with the Jacobi iteration, we can apply the 
Gauss-Seidel iteration to a partitioned matrix 

[ ~11 A= : 
Aqt 

(3.2.7) 

to obtain the bl~ck Gauss-Seidel method 

A;;X~+t = - 'L Aiix;+ 1 - L AiixJ + b;, 
j<i j>i 

(3.2.8) 

i = 1, ...• q, k = 0,1, ... 

where xk and b are partitioned commensurately with A. It is assumed here 
that the A;; are all nonsingular. The parameter w is introduced analogously 
to (3.2.4) by 

(3.2.9) 
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where x~+ 1 is the Gauss-Seidel iterate produced by (3.2.8); this gives the 
block SOR iteration. As an example of these block methods, consider again 
the matrix (3.1.7) corresponding to the discrete Poisson equation on the 
unit square. In this case, (3.2.8) reduces to 

i = 1, ... ,N (3.2.10) 

As with the corresponding line Jacobi method, the new iterates on a line 
of the grid are updated simultaneously, the difference now being that these 
new iterates are used as soon as we move to the next line. Thus, (3.2.10) is 
called a line Gauss-Seidel method and the corresponding SOR iteration is 
generally called a successive line overrelaxation (SLOR or LSOR) method. 

SSOR 

Another important modification of the SOR iteration is the symmetric 
SOR (SSOR) method. This is a double step method in which an SOR step 
is followed by an SOR step in the reverse order. We consider it first for the 
Gauss-Seidel method to obtain the symmetric GS (SGS) iteration. In the 
kth stage, the Gauss-Seidel iterate is obtained by 

(3.2.11) 

and we have labeled this Gauss-Seidel iterate xk+I/2• We now proceed 
through the equations in reverse order using the values of xk+I/2 just 
computed: 

i = n, n - 1, ... , 1 

In terms of the matrices D, L, and U, this can be written as 

Dxk+l = Uxk+i + Lxk+l/2 + b 

or 

(3.2.12) 

Thus, the roles of L and U reverse on this step. One SGS iteration is then 
the combination of (3.2.11) and (3.2.12): 

(3.2.13) 
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where 

For the SSOR iteration, one simply inserts the relaxation parameter w, 
as in (3.2.4)-(3.2.6), on both steps. The matrix representation of the SSOR 
iteration is then 

xk+ 1 = (D- wU)- 1[(1- w)D + wL](D- wL)-1 

x [(1- w)D + wU]xk + d (3.2.14) 

where now 

d = w(D- wU)- 1{[(1- w)D + wL](D- wL)- 1 + J}b 

Computationally, of course, SSOR is carried out by the simple formulas 
analogous to (3.2.1) and (3.2.4) and the rather formidable expression (3.2.14) 
is only the matrix representation of this process. In terms of a discrete 
partial differential equation, the symmetric Gauss-Seidel or SSOR iterations 
amount to sweeping through the grid points on one step and then sweeping 
through again in exactly the reverse order on the second step. 

A basic convergence theorem for the SSOR iteration corresponds to 
the Ostrowski-Reich Theorem 3.2.3. The proof is given in Appendix 2. 

3.2.4. THEOREM. SSOR Convergence. If A is symmetric positive definite 
and wE (0, 2), then the SSOR iteration converges for every x0. 

The Red-Black Ordering 

We turn now to the parallel and vector implementation of the methods 
discussed so far in this section. We begin with the Gauss-Seidel iteration. 

By (3.2.3), a Gauss-Seidel iteration can be viewed as solving a lower 
triangular system of equations, a problem discussed at some length in the 
previous chapter, in which it was noted that parallel methods are only 
moderately satisfactory. However, the Gauss-Seidel (or SOR) iteration will 
in practice only be used for sparse systems of equations, and in this case 
the methods of the previous chapter for triangular systems may be totally 
unsatisfactory. 
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One approach to successful parallel implementation of the SOR method 
is to reorder the equations in such a way that the solution of the lower 
triangular system can be done efficiently in parallel. Note that, as opposed 
to the Jacobi iteration, the Gauss-Seidel iteration depends on the order in 
which the equations are solved. Thus, given the equations 

n 

L aijxJ = b;, 
j~l 

i = 1, ... , n 

we can elect to apply the Gauss-Seidel principle to these equations in any 
order, not necessarily the order i = 1, ... , n. Equivalently, we can apply 
Gauss-Seidel in the usual order to the equations PAx = Pb, where P is a 
permutation matrix that gives us the order of the equations that we desire. 
However, our basic assumption in applying the Gauss-Seidel method is 
that the diagonal elements a;; are all nonzero and we wish to maintain this 
property under reorderings. Thus, instead of only interchanging the 
equations, we will also make a corresponding renumbering of the unknowns. 
This is equivalent to considering new coefficient matrices PAPr, where P 
is a permutation matrix. For a given system of n equations there are n ! 
possible reorderings of this type and n! corresponding Gauss-Seidel (and 
SOR) methods. Our general problem, then, is to ascertain for a given matrix 
A which, if any, of these n! possible orderings leads to a form of PAPT 
that is suitable for parallel and vector computing. 

In order to establish an approach to this problem, we concentrate first 
on the discrete Poisson equation (3.1.5) on a square grid. Corresponding 
to (3.2.1), the update at a grid point by the Gauss-Seidel iteration is 
shown schematically in Figure 3.2-1. If we assume that we are moving 
through the grid points left to right, bottom to top, Figure 3.2-1 depicts the 
situation at the i, j grid point: iterates already computed on this sweep, 
labeled "new," combine with iterates from the previous sweep, labeled 
"old," to give the new iterate at the i, j point. A direct vectorization of this 
computation, as was done for Jacobi's method, is not suitable, although we 
will discuss a variation of it later. 

old 

new old 

new 
Figure 3.2-1. Gauss-Seidel update. 
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Figure 3.2-:Z. The red-black ordering of grid points. 

Chapter 3 

In line with our previous discussion of reordering the equations, we 
now renumber the grid points and the corresponding unknowns. An impor­
tant classical ordering is the red- black (or checkerboard) ordering illustrated 
in Figure 3.2-2. The grid points are first divided into two classes, red and 
black, and then ordered within each class. In Figure 3.2-2 is shown the 
ordering left to right, bottom to top within each class. The unknowns at 
the grid points are ordered analogously so that, for example, u at R 1 will 
be the first unknown, u at R2 the second, and so on until the red points 
are exhausted; the ordering then continues with the black points. This is 
illustrated in Figure 3.2-3 by writing out the equations (excluding the 
right-hand sides) for N = 2 for Poisson's equation. 

For general N, at any interior point, red grid points will be coupled 
only with black grid points and conversely, as illustrated in Figure 3.2-4. 
Thus when we write the equations with all of the unknowns at red points 
ordered first, the system will be of the form 

[ D~ C][UR]=[bl] 
c DB DB b2 

(3.2.15) 

Here DR = 41R and DB = 4/B, where IR is the identity matrix of size equal 
to the number of red interior grid points and similarly for lB. The matrix 
C contains the interactions between the red and the black unknowns. The 
special case of (3.2.15) for N = 2 has been illustrated in Figure 3.2-3. Note 
that the coefficient matrix of (3.2.15) must be symmetric since it is of the 
form PAPr and A is symmetric. 

Now consider the Gauss-Seidel iteration applied to (3.2.15): 

(3.2.16) 

p 0 -1 

_,1 r'l [ ] 82 .R2 
4 -1 -1 URa = 

-1 4 0 UBI .R1 bt 
-I -1 0 4 Us2 

Figure 3.2-3. Red-black equations for four unknowns. 
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B R 

Figure 3.2-4. Red-black stencils. 

This uncouples into the two separate parts 

Thus, although (3.2.16) still requires the solution of a lower triangular 
system of equations to advance one iteration, because DR and D8 are 
diagonal the solution of this system reduces to the matrix-vector multiplica­
tions indicated in (3.2.17). 

For the SOR iteration we add the parameter w in the usual way. Thus, 
applying (3.2.6) to (3.2.16), we obtain 

-we ][u~] 
(1- w)D8 u~ 

or 

(3.2.18) 

This is the matrix representation of an SOR step, but the actual computation 
need not utilize explicitly these matrix formulas. Rather, the Gauss-Seidel 
values at the red points, u~+ 1 , can first be computed and then the SOR 
values are 

(3.2.19) 

Using these updated values at the red points, the new values at the black 
points are obtained in an analogous way. The new Gauss-Seidel iterate for 
the red points is the same as the Jacobi iterate for these points, and similarly 
for the black points. Thus, the SOR iteration is implemented by using two 
Jacobi sweeps through the grid, each on roughly half of the grid points. 
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Parallel Implementation 

Suppose first that we have p = N 2 /2 processors arranged in a mesh­
connected array as illustrated in Figure 3.1-2. We assign one red and one 
black interior grid point to these processors as shown in Figure 3.2-5. The 
processors holding grid points adjacent to the boundary will be assumed 
to hold the corresponding boundary values. In order to do one Gauss-Seidel 
iteration, all processors will first update their, say, red values in parallel 
and then their black values. As noted previously, these are just the computa­
tions for Jacobi iterations. The relaxation parameter w will be inserted after 
each half step to yield the SOR values. For the red points, this is the 
computation (3.2.19) and similarly for the black points. 

In the more realistic case that p « N 2, the unknowns would be suitably 
packed into the available processors. For example, if N 2 = 2mp, then m 
red points and m black points would be assigned to each processor. If p 
is not an even multiple of N 2, then we will assign as close as possible the 
same number of red and black points to each processor, but there will 
necessarily be some imbalance in the assignment. Note that the extreme 
case of p = N 2 processors with one unknown per processor, as discussed 
for the Jacobi iteration, is not beneficial here since half the processors would 
be idle at any given time while the computations for the unknowns of the 
other color were progressing. 

The above SOR iteration involves the same considerations as in the 
Jacobi method concerning communication on local memory machines, 
convergence testing, and synchronization. The synchronization here would 
be done after each Jacobi step; that is, all new black values would be 
computed and passed to the processors that need them before the computa­
tion on the red values would proceed, and conversely. Alternatively, just 
as with the Jacobi iteration, the iteration may be carried out asynchronously 
and we will call this the asynchronous red -black SOR iteration. 

Vectorization 

The vectorization of the red-black SOR iteration is done in essentially 
the same way as for Jacobi's method. Consider first a vector computer that 

Fiaure 3.2-5. Red-black processor assignments. 
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uses vector registers and for which N /2 is a suitable vector length. We 
assume that the red unknowns at each row of the grid are stored as vectors 
and likewise for the black unknowns. Then, for the Poisson equation, a 
Gauss-Seidel updating of the red unknowns on the ith grid line is accom­
plished by 

UR(I, ) = 0.25[ UB(I, )_1 + UB(I, )+ 1 

+ UB(I- 1, ) + UB(I + 1, )] (3.2.20) 

where the notation UB(I, )_ 1 denotes the vector of black values on the ith 
line starting one position to the left and, similarly, UB(I, )+1 starts one 
position to the right. It is assumed that all UB and UR vectors also hold 
the boundary values for their rows and that vectors with 0 or N + 1 in the 
first position hold the boundary values at the bottom and top of the grid. 
If the forcing function f for Poisson's equation is nonzero, it would be 
added to (3.2.20) and the relaxation factor w for the SOR iteration would 
be incorporated in an obvious way. A vector register schematic correspond­
ing to Figure 3.1-5 is left to Exercise 3.2-5. 

For a vector computer for which it is desirable to use vector lengths 
as long as possible, we again follow the procedures used for Jacobi's method. 
Corresponding to the approach of Figure 3.1-8, we now will have two 
vectors, each of length O(N2/2), one containing all red values and one 
containing all black values. Each will also contain red or black boundary 
values. This is illustrated in (3.2.21) for the grid of Figure 3.2-2, where now 
we assume that the outermost points on the two sides and bottom are 
boundary points. Equation (3.2.21) then indicates the computation to obtain 
new red Gauss-Seidel values from black ones: 

B2 B4 Tt T4 B2 + B4 + Bs + B1 
BJ Bs T2 Ts B3 + Bs + B6 + Bs * 

T= 
B4 

+ 
B6 

R= 
Tl 

+ 
T6 B4 + B6 + B1 + B9 

(3.2.21) 
' = 

Bs B1 
B6 Bs 

After (3.2.21), R is multiplied by 0.25 to obtain the new red values. Similar 
computations give new black values from red ones. The SOR parameter 
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and values of a forcing function fare easily incorporated into this scheme. 
As with Jacobi's method, (3.2.21) will overwrite boundary values unless 
this is suppressed by a suitable control function. The asterisk in (3.2.21) 
indicates such a spurious value. 

The scheme of (3.2.21) illustrates the computation for the grid of Figure 
3.2-2 for which N = 3. It extends immediately and obviously to a grid for 
which N is odd but not to a grid with even N. This is illustrated in Figure 
3.2-6 for the grid with four interior grid points B3, R4, R5, and B6. The 
computation corresponding to (3.2.21) is then 

B2 B3 
B3 B4 

T = B4 + B5 , 

Bs B6 

T. T3 B2 + B3 + B4 + B5 

T2 T4 B3 + B4 + Bs + B6 
R= T3 + Ts 

T4 

which is incorrect. In many cases, the value of N is up to the problem 
solver and can be chosen to be odd. If N must be even, a simple artifice 
is to extend the grid with an additional column of "boundary" values. Thus 
the grid of Figure 3.2-6 would be changed to that of Figure 3.2-2. There 
are still only four interior grid points, labeled now B4, R4, R6, and B1. 
The values of u on the right-most column are arbitrary values; these enter 
the computation but not in a substantive way. The calculation of (3.2.21) 
now produces the correct values at the interior grid points. This introduction 

R1 
85 
R3 
81 

81 
R5 
83 
Rl 

R8 
86 
R4 
82 

88 
R6 
84 
R2 

Figure 3.2-6. Four interior grid points. 
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of artificial grid points causes some inefficiency, both in computation time 
as well as storage (see Exercise 3.2-7), and it would be desirable to choose 
N to be odd when possible. 

The matrix multiplication approach to long vectors, discussed for 
Jacobi's method for the equation (3.1.14), also extends to the red-black 
SOR method. This is based on the formulas (3.2.17) or (3.2.18). However, 
the average vector lengths will now be less than half that for Jacobi's method 
since the red-black ordering tends to distribute long diagonals in the Jacobi 
iteration matrix into several shorter diagonals in the matrix C. 

Multicoloring 

The implementation of the SOR iteration by means of the red-black 
ordering of grid points is limited to rather simple partial differential 
equations, such as Poisson's equation, and rather simple discretizations, as 
we will now illustrate. 

Consider the equation 

(3.2.22) 

again on the unit square, where a is a constant. This is just Laplace's 
equation with an additional mixed derivative term. The standard finite 
difference approximation to Uxy is 

(3.2.23) 

which combined with the previous approximation (3.1.5) for Laplace's 
equation gives the system of difference equations 

a 
+ 4 ( Ui+1,j+1 - U;-1,j+1 - Ui+1,j- 1 + U;-1,j_ 1] = 0, (3.2.24) 

i, j = 1, ... , N 

For a red-black ordering of the grid points, as in Figure 3.2-2, it is easy to 
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Figure 3.2-7. Red-black ordering for nine-point stencil. 

see (Exercise 3.2-8) that the system (3.2.24) may be written in the form 

(3.2.25) 

as was done for Poisson's equation. However, the matrices DR and D8 in 
(3.2.25) are no longer diagonal. The problem is that the unknown at the i, 
j grid point is now coupled with its eight nearest neighbors, some of which 
have the same color as the center point. This is illustrated in Figure 3.2-7. 

The solution to this problem is to introduce more colors as illustrated 
in Figure 3.2-8. Now, if we write the equations for all the red points first, 
all the black points next, and so on, the system takes the form 

(3.2.26) 

where the diagonal blocks D; are diagonal. The Gauss-Seidel iteration can 
then be written as 

(3.2.27) 

R 8 (; w R 8 (; w 
(; w R 8 (; w R 8 
R iJ (; w R iJ (; w 

Figure 3.2-8. A four.color ordering. 
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and so on for the other two colors. Since the D; are diagonal, the solution 
of the triangular system to carry out a Gauss-Seidel iteration has again 
collapsed to just matrix multiplications. 

The four-color ordering of Figure 3.2-8 was based on the coupling of 
grid points illustrated in Figure 3.2-7, and we will call such a pattern a 
stencil. A stencil shows the connection pattern of a grid point to its neighbors 
and depends on both the differential equation and the discretization used. 
Some other common stencils are shown in Figure 3.2-9. 

The number of colors indicated in Figure 3.2-9 is predicated on the 
assumption that the given stencil is the same at all points of the grid. Then 
the criterion for a successful coloring is that when the stencil is put at each 
point of the grid, the center point has a color different from that of all other 
points to which it is connected. It is this "local uncoupling" of the unknowns 
that allows a matrix representation of the problem that in general has the 
form 

(3.2.28) 

Bc,c-1 

in which the diagonal blocks D; are diagonal. We will call a matrix of the 
form (3.2.28) a c-colored matrix. Note that c = 4 in (3.2.26) and c = 2 for 
the red-black ordering. With the system in the form (3.2.28), the Gauss­
Seidel iteration can be carried out, analogously to (3.2.27), by 

i = 1, ... ' c (3.2.29) 

and, again, the solution of the triangular system is reduced to Jacobi-type 
operations. 

Figure 3.2-9. Some common stencils. (a) 9 point-3 colors; (b) linear elements-3 colors; 
(c) quadratic elements-6 colors. 
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G w G w G w R B G R B G 
R B R B R B B G R B G R 
G w G w G w G R B G R B 
R B R B R B R B G R B G 

Figure 3.2-10. Colorings for Figures 3.2-7 and 3.2-9. (a) Four color ordering; (b) three color 
ordering. 

In general, one wishes to use the minimum number of colors that are 
necessary to achieve the matrix form (3.2.28). For arbitrary stencils that 
can vary at each point of the grid and arbitrary grids this is a difficult 
problem. However, if the stencil is repeated at each grid point it is generally 
evident how to achieve the minimum number of colors. But the coloring 
pattern need not be unique, even when the minimum number of colors is 
used. Figure 3.2.-10 gives another four-color ordering, different from that 
of Figure 3.2-8, for the stencil of Figure 3.2-7 as well as a three-color ordering 
suitable for stencils (a) and (b) of Figure 3.2-9. It is left to Exercise 3.2-10 
to find a six-color ordering for the stencil (c) of Figure 3.2-9. 

We note that for systems of partial differential equations the number 
of colors will generally be multiplied by the number of equations. Thus, 
for example, if the grid stencil requires three colors and there are two partial 
differential equations, then six colors will be required to achieve a c-colored 
matrix. We note also that the rate of convergence of the Gauss-Seidel and 
SOR methods depends on the ordering of the equations, and the effect of 
multicolor orderings on the rate of convergence is not yet completely 
understood. 

Parallel and Vector Implementation 

We turn now to the implementation of the Gauss-Seidel and SOR 
iterations using multicolor orderings. For simplicity, we consider again only 
a square grid with N 2 interior grid points. We begin with a local memory 
mesh-connected system with p processors, and assume that N 2 = cmp, where 
c is the number of colors. Thus, each processor will hold me unknowns. 
This is illustrated in Figure 3.2-11 for m = 1 and c = 4, using the color 
pattern of Figure 3.2-8. The processors first all update their red points and 
then transmit the new values to the processors that will need them. In Figure 
3.2-11 we have used the stencil of Figure 3.2-7 to show a sample communica­
tion pattern. Thus, the updated red value in processor P12 must be transmit­
ted to processors P11 , P21 , and P22 but not to processors P13 and P23 • The 
black values are then all updated, followed by the green and then the white. 
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GW R B 
R B, Gj' 

p21 p22 

GW R B 
R B- [..---- GW 

Pu 

Figure 3.2-11. Processor assignment. 

Between each stage there is data transmission and synchronization; alterna­
tively, the iteration could be run asynchronously. For each set of colored 
values, we do only Jacobi operations, plus the SOR modification using w. 
Hence, the iteration is implemented, in essence, by four Jacobi sweeps of 
the grid, each updating O(N2/4) points or, in general, c sweeps if c colors 
are used. Our assumption that N 2 = cmp is based on the tacit assumption 
that updating at each grid point requires the same amount of work so that 
the distribution of me unknowns to each processor balances the overall 
workload. 

We consider next the implementation on vector computers that use 
vector registers. We assume, for simplicity, that the domain is a square or 
rectangle, and that the unknowns are stored in c two-dimensional arrays, 
one for each color, with the ordering of grid points left to right, bottom to 
top. Boundary values are held in the appropriate positions in these arrays 
and any forcing function data over the grid are held in a separate array. 
Then the unknowns of the first color are updated, followed by the second 
color, etc. The vector operations are of length 0( N I c). 

As an example, we consider the difference equations (3.2.24) on a 
square grid with the four-coloring illustrated in Figure 3.2-8. The unknowns 
will be held in the four arrays UR, VB, UG, UW. The top and bottom rows 
will hold boundary values as will the first and last positions in the other 
rows. Then the Gauss-Seidel updates of the red points on the ith row will 
be done by the vector operations 

UR(I, ) = 0.25[ UB(I, )+ 1 + UW(I, ,)_1 + UG(I + 1, ) 

+ UG(I - 1, )] + 0.0625a[ UB(I + 1, )_ 1 + UB(I - 1, )_ 1 

+ UW(I + 1, )+1 + UW(I- 1, )+I] (3.2.30) 

where we use the same notation as in (3.2.20). Similar statements will be 
used to update the black, green, and white points. 
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For vector computers that require long vector lengths for efficiency, 
we wish to work with one-dimensional arrays, one for each of the colors, 
of length 0( N 2 I c). As was done for the Poisson problem, these vectors 
will also hold the boundary values, and storage into the boundary positions 
is assumed to be suppressed. Again we use the equations (3..,2.24) and the 
coloring of Figure 3.2-10 as an example. We reproduce this coloring in 
Figure 3.2-12 with the grid points ordered. For simplicity of presentation, 
in the following schematic for the Gauss-Seidel update of the red points, 
we do not use the special approach of (3.1.16), as was done with the Poisson 
problem; this is left to Exercise 3.2-15. We also omit multiplication by the 
constants 0.25 and 0.0625a. 

R4 Gt G6 w3 B4 w6 WI B6 Bt 
Rs G2 G1 w4 Bs w1 w2 B1 B2 

* R6 GJ Gs Ws B6 Ws w3 Bs B3 
R1 G4 + G9 + W6+ B1 + Wg w4- B9 + B4 (3.2.31) 

Rs Gs GJO W1 Bs WIO Ws BIO Bs 
R9 G6 Gu Ws B9 Wu w6 Bu B6 

Similar computations would be done to update the black, green, and white 
points. We have indicated by an asterisk in (3.2.31) a spurious computation 
whose storage into the corresponding boundary position would have to be 
suppressed. Equation (3.2.31) illustrates the computation for N = 8. In 
general, for this problem, we need N to be of the form N = 4M, for some 
integer M. 

Line SOR 

We next discuss briefly the parallel and vector implementation of line 
SOR. Consider first the discrete Poisson equation and the line Gauss-Seidel 
method (3.2.10) for the equations written in the natural order. The effective 
parallelization of (3.2.10) has the same difficulty as the point Gauss-Seidel 
method, and again one approach is a reordering of the equations. This time, 

G8 W8 R9 B9 G9 W9 RlO BlO GlO WlO 
R6 B6 G6 W6 R1 B1 G7 W1 R8 B8 
G3 W3 R4 B4 G4 W4 R5 B5 G5 W5 
Rl Bl Gl Wl R2 B2 G2 W2 R3 B3 

Figure 3.2-12. Numbered multicolor ordering. 
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B B B ... B 
R R R ... R 
B B B ... B 
R R R ... R 

Figure 3.2-13. Red-black ordering by lines. 

however, we color the node points by line as illustrated in Figure 3.2-13. 
This is sometimes called a "zebra ordering" (replace red by white). With 
the ordering of Figure 3.2-13, the equations for the unknowns on the ith 
line couple red points with only black points on the adjacent lines. If we 
denote the unknowns on the ith red line by uR;, and similarly for the black 
unknowns, then a line Gauss-Seidel step for updating the red points is 

i = 1, ... , N (3.2.32) 

and similarly for updating the black points. The tridiagonal systems (3.2.32) 
can now be solved in parallel or by vectorizing across the systems just as 
was done with the line Jacobi method. The only difference is that now the 
vector lengths are O(N /2). 

For more general equations and/ or discretizations the same principle 
applies, although additional colors may be needed. Referring to Figure 
3.2-9, a red-black coloring by lines still suffices for the stencil (b), but three 
colors are required for (a) and (c) as illustrated in Figure 3.2-14. The 
equations using colors by lines can still be represented by (3.2.28) but now 
the diagonal blocks D1 will have the form 

D;= [

Dil 

(3.2.33) 

G G G ... G 
B B B ... B 
R R R ... R 
G G G ... G 
B B B ... B 
R R R ... R 

Figure 3.2-14. Three-coloring by lines. 
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where c1 is the number of lines of color i and each Dij is a banded matrix. 
We call a matrix of the form (3.2.28, 3.2.33) a block c-colored matrix. 

SSOR 

The SSOR iteration can be implemented in exactly the same fashion 
as SOR using red-black or multicolor orderings. However, a curious thing 
happens that has the beneficial effect of reducing the necessary computation. 
Suppose, first, that the red-black ordering is used on the Poisson problem, 
or any other problem for which the red-black ordering gives a two-colored 
matrix. Suppose that the pattern of sweeping the grid is 

red, black, black (reverse), red (reverse), red, ... 

which would correspond to going through all the grid points and then going 
through them in the reverse order. However, in this case, the updating of 
the black points in reverse order uses only red points which have not been 
changed from the forward sweep. Hence, for the case that w = 1 the reverse 
black sweep produces exactly the same updated values as the forward sweep 
and the first symmetric Gauss-Seidel iteration is really only the three sweeps: 

red, black, red (reverse) 

The analogous thing happens if c colors C1 , ••• , Cc are used. Here, 
the pattern is 

(3.2.34) 

and if w = 1, the two consecutive sweeps for Cc are identical; the same is 
true for the two consecutive sweeps for C1 • Hence, the symmetric Gauss­
Seidel iteration becomes 

and it is reasonable to call the set of sweeps in parentheses the symmetric 
Gauss-Seidel iterations. The same pattern then persists on subsequent 
iterations. For two colors, that is, the red-black ordering, (3.2.34) then 
becomes 

(R, B, R), (B, R), (B, R) ... (3.2.36) 

where the parentheses define a complete symmetric Gauss-Seidel iteration. 
Thus, after the first iteration, symmetric Gauss-Seidel reduces to just Gauss­
Seidel but with the order of colors reversed from the starting order. 
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If w ~ 1, the steps Cc, Cc in (3.2.34) are no longer identical because 
of the effect of w. To see what this effect is, let u~ be the SOR result of the 
first Cc step, let u~ be the result of the second step, and let u~ be the 
corresponding Gauss-Seidel results. Then 

(3.2.37) 

But the Gauss-Seidel result depends only on the values at the other colors 
1, ... , c - 1 which have not changed since the previous Gauss-Seidel result 
was computed. Hence u~ = u~ and substituting into (3.2.37) the expression 
for u! in terms of u! and the original value u~ gives 

+ [(1- w)w + w]u! = (1- w)u~ + wu! 

where w = w(2- w) since (1- w)2 = 1- w(2- w). Hence, the result of the 
two consecutive Cc, Cc steps in (3.2.34) with parameter w is the same as a 
single SOR step with parameter w. Thus, one can carry out the two Cc, Cc 
steps with a single Gauss-Seidel sweep (i.e., Jacobi sweep) using the 
modified value w. The same will also be true for the consecutive C1 , C1 

steps. This, of course, allows considerable reduction in the work required 
to carry out a complete SSOR iteration. 

It should be noted that when the original equations can be written in 
the red-black form, it is known that the optimal value of w for the rate of 
convergence of SSOR is w = 1. However, the same result is not known for 
c-colored matrices when c > 2. 

The Conrad-Wallach Trick 

We next describe another way, which we call the Conrad- Wallach 
trick, to save computation in the SSOR iteration. The SSOR iteration (3.2.14) 
may be written as 

(D- wL)xk+l/2 = (1- w)Dxk + wyk + wb, 

(3.2.38a) 
yk+l/2 = Lxk+l/2 + b 

(D- wU)xk+l = (1- w)Dxk+l/2 + wyk+l/2, 

(3.2.38b) 
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where y0 = Ux0• The intent of (3.2.38) is to carry out the SSOR iteration 
in such a way that the quantities yk+t/2 and yk+t are obtained with no 
additional computation. To see how this can be done, we consider the 
iteration in component form. 

At the beginning of the (k + l)st stage, let yk = Uxk. Then the computa­
tion of x~+ 112 is given by 

_x~+t/2 = _.!.._ ("' /..xk+t/2 + y~ + b·) 
I ~ f) ) I I t 

U;; j<i 

x~+ 112 = x~ + w(x~+t/2 - x~) 

In the course of this computation, we replace y~ by 

Yk+t/2 = "' [ .. x~+l/2 + b· 
I /.... I) ) I 

j<i 

(3.2.39) 

Hence, at the end of the computation of xk+t/2 we also have yk+t/2 = 
Lxk+t/2 +b. Therefore, at the next half step we compute 

During this half-step, we replace y~+t/2 by 

y~+t = L uyx;+• 
j>i 

(3.2.40) 

(3.2.41) 

so that at the end of the computation of xk+t we also have yk+t = Uxk+t 

to begin the next stage. Thus, we avoid the computation of Lxk+t/2 and 
Uxk+t except at the outset when we must compute y0 = Ux0• Application 
to the discrete Poisson equation (3.1.5) using both the natural and red-black 
orderings is left to Exercise 3.2-16. 

A Data Flow Approach to SOR 

We next consider an approach to the parallel implementation of the 
SOR algorithm which is seemingly quite different although there is a strong 
connection to multicolor orderings. We will illustrate this approach by 
considering first a system of equations that arises from discretizing a partial 
differential equation with the nine-point grid stencil of Figure 3.2-7. We 
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old old old 
new • old 
new new new 

Figure 3.2-15. Update pattern. 

assume that the grid points are ordered in the natural fashion, left to right, 
bottom to top. 

For a typical grid point, the corresponding unknown can be updated 
by the SOR algorithm only when its south, west, southeast, and southwest 
neighbors have already been updated, as illustrated in Figure 3.2-15. The 
idea of the data flow algorithm is to do the updating as soon as possible 
at each grid point. This is illustrated in Figure 3.2-16, where the numbers 
indicate the time at which that unknown is updated. 

In Figure 3.2-16, the unknowns at grid points (1, 1) and (1, 2) are 
updated on the first two time steps. The necessary information is now 
available to update the unknowns at grid points (1, 3) and (2, 1) and these 
are done in parallel on the third time step. Similarly, the unknowns at grid 
points (1, 4} and (2, 2) can be updated on the fourth time step. Now, all 
the forward neighbors of the (1, 1) grid point have been updated and this 
unknown can then be updated a second time on the fifth time step, in 
parallel with the first updates of a number of other unknowns. The pattern 
should now be clear. 

The computation proceeds through the grid in a number of wave fronts, 
rather similar to those of the data flow formulation of LU decomposition 
described in Section 2.2. Consider the 11th time step. The unknowns at grid 
points (1, 3) and (2, 1) are being updated a third time, those at grid points 
(4, 1), (3, 3), and (2, 5) are being updated a second time, and those of (6, 1), 
(5, 3), and ( 4, 5) are being updated the first time. This illustrates that at any 
given time, once the process has started, a number of unknowns can be 
updated in parallel and these updates will correspond to different iteration 
levels. 

11, 15, 19 12,16,20 13,17,21 14,18,22 15,19,23 
9, 13, 17 10, 14, 18 11,15,19 12,16,20 13, 17,21 
1, 11, 15 8, 12, 16 9, 13, 17 10, 14, 18 11, 15, 19 
5, 9, 13 6, 10, 14 1, 11, 15 8, 12, 16 9, 13, 17 
3, 7, 11 4, 8, 12 5, 9,13 6, 10, 14 7, 11, 15 
1, 5, 9 2, 6, 10 3, 7, 11 4, 8, 12 5, 9,13 

Figure 3.2-16. Update times. 
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Semi-iterative Methods 

The introduction of the parameter w in the SOR method is a way to 
accelerate the basic Gauss-Seidel method. Another acceleration procedure 
is the following. We start with some basic iterative method (Jacobi, SOR, 
etc.) written as 

k = 0, 1; ... (3.2.42) 

Given the iterates xk and xk+t we attempt to obtain an improved approxima­
tion to the solution i by a linear combination of these two iterates. Thus, 
we define 

(3.2.43) 

We assume that the method (3.2.42) is consistent, that is, the solution 
satisfies i =Hi+ d. (See Appendix 2). We also wish the method defined 
by (3.2.43) to be consistent. Thus, if we replace xk and yk+t in (3.2.43) by 
i, we require that 

so that a 1 + a 2 = 1. With this constraint on a 1 and a 2 , we can write (3.2.43) 
in terms of a single parameter 'Y· Also, the iterates that we actually compute 
will be the yk and we write (3.2.43) in the form 

(3.2.44) 

which is known as an extrapolation of the original method (3.2.42) or an 
extrapolation method. At the kth stage, starting with yk, we do a basic iterative 
step to form Hyk + d and then obtain yk+t from (3.2.44). 

The idea of taking linear combinations of basic iterates can be extended 
to any number of iterates. Assume that x 1, ••• , xm have been generated by 
the basic iterative method (3.2.42) and define 

m 

Ym+l = ~ a ·X' 
1., m,r (3.2.45) 
i=l 

This is known as a semi-iterative method. If the basic iterative method 
(3.2.42) is the Jacobi method, then the corresponding semi-iterative method 
is called the Jacobi-Sf method. Similarly, we have the SOR-Sl and SSOR-Sl 
methods. 

From the consistency of (3.2.42), the errors xk- i satisfy (see 
Appendix 2) 

(3.2.46) 
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and if (3.2.45) is to be consistent we must have 

or 

Thus 

m 
A ~ A 
X= t.. am,;X 

1=1 

m 

L am,l = 1 
i=l 

m m 
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(3.2.47) 

ym+l -X= L am,1(x1 - i) = L am,,H1(x0 - i) = p(H)(x0 - i) (3.2.48) 
1=1 i=l 

where p(H) is the polynomial 

m 

p(H) = L am,1H 1 (3.2.49) 
i=l 

Because of the role of this polynomial in the error behavior, semi-iterative 
methods of the type we have been discussing are also known as polynomial 
acceleration methods. 

We now wish to choose the am,t so as to maximize the rate of conver­
gence, and for this we need to minimize the spectral radius of p(H) (see 
Appendix 2). The condition (3.2.47) is equivalent to 

p(l) = 1 (3.2.50) 

and we define fliJ m to be the set of polynomials p of degree m for which 
(3.2.50) holds. Since the eigenvalues of p(H) are p(A1), i = 1, ... , n, where 
A 1 , ••• , An are the eigenvalues of H, the minimization problem with which 
we are faced is 

min max IP(A1)1 (3.2.51) 
pef1'm IEIEin 

The problem (3.2.51) is intractable as stated since we will know the 
eigenvalues of H only for very special problems; usually, at best, we will 
only have bounds of some kind. As an example of one way to proceed, we 
now assume that the eigenvalues of H are real. This is the case for the 
Jacobi and SSOR iterations if A is symmetric and positive definite (Appendix 
2) but not, in general, for the SOR iteration. Let A1 and An be the minimum 
and maximum eigenvalues of H, and let 

(3.2.52) 
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Then the quantity 

min max lp(A)I 
megz.,. aE;;.\s;;;b 

(3.2.53) 

is an upper bound for that of (3.2.51) since the maximum over the eigen­

values has been replaced by a maximum over an interval that contains all 

the eigenvalues. The minimization problem (3.2.53) is classical and can be 

solved in terms of Chebyshev polynomials of the first kind. These poly­

nomials may be defined by the recurrence relations 

T0 (A) = 1, ~+t(A) = 2A~(A)- ~- 1 (A), 

i = 1, 2, ... , m - 1 
(3.2.54) 

or they can be expressed as 

Tm(,\.) = cos(m COS-t A), (3.2.55) 

The polynomials defined by (3.2.54) solve (3.2.53) when a = -1 and b = 1. 

For other intervals it is only necessary to make the linear change of variable 

that maps [a, b] onto [ -1, 1]; then the solution of (3.2.53) is given by 

_ (2A - b - a)/ (2- b - a) 
Pm(A)- Tm b Tm b 

-a -a 
(3.2.56) 

From (3.2.54), it follows (Exercise 3.2-19) that the polynomials Pm of 

(3.2.56) satisfy the recurrence relation 

p0(A) = 1, 
(3.2.57) 

where, with {3 = (2- b- a)f(b- a), 

'Y = 2/ (2 - b - a), (3.2.58) 

By again using (3.2.54), it can be shown that the p; also satisfy a recurrence 

relation, namely, 

Pt = 1, 
(3.2.59) 

i = 2, 3, ... 
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We could, in principle, obtain the coefficients am,i of the polynomial 
Pm and then use (3.2.45). However, it is far more efficient to use the 
recurrence relations for Pm to obtain an analogous recurrence relation for 
the accelerated iterates ym of (3.2.45). From (3.2.48) and (3.2.57), with 
e0 = x0 - i, we have 

ym+1- X= Pm(H)e0 = Pm[ yH + (1- y)l]Pm-1(H)e0 + (1- Pm)Pm-iH)e0 

= Pm[ yH + (1- y)J](ym- i) + (1- PmHYm-1- i) 

= Pm['YH + (1- y)J]ym + (1- Pm}ym-1 

- Pm[ yH + (1 - y)J]i- (1 - Pm)i (3.2.60) 

Since Hi = i- d, we have 

so that (3.2.60) becomes 

(3.2.61) 

This is the basic recurrence relation for the accelerated vectors y1 and is 
called the Chebyshev semi-iterative method or Chebyshev acceleration method. 

The procedure is then the following. At the beginning of the ( m + 1 )st 
step, a basic iteration is taken starting from ym to give Hym + d, and this 
vector is then combined with ym and ym-1 in the linear combination (3.2.61) 
to give ym+1. Thus, once Hym +dis known, the method requires only scalar 
times vector multiplications and linked triad operations to obtain ym+1, and 
is very amenable to vector and parallel computation provided that the basic 
iteration itself is. A major problem, however, is obtaining good estimates, 
a and b, for the smallest and largest eigenvalues of H. 

Exercises 3.2 

1. Verify that (3.2.3) is equivalent to (3.2.1). 

2. Verify in detail that (3.2.6) is the matrix representation of the SOR iteration 
(3.2.4). 

3. For a system of three equations in three unknowns, write out the six possible 
reorderings of these equations by interchanging equations and corresponding 
unknowns. 
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4. Write out the equations (3.2.15) explicitly for N = 3 and N = 4. 

5. Do a vector register schematic corresponding to Figure 3.1-6 for the red-black 
Gauss-Seidel method. 

6. Do the computation corresponding to (3.2.21) to obtain new black points from 
red ones. 

7. Assume that N is even and a column of spurious grid points has been added 
to the grid in order to make the red-black procedure perform correctly. On a 
vector computer for which 1000 +10m is the timing formula for vectors of 
length m, estimate the inefficiency caused by these extra grid points as a function 
of N. 

8. Write the equations (3.2.24) in the form (3.2.25) using the red-black ordering 
and show the structure of the matrices DR and D8 • Write out the equations 
explicitly for N = 4. 

9. Write out the system (3.2.26) for the equations (3.2.24) using the four-color 
ordering of Figure 3.2-8 with N = 4. 

10. Find colorings for stencils (a) and (c) of Figure 3.2-9 and verify that the minimum 
numbers of colors for local uncoupling are those given in the figure. 

11. Verify that the colorings of Figure 3.2-10 are suitable for the stencils of Figures 
3.2-7 and 3.2.9b, respectively. 

12. Do the schematic analogous to (3.2.31) for updating the black, green, and white 
points. Consider also the case that N >" 4M and discuss the problems you 
encounter. 

13. Verify that the coloring of Figure 3.2-14 is suitable for a line SOR method for 
the stencils (a) and (c) of Figure 3.2-9. 

14. For the nine-point stencil of Figure 3.2-7 show that the three four-color orderings 

GORB OBOB 

RBGO GRGR 
GORB BOBO 

RBGO RGRG 

GOGO 

RBRB 
GOGO 
RBRB 

are the only ones (up to permutations of the colors) that decouple the stencil 
points. 

15. Write a pseudocode for carrying out the SOR method with four colors using 
the special approach of Figure 3.1-8. 

16. Apply the Conrad-Wallach trick for w = 1 to the discrete Poisson equation 
(3.1.5). Do the same when the equations are reordered using the red-black 
ordering. 

17. Consider the differential equation """ + Uyy + u"Y = 4 on the unit square with 
u(x, y) = x2 + l on the boundary. Show that the exact solution is u(x, y) = 
x2 + y 2• For the discrete equations (3.2.24) with a = l and the right-hand side 
equal to 4h2 instead of 0, show that the exact solution is uiJ = x~ + y~. (Note 
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that these exact solutions are the same as for Uxx + Uyy = 4, as given in Exercise 
3.1-16!) 

18. For the discrete problem of Exercise 17, write a pseudocode to implement the 
multicolor SOR method. Estimate the running time per iteration as a function 
of N. 

19. Use (3.2.54) to verify the relation (3.2.57). 

References and Extensions 3.2 

1. The Gauss-Seidel, SOR, and SSOR iterations, and their block and semi-iterative 
versions, are classical, and extensive discussions of their mathematical properties 
are given in Varga [1962] and Young [1971]. 

2. It is possible to add a relaxation factor to Jacobi's method also, but this is not 
usually done. However, Schonauer [1983] has reported promising results for a 
"meander" overrelaxed Jacobi method in which the relaxation parameter varies 
with the iteration number in a rather complicated way. 

3. It was recognized in the early days of parallel computing (see, for example, 
Ericksen [1972] and Lambiotte [1975]) that the red-black ordering for the 
discrete Poisson equation allowed a high degree of parallelism in the SOR 
method. Some years later, several authors independently advocated using more 
than two colors for more complicated situations; the treatment of multicoloring 
in the text follows that of Adams and Ortega [1982]. The effect of multicoloring 
on the rate of convergence is still not completely clear, although Adams and 
Jordan [1985] have shown that in some situations the asymptotic rate of conver­
gence using certain multicolor orderings is identical to that using the natural 
ordering. See also Adams et al. [1987] for the analysis of rate of convergence 
of four-color orderings applied to a nine-point discretization of Poisson's 
equation and Adams [1986] for further discussion of multicolor orderings. Kuo 
et al. [1987] analyze an SOR method using a red-black ordering on a mesh­
connected array, and using relaxation factors wu that are a function of the grid 
point. Saltz et al. [1987] study communication times in implementing the red­
black SOR method on a local memory system. They also show that convergence 
testing can require an inordinate amount of time on such systems and suggest 
various statistical tests. The idea of multicoloring has also been used by Berger 
et al. [1982] for the assembly of finite element equations. 

4. O'Leary [1984] has proposed other types of multicolor orderings, one of which 
is illustrated below. 

3 3 1 
3 3 2 
3 

1 3 3 1 2 3 3 
233223 

1 
2 2 
2 3 
3 3 

1 2 2 1 1 
1 3 3 1 1 
2 3 3 2 2 
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Here, the nodes are grouped in blocks of five, except at the boundaries. First, 
all points labeled 1 are ordered, followed by all points labeled 2, then all points 
labeled 3. The resulting system has the form (3.2.28) with c = 3, but now the 
D; are block diagonal matrices with blocks that are 5 x 5 or less. A block SOR 
iteration can then be carried out with block Jacobi sweeps that involve solving 
5 x 5, or smaller, systems. 

5. The Conrad-Wallach trick is given in Conrad and Wallach [1977]. In a later 
paper (Conrad and Wallach [1979]) they extend the idea to more general 
"alternating iterations" 

where A = B1 - C, = B2 - C2 are splittings of A such that B1 and B2 are 
triangular. 

6. The data flow approach to SOR, as discussed in the text, was first implemented 
by Patel and Jordan [1984]. Subsequently, it was used by Adams and Jordan 
[1985] as a tool to analyze the rate of convergence of multicolor SOR. 

7. For the SOR method, as well as others, it is sometimes suggested that the 
diagonal elements of A should be scaled to unity before the iteration begins. 
If D is the diagonal of A, then v-• A will have diagonal elements equal to 1. 
However, in general, this will destroy the symmetry of A and the scaling 
v- 112 AD-112 is usually used when A is symmetric and D has positive diagonal 
elements. If this scaling is done, then no divisions (or multiplications by D-1 ) 

are required during the SOR iteration. However, an analysis for a given problem 
must be done to indicate whether this savings is greater than the work at the 
outset to do the scaling. This depends, of course, on the number of iterations, 
but in many problems, scaling is a worthwhile tactic. 

8. Computational results on the CDC CYBER 205 and CRA Y-1 for the SOR 
method using the red-black ordering are reported by Young et at. [1985] and 
Kincaid et at. [1986a,b]. Houstis et at. [1987] use a block SOR iteration to solve 
the system of equations resulting from cubic spline collocation discretization 
of Poisson's equation. Both synchronous and asynchronous versions are con­
sidered, and timing results are given on the CYBER 205, an Alliant FX/8 with 
eight processors, a Flex/32 with seven processors, and a Sequent Balance 21000 
with 24 processors. See also Plemmons [1986] for a parallel block SOR method 
with application to structural analysis problems, and Saad, Sameh, and Saylor 
[1985] for Chebyshev semi-iterative methods. 

9. O'Leary and White [1985] (see also Neumann and Plemmons [1987] and White 
[1987]), consider multisplittings of A of the form 

i = 1, ... ' k, 

k 

H = L D;Bi'C~o 
i=l 
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to give the iteration xk+1 = Hxk +d. A number of standard methods, including 
the SOR method, can be cast in this form, which leads to another approach to 
parallelism. 

10. Reed, Adams, and Patrick [1987] study data transmission times as a function 
of processor interconnection, processor assignment, and grid stencil. In par­
ticular, they focus on triangular, square, and hexagonal interconnections and 
five- and nine-point stencils. Their thesis is that all three of these factors must 
be considered in unison, and consideration of only one or two will likely yield 
suboptimal results. Their theoretical results include the following: In a message 
passing environment, hexagonal partitions are best for five-point stencils, pro­
vided that small packet size transmissions are possible. If only large packet size 
transmission is possible, then the reverse conclusion is true. See, also, Patrick 
et al. [1987]. 

11. A very sophisticated use of the Gauss-Seidel iteration occurs in the multigrid 
method. Assume that a partial differential equation is discretized on a grid of 
points for which the approximate solution is desired. We call this the fine grid 
and subsets of these grid points are coarser grids. A multigrid method takes a 
number of Gauss-Seidel iterations on the fine grid, then stops and "injects" 
information from the fine grid to a coarser grid and performs several Gauss­
Seidel iterations on this coarser grid. The process is continued by using still 
coarser grids. Information from these coarser grids is transmitted back to the 
finer grids by interpolation. There are many important details in this process 
and many variations on the basic multigrid idea. Properly implemented, multi­
grid methods are increasingly becoming the method of choice for many problems. 
For an early basic paper, see Brandt [1977]. For more recent work on parallel 
and vector implementations, see, for example, Barkai and Brandt [1983], Chan, 
Saad, and Schultz [1987], Gannon and van Rosendale [1986], Chan and 
Tuminaro [1987], Kamowitz [1987], and Naik and Ta'asan [1987]. McBryan 
[1987] studies a number of methods (SOR, conjugate gradient, multigrid) on a 
32,000 processor Connection Machine. 

3.3. Minimization Methods 

If the real n x n matrix A is symmetric and positive definite, then 
(Exercise 3.3-1) the solution of the linear system Ax= b is equivalent to 
minimizing the quadratic function 

(3.3.1) 

There is a large number of iterative methods for minimizing the function 
Q of {3.3.1). Most such methods are of the general form 

k = 0, 1, ... {3.3.2) 
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k p k 
X 

Figure 3.3-t. Moving along direction vector. 
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where the pk are direction vectors and the scalars ak determine the distance 
to be moved along pk, as illustrated in Figure 3.3-1. A variety of different 
methods are possible depending on how the ak and the pk are chosen. 

Perhaps the most natural way to choose the ak is to minimize Q in the 
direction pk, so that ak satisfies 

(3.3.3) 

For fixed xk and pk, (3.3.3) is a minimization problem in a single variable 
a and can be solved explicitly. For ease of notation, we drop the superscripts 
on xk and pk. Then 

q(a) = Q(x- ap) = ~(x- ap)TA(x- ap)- bT(x- ap) 

= ~pTApa2 - pT(Ax- b)a + !xT(Ax- 2b) (3.3.4) 

Since A is assumed to be positive definite, p rAp > 0 and the quadratic q 
in a is minimized when q'( a) = 0 or, in terms of xk and pk, when 

(3.3.5) 

This is illustrated in Figure 3.3-2. 

Figure 3.3-2. One-dimensional minimization. 
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Univariate Relaxation 

Let e1 be the vector with 1 in the ith position and zeroes elsewhere. 
One of the simplest choices of the direction vectors is e1 , ... , e", taken 
cyclically: 

... , p" = e1,. . . (3.3.6) 

Note that eT Ae1 = ajj and 

n 

ei(Ax- b)= L aiix1 - b1 
j=1 

Thus, if pk = e, and ak is chosen by the minimization principle (3.3.5), the 
next iterate xk+1 is given by 

(3.3.7) 

In (3.3.7), xk+ 1 and xk differ only in the ith component. Indeed, (3.3.7) is 
equivalent to minimizing Q in the ith variable x1 with all other variables 
held constant at their values in xk. 

Now consider the first n steps written for only the components that 
change and noting that xJ = xJ, until the jth component is changed: 

i 0 0 1 (1-1 . n 0 ) x 1 = x1 - a1 = X 1 -- L aii.x1 + L aiix1 - b1 
a;; 1-1 J=l 

1 ( · o) = - b; - L au.x1- L aux1 , 
a;; J<l J>i 

i = 1 ... n (3.3.8) 

The first n steps of univariate relaxation constitute one Gauss-Seidel itera­
tion so that the Gauss-Seidel method is equivalent to combining n successive 
univariate relaxation steps and calling the result the next Gauss-Seidel 
iterate. 

Overrelaxation 

For any method of the form (3.3.2), we can add a relaxation parameter 
w to the minimization principle so that ak is chosen to be 

(3.3.9) 
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where ak is now the value of a that minimizes Q in the direction pk. This 
is illustrated in Figure 3.3-3 for an w > 1. Thus with an w ~ 1, the new xk+l 
no longer minimizes Q in the direction pk. 

It is clear from Figure 3.3-3 that Q(xk - wakpk) < Q(xk) for w > 0 
until a value of w is reached for which Q(xk - wakpk) = Q(xk). By the 
symmetry of a quadratic function in a single variable about its minimum, 
it follows that this value of w is 2 as illustrated in the figure. Thus Q(xk+1) < 
Q(xk) if 0 < w < 2, and Q(xk+1) ;;, Q(xk) otherwise (Exercise 3.3-3). It is 
this descent property for 0 < w < 2 that is the basis of the Ostrowski-Reich 
Theorem 3.2.3 for the convergence of the SOR iteration. 

Steepest Descent 

For a function g of n variables, the negative of the gradient vector V g 
evaluated at a point x gives the direction of maximum local decrease of the 
function g at x. Hence, a natural choice for the direction vector pk of a 
minimization algorithm is 

(3.3.10) 

and this defines the method of steepest descent 

(3.3.11) 

which is also known as Richardson's method. Note that if A is normalized 
to have diagonal elements equal to 1 and ak = 1, then (3.3.11) reduces to 
the Jacobi iteration (Exercise 3.3-4). 

In spite of the fact that moving in the direction of the negative gradient 
vector gives a maximum local decrease in the function value, the method 
of steepest descent generally converges very slowly. 

Q( k) 

Figure 3.3-3. Overrelaxation. 
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Conjugate Direction Methods 

An extremely interesting and important class of methods, called conju­
gate direction methods, arises when there are n direction vectors p0, ••• , p"-1 

that satisfy 

i-:l:j (3.3.12) 

Such vectors are orthogonal with respect to the inner product (x, y) = x T Ay 
defined by A, and are also called conjugate with respect to A. 

One of the basic properties of conjugate direction methods is given by 
the following result. 

3.3.1. CoNJUGATE DIRECTION THEOREM. If A is a real n x n symmetric 
positive definite matrix and p0, ••• , p"-1 are nonzero vectors that satisfy 
(3.3.12), then for any x0 the iterates xk+1 = xk- akpk, where ak is chosen by 
the minimization principle (3.3.5), converge to the exact solution of Ax= b 
in no more than n steps. 

Note that Theorem 3.3.1 guarantees not only that the iterates converge 
but also that, in the absence of rounding error, they do so in a finite number 
of steps, no more than n. Thus, conjugate direction methods are really direct 
methods, but their utility still lies in being treated as iterative methods as 
will be discussed further shortly. 

To see why 3.3.1 should be true, consider first a quadratic function 

(3.3.13) 

for which the matrix A is diagonal. It is easy to see (Exercise 3.3-5) that 
univariate relaxation minimizes the function (3.3.13) in n steps. But 
e1 , ••• , e" constitute a set of conjugate directions with respect to a diagonal 
matrix and thus, in this case, univariate relaxation is equivalent to the 
conjugate direction method in which p;-1 = e;, i = 1, ... , n. 

In general, if P is the matrix with columns p0, ••• , p"-1, then (3.3.12) 
is equivalent to pT AP = D, where Dis a diagonal matrix. Hence, with the 
change of variable x = Py, the quadratic form (3.3.1) becomes 

(3.3.14) 

and thus is of the form (3.3.13) in they variables. It is easy to see that the 
conjugate direction method in the original x variables is equivalent to 
univariate relaxation in the y variables (Exercise 3.3-6) and it follows from 
the previous discussion that the quadratic function will be minimized in at 
most n steps. 
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Alternatively, one can give a direct proof of 3.3.1 as follows. First, 
observe that 

Thus, using the conjugacy of pj and pk if j ~ k and the definition (3.3.5) 
of ak if j = k, it follows that 

j<k 

= 0, j = k 

Therefore 

for j = 0, ... , n - 1, and since p0, • •• , p"- 1 are linearly independent we must 
have Ax" - b = 0. It may happen that Axm = b for some m < n, in which 
case we are already at the solution. 

In order to utilize a conjugate direction method we must, of course, 
have the vectors pj which satisfy (3.3.12). One classical set of conjugate 
vectors are the eigenvectors of A. Let x1 , ••• , x" be n orthogonal eigenvectors 
with corresponding eigenvalues A~> ... , An. Then 

so that the X; are conjugate with respect to A. This does not provide a 
practical approach to a conjugate direction method, however, since finding 
all the eigenvectors of A is a much more substantial problem than solving 
the linear system. 

Another possibility is to orthogonalize a set of linearly independent 
vectors Y~> ..• , Yn with respect to the inner product (x, y) =xrAy. This, 
however, is also too costly. 

The Conjugate Gradient Method 

The most efficient way, in general, to obtain a set of conjugate direction 
vectors to be used in solving Ax = b is the conjugate gradient method, which 
generates the direction vectors in conjunction with carrying out the conjugate 
direction method. The basic algorithm is given below, in which we use the 
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inner product (x, y) = x T y, and rk = b- Axk is the residual at the kth step. 
In this form of the algorithm, we have replaced the computation of ak 
as given by (3.3.5) by another formulation that is equivalent in the 
conjugate gradient algorithm. The validity of this replacement is discussed 
in Appendix 3. 

Fork= 0, 1, ... 

(3.3.15a) 

(3.3.15b) 

(3.3.15c) 

if llrk+tll~;;,;. e, continue (3.3.15d) 

(3.3.15e) 

(3.3.15f) 

In the above, (3.3.15c) computes the next residual since 

Because Apk is already known, this saves the multiplication Axk. The final 
two steps compute the next conjugate direction; it is shown in Appendix 3 
that these pk actually are conjugate. Thus, on the basis of Theorem 3.3.1, 
the conjugate gradient iterates converge, in exact arithmetic, to the solution 
of Ax = b in no more than n steps. We note that there are several other 
equivalent formulations of the conjugate gradient algorithm; some of these 
are given in Appendix 3. 

The conjugate gradient method is invariably used in conjunction with 
some form of preconditioning, and this will be the topic of the next section. 
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Parallel and Vector Implementation 

The methods of this section rely heavily on inner products and the 
matrix-vector multiplication Ap. In particular, we next tabulate the overall 
computational requirements of the conjugate gradient algorithm: 

(3.3.15a): Ap\ one inner product, [(r\ rk) is already known] one divide 

(3.3.15b): one linked triad 

(3.3.15c): one linked triad (Apk is already known) 

(3.3.15d): one inner product, one compare 

(3.3.15e): one divide [(rk+\ rk+l) and (r\ rk) are already known] 

(3.3.15f): one linked triad 

Thus the total requirements for one iteration are 

evaluation of Apk 

two inner products 

three linked triads 

two scalar divides, one scalar compare 

We have used in (3.3.15d) one of many possible convergence tests. The 
advantage of (3.3.15d) is that it requires virtually no extra work since 
(rk+l, rk+t) will be needed on the next step if convergence has not occurred. 
In contrast, a test on llxk+t- xkll = llakpkll requires splitting the linked triad 
of (3.3.15b) as well as a separate computation of the norm. 

For any substantial problem, the computational requirements of the 
conjugate gradient algorithm will be dominated by the evaluation of Apk 
and it is critical that this computation be done efficiently. For example, if 
A is a diagonally sparse matrix, it is likely on vector machines that A should 
be stored by diagonals, and the matrix-vector multiplication-by-diagonals 
technique of Section 1.3 be used. In those cases where A contains at least 
some constant diagonals further savings can be made. As an extreme 
example, consider the matrix (3.1.7) for the discrete Poisson equation on 
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a square. Here, if the vector pis partitioned commensurately with A we have 

T -I p, Tp,- P2 
-I P2 Tp2- p,- PJ 

Ap= = (3.3.16) 

-I PN-1 TPN-1 - PN-2- PN 
-I T PN TpN- PN-1 

The products Tp, can in turn be evaluated by 

Tp1 = 4p1 - [ :., l [ :::] 
PiN-1 0 

(3.3.17) 

This evaluates the product in a way analogous to carrying out the Jacobi 
iteration on a grid using vectors of length N. Indeed, since A = D(I - H), 
where D is the main diagonal of A and H is the Jacobi iteration matrix, 
A and H have exactly the same structure with the exception that the main 
diagonal of H is zero. Hence, multiplication of a vector by A or H involves 
exactly the same considerations. In particular, carrying out (3.3.16) using 
vectors of length O( N 2) would require using the same techniques as with 
Jacobi's method, namely, working with vectors oflength O((N + 2)2), which 
would include the boundary positions, or evaluating Ap by matrix-vector 
multiplication by diagonals. The details of these approaches are left to 
Exercise 3.3-7. 

The above discussion pertains primarily to the implementation of the 
conjugate gradient method on vector computers. On parallel systems, the 
assignment of the components xk to the processors also determines the 
assignment of pk and rk. For example, for the discrete Poisson equation, 
or a more general equation, the assignment of a grid point to a processor 
implies that the components of x\ p\ and rk associated with that grid point 
are all assigned to the same processor. Then, the multiplication of Apk 
follows exactly the discussion of Jacobi's method in Section 3.1, with pk 
now playing the role of the unknowns. The inner products are done by a 
fan-in and ak must then be broadcast to the other processors. The linked 
triad operations for xk+l, pk+l, and rk+l are particularly efficient since each 
processor just updates the components it is assigned. Thus, the key aspect 
in implementing the conjugate gradient algorithm efficiently on parallel 
machines is the multiplication Apk, which depends on the structure of A. 
However, even if this can be done efficiently, the necessary inner products 
may degrade the parallel efficiency somewhat. 
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Domain Decomposition 

One of the advantages of the conjugate gradient method is that the 
coefficient matrix A does not need to be known explicitly as long as the 
product Ap can be evaluated. We will illustrate this by means of the domain 
decomposition technique discussed in Section 2.3. 

Consider the system (2.3.22), which we rewrite here under the assump­
tion that the coefficient matrix is symmetric so that C1 = B i: 

= (3.3.18) 

Bi 
In order to carry out Step 2 of the domain decomposition algorithm of 
Figure 2.3-16 we need the system Axs = b, where 

A p T -1 
b = bs- L B1 A1 b1 (3.3.19) 

i=l 

In many problems, the matrices A1 and B1 will be sparse, but that need not 
be the case for the BT A~1 B, and, hence, A. In order to utilize the original 
sparsity, we will a11ply the conjugate gradient method to Ax~ = b without 
explicitly forming A. Recall that we showed in Section 2.3 that A is symmetric 
positive definite if the coefficient matrix of (3.3.18) is positive definite. 

Let p be any direction vector. Then we can compute Ap without forming 
A as shown in Figure 3.3-4. The formation of the vector b is done in a 
similar way. The solution of the systems in Step 2 could be accomplished 
by using the Choleski decompositions A1 = L,LT needed for the remainder 
of the algorithm of Figure 2.3-16. 

Recall that in the algorithm of Figure 2.3-16 the formation of A and 
b and the solution of Axs = b were the only parts that were not necessarily 
highly parallel. If we use the conjugate gradient method for Axs = b, with 
the computation of Ap as described above, then the whole algorithm is 
potentially highly parallel. Assuming that we utilize p processors, each of 

Step 1. Form y1 = B1p, i = 1, ... ,p 
Step 2. Solve the systems A1z1 = y, i = 1, ... , p 
Step 3. Form w1 = BTz, i = 1, ... ,p. 

.. p 
Step 4. Form Ap = Asp- I: w1• 

1-1 

Figure 3.3-4. Formation of Ap. 
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Steps 1 to 3 in Figure 3.3-4 can be distributed across the processors and 
done in parallel with no communication. Only Step 4, as well as the 
computation of the inner products in the conjugate gradient method, will 
require fan-ins and communication. 

Exercises 3.3 

1. If A is symmetric and positive definite, verify that the minimum of the quadratic 
function (3.3.1) is taken on at the solution of Ax= b. 

2. Show that (3.3.5) gives the minimum for (3.3.3). 

3. If ak is the minimizer of Q(xk - apk), verify that Q(xk - wapk) < Q(xk) if and 
only if 0 < w < 2. 

4. Show that if A has diagonal elements equal to 1 and ak = 1, then (3.3.11) is the 
Jacobi iteration. 

5. Verify that univariate relaxation minimizes the quadratic function (3.3.13) in n 
steps. 

6. Let P = (p0, ... , p"-1) where the p1 are conjugate with respect to A. Note that 
p-1p1- 1 = e1 and thus a conjugate direction step x1 = x1- 1 - a 1_ 1p1- 1 in the 
variables y = p-Ix is 

Show that this is identical to the ith univariate relaxation step applied to (3.3.14). 

7. Discuss the implementation of (3.3.16) using vectors of length O((N + 2)2) by 
incorporating the boundary values, and using vectors oflength O(N2) by matrix­
vector multiplication by diagonals. 

References and Extensions 3.3 

1. Minimization methods are discussed (for serial computers) in a variety of books. 
See, for example, Dennis and Schnabel [1983], which includes nonquadratic 
problems. The older book by Forsythe and Wasow [1960] contains much informa­
tion on the classical methods, such as univariate relaxation and steepest descent, 
for quadratic problems. 

2. The conjugate gradient method was developed by Hestenes and Stiefel [1952], 
who analyzed its basic properties. Since, in exact arithmetic, the conjugate gradient 
method converges to the exact solution in n steps, it can be viewed as a direct 
method and an alternative to Choleski factorization. But rounding error destroys 
this finite convergence property, and it was soon realized that the method was 
not a viable alternative to factorization for dense systems. Reid [1971], however, 
following earlier work of Engeli et a/. [1959], observed that for certain large 
sparse problems, such as arise from discretized partial differential equations, 
conjugate gradient methods gave sufficiently good convergence in far less than 
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n iterations. This spurred a revival of interest in the method, especially when 
preconditioning is used, as will be discussed in the next section. An annotated 
bibliography of papers concerning the conjugate gradient method in the period 
1948-1976 is given in Golub and O'Leary [1987]. 

3. It is shown in Appendix 3 that the 2-norms of the error vectors, x - x\ decrease 
monotonically. The same is not necessarily true for llrklb, the 2-norm of the 
residuals. Indeed, Hestenes and Stiefel [1952] give an example in which the 
norms of the residuals increase at every step except the last! Although this is an 
extreme case, it is not unusual to see llrk lb fluctuate as the iteration proceeds. 
However, in the norm defined by llrll2 = rT A-1r, the residuals do decrease at each 
iteration. This follows from 

and it is this quadratic form that the conjugate gradient method decreases at 
each step. 

4. Block conjugate gradient algorithms can be formulated and have the potential 
of requiring less communication time. See O'Leary [ 1987] for further discussion 
and a parallel implementation. 

5. Theoretical results on the rate of convergence of the conjugate gradient method 
are given in van der Sluis and van der Vorst [1986], and Axelsson and Lindskog 
[1986]. 

3.4. The Preconditioned Conjugate Gradient Method 

The result of the previous section that conjugate direction methods 
converge in at most n steps is of only theoretical interest, and we wish to 
view the conjugate gradient algorithm as an iterative method. In this case, 
an estimate of the rate of convergence is given by 

(3.4.1) 

where x is the exact solution of the system, 

a= (./K- 1)/(./K + 1) (3.4.2) 

and 

(3.4.3) 

In (3.4.3), 1< is the condition number of A in the 12 norm, and it is assumed 
that A is symmetric positive definite with eigenvalues An ;;;, • • • ;;;, A 1 > 0. 
The estimate (3.4.1) is proved in Appendix 3. 
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Note that a= 0 when K = 1, and a-+ 1 as K-+ oo. Hence, the larger 
K, the closer a will be to 1 and the slower will be the rate of convergence. 
This leads to the concept of preconditioning A by the congruence transfor­
mation 

(3.4.4) 

where S is a nonsingular matrix chosen so that cond(A) < cond(A). The 
system to be solved is then 

(3.4.5) 

where i = s-T x and b = Sb. 
In principle, we can achieve a perfectly conditioned matrix A by the 

choice S = A - 112 so that A = I and the system (3.4.5) is trivial. Of course, 
this is not a practical approach. 

The simplest preconditioning is with a diagonal matrix S = D; unfortu­
nately, this will usually not reduce the condition number enough to be 
useful, and in the sequel we will examine several other types of precondition­
ers. As opposed to the use of a diagonal matrix, these more complicated 
preconditioning matrices will tend to destroy the sparsity of the matrix A. 
For this reason, as well as to avoid the work necessary to carry out the 
congruence (3.4.4), we will formulate the conjugate gradient method so as 
to work with the original matrix A, although the sequence of conjugate 
gradient iterates will be that for the system (3.4.5). To see how this can be 
done, we first write the conjugate gradient algorithm (3.3.15) for the system 
(3.4.5): 

Fork= 0,1, ... 

A ("k Ak)/("k)TA"'"k ak =- r ,r p p (3.4.6a) 

(3.4.6b) 

(3.4.6c) 

a = ("k+l ... k+i>l<"k "k) ,.,k r , r r , r (3.4.6d) 

Ak+) Ak+) + Q Ak P = r 1-'kP (3.4.6e) 
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The vectors xk = srx.k are the preconditioned conjugate gradient iter­
ates expressed in terms of the original variables, and we wish to find the 
algorithm corresponding to (3.4.6) that the .xk will satisfy. It suffices to 
examine the first step (k = 0) of (3.4.6). We have 

The vector p0 satisfies p0 = s-T p0 and p0 = r0 • Hence 

and 

The last relation suggests that we define a new quantity 

(3.4.7) 

and then 

Multiplying (3.4.6b) by ST and (3.4.6c) by s-t gives 

and 

For (3.4.6d), we note that 

i = 0,1 

and thus 

Finally, we multiply (3.4.6e) by sr to obtain 
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The above formulas give the basis for writing the preconditioned 
conjugate gradient algorithm in terms of the matrix A. Before stating the 
algorithm explicitly, however, we discuss the computation of the auxiliary 
vector r of (3.4.7). If we knew the preconditioning matrix S, or the matrix 
srs, we could obtain r by the indicated matrix multiplication. However, 
our approach to obtaining the preconditioning will be through a symmetric 
positive definite matrix M that approximates A, and the matrix S is defined 
only implicitly by 

(3.4.8) 

Since we will usually know M, and not M- 1, the computation of the auxiliary 
vector of (3.4.7) will be obtained by solving the linear system Mr = r. It is 
in these terms that we give the following Preconditioned Conjugate Gradient 
(PCG) method: 

Fork= 0, 1, ... 

Test for convergence 

Solve Mrk+l = l+1 

(3.4.9a) 

(3.4.9b) 

(3.4.9c) 

(3.4.9d) 

(3.4.9e) 

(3.4.9f) 

(3.4.9g) 

In the above algorithm, we have dropped the caret previously used on the 
ak and f3k· Note that if M = I, the preconditioned conjugate gradient 
algorithm reduces to the conjugate gradient algorithm of (3.3.15). 

Since the auxiliary system Mr = r must be solved at each conjugate 
gradient iteration, it is critical that this system be "easy" to solve. On the 
other hand, in order that the preconditioning be effective, we want M to 
be a "good" approximation to A. Clearly, the two requirements are in 
conflict since the more closely M approximates A, the more likely that the 
system Mr = r will be nearly as difficult to solve as the system Ax = b. 
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We next discuss in what sense we wish M to approximate A. By (3.4.4) 
and (3.4.8), the preconditioned matrix A satisfies 

srAs-T = srsA = M- 1A (3.4.10) 

Therefore, the matrix M-1 A is similar to A and thus 

(3.4.11) 

the ratio of the maximum and minimum eigenvalues of M-1 A. Thus, since 
our goal is to reduce the condition number of A as much as possible, the 
criterion for the approximation of A by M is that the ratio of the largest 
and smallest eigenvalues of M-1 A be as small as possible. In principle, we 
can make cond(A) = 1 by choosing M = A, but, of course, this is not a 
practical choice. We shall consider in the sequel several approaches to 
obtaining the matrix M, including truncated series expansions and incom­
plete factorizations. We first give a short discussion of the convergence test 
(3.4.9d). 

If we use the same test, llrk+JII~ < e, as in the conjugate gradient 
algorithm (3.3.15), we have to calculate (rk+l, rk+ 1) separately since it no 
longer appears in the algorithm. What does appear is (ik+l, rk+l) = 
(M- 1rk+J, rk+l), which is an inner product defined by M-1• We can consider 
using this quantity for the convergence test, but it can indicate convergence 
even though llrk+llb is larger than we would like. Therefore, it may be 
prudent to make an auxiliary check on llrk+ 1lb itself once the other test has 
been passed. In this case, (3.4.9d) would take the form 

If (i:k+l, rk+J) ;;;;:: e, continue 
(3.4.12) 

Otherwise, if (rk+l, rk+l) ;;;;:: e, continue 

This convergence test would be placed after (3.4.9e), which forms ik+•. 
Note that the use of (rk+J, rk+1) may cause more iterations than using 
(rk+l, rk+l) although this is usually not the case. 

Truncated Series Preconditioning 

We now consider a rather general approach to preconditioning, which 
is based on the following series representation of A -•. 

3.4.1. THEOREM. Let A be ann x n nonsingular matrix and A = P- Q 
a splitting of A such that P is nonsingular and the largest eigenvalue in 
magnitude of p-•o is less than 1. Then, with H = p-•o, 

(3.4.13) 
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PROOF By the Neumann expansion (See Appendix 4), the series for 
H converges and equals (I- H)- 1• But A= P- Q = P(I- H) so the 
result follows. 0 

On the basis of (3.4.13), we can consider the matrices defined by 

M = P(I + H + · · · + H'"- 1)-\ 

M-1 =(I+ ... + H'"-I)p-1 
(3.4.14} 

to be approximations to A and A -l, respectively. Thus, the solution of the 
auxiliary system Mr = r is effected by 

(3.4.15) 

This is not, however, to be carried out by forming the matrix H and the 
indicated truncated series. Rather, we recognize (Exercise 3.4-1} that r, as 
given by (3.4.15), is the result of applying m steps of the iterative method 

i = 0, 1, ... , m - 1, (3.4.16) 

and setting r = r'". We call (3.4.16} the subsidiary iterative method. 
We next give some specific preconditioners based on this approach. 

For the point Jacobi method, Pis the diagonal of A and (3.4.16) amounts 
to taking m Jacobi iterations. This gives the m-step Jacobi PCG Method in 
which (3.4.9e) becomes 

Do m Jacobi iterations on Ar = rk+l to obtain rk+l (3.4.17) 

In (3.4.17) the starting value for the iteration is zero, as in (3.4.16). The 
solution of Mr0 = r0 would be obtained in the same way. 

Mechanistically, we can use the Gauss-Seidel and SOR iterations to 
carry out (3.4.16}. However, these methods do not yield a symmetric and 
positive definite matrix M, as required by the theory. Indeed, for the 
Gauss-Seidel method and m = 1, M = P = D - L where Dis the diagonal 
of A and - L the strictly lower triangular part. Hence, M is not symmetric 
for m = 1 and this property persists for the SOR method and for all m > 1 
(Exercise 3.4-2). This difficulty can be overcome by use of the SSOR method, 
and m SSOR iterations gives the m-step SSOR PCG method. In this case, 
the Jacobi iterations (3.4.17} are replaced by SSOR iterations. 

We need to verify that use of the SSOR method does indeed give a 
symmetric positive definite matrix M. This will be a consequence of the 
following theorem, which will also apply to the Jacobi and other precon­
ditionings. It is stated in terms of the matrix 

(3.4.18) 
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which is well defined whenever P- 1 exists. Note that M = R- 1 when R is 
nonsingular. 

3.4.2. THEOREM. Let A = P - Q be symmetric positive definite with P 
symmetric and nonsingular. With H = P- 1Q, the matrix R of (3.4.18) is 
symmetric and for any m ;;;.: 1 

1. If m is odd, R is positive definite if and only if Pis positive definite; 
2. If m is even, R is positive definite if and only if P + Q is positive definite. 

PROOF. Since A and P are symmetric, Q is also symmetric and it is 
easy to see (Exercise 3.4-3} that each term of 

R = p-1 + p- 1QP- 1 + p- 1QP- 1QP- 1 + · · · + p- 1op- 1 • • • p- 1oP- 1 

is symmetric. Thus, R is symmetric. 
Since H = P- 1(P- A)= I- P- 1A and A is positive definite, a result 

on the eigenvalues of the product of symmetric matrices (See Theorem 
A.2. 7 in Appendix 2) guarantees that the eigenvalues of p-l A, and hence 
those of H, are real. Let 

T = I+ H + · · · + H"'- 1 

and let A be any eigenvalue of H. Then the corresponding eigenvalue of T 
is 

1 +A+ ... + A m-1 = {(1- A "')/(1- A), 
m, A= 1 

A ;':- 1 

and the ratio is positive if m is odd. Hence, for odd m all eigenvalues of 
T are positive. Assume next that P is positive definite. Then, since T = RP, 
Theorem A.2.7 in Appendix 2 shows that R is positive definite. Conversely, 
if R is positive definite then, again, A.2.7 shows that P is positive definite 
and this completes the case of odd m. 

Next, assume that m is even. Since P +PH= P + P(P- 1)Q = P + Q, 
we have that 

= p- 1[(P + PH)+ (P + PH)H 2 + · · · + (P + PH)H"'-2]P-1 

Defining now T = I+ H 2 + · · · + H"'-2, it follows that the eigenvalues of 
T contain onl_y even powers of the eigenvalues of H and hence are 
positive. Set R = PRP = (P + Q)T. If P + Q is positive definite, then 
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T = (P + Q}- 1 R and, by A.2.7, R is positive definite. Conversely, if R is 
positive definite, then P + Q must be nonsingular and, again, A.2.7 ensures 
that P + Q is positive definite. But R is congruent to R and is positive 
definite if and only if R is positive definite. 0 

We next discuss the seemingly strange condition of Theorem 3.4.2 that 
the matrix P + Q be positive definite. For Jacobi's method, P = D, the 
diagonal of A, and Q = D - A. Then the requirement that P + Q be positive 
definite is just the necessary and sufficient condition that the Jacobi iteration 
be convergent, as stated in 3.1.2. This convergence result for Jacobi's method 
is a special case of the following more general convergence theorem for 
iterations defined by the splitting A = P- Q. Recall (see Appendix 2) 
that the necessary and sufficient condition for the corresponding iteration 
xk+ 1 = P-1Qxk + d to be convergent for all x 0 is that the spectral radius 
p(P- 1Q) < 1. The proof of the following convergence theorem is given 
in Appendix 2. 

3.4.3. THEOREM. Let A = P - Q and assume that A and Pare symmetric 
and positive definite. Then p ( p-1 Q) < 1 if and only if P + Q is positive definite. 

Theorem 3.4.2 showed that the matrix R of (3.4.18) is positive definite 
for all m if and only if both P and P + Q are positive definite. Thus, on 
the basis of 3.4.3 we can restate 3.4.2 in the following way. 

3.4.4. THEOREM. Let A = P - Q be symmetric and positive definite and 
P symmetric and nonsingular. With H = P-1Q, the matrix R of (3.4.18) is 
symmetric and positive definite for all m ~ 1 if and only if Pis positive definite 
and p(H) < 1. 

As noted previously, the matrix P must be symmetric in order that R 
be symmetric for all m. Then, by 3.4.4, for M to be positive definite requires 
that P be positive definite and that p(H) < 1, this latter condition implying 
that the iterative method defined by the splitting P - Q be convergent. In 
particular, since Jacobi's method can fail to be convergent for positive 
definite matrices A, the corresponding M need not be positive definite for 
even m. 

On the other hand, for the SSOR method, we can show that the matrix 
M is always positive definite, assuming as before that A is symmetric 
positive definite. If A = D - L - L T• it is shown in Appendix 2 that the 
matrices P and Q for the SSOR iteration are 

P = [w(2- w)]- 1(D- wL)D- 1(D- wLT), 

(3.4.19) 
Q = [w(2- w)]- 1[(1- w)D + wL]D- 1[(1- w)D + wLT] 
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Since D is positive definite, P and Q are positive definite for any 0 < w < 2 
except for w = 1 in which case Q is only semidefinite (Exercise 3.4-5). In 
any case P + Q is positive definite, and we conclude from 3.4.2 that the 
following result holds. 

3.4.5. THEOREM. If A is symmetric and positive definite and 0 < w < 2, 
then the matrices R of (3.4.18) and M of (3.4.14) obtained from the SSOR 
iteration are positive definite for all m. 

We next examine the effect on the rate of convergence of precondition­
ers of the form (3.4.14). By (3.4.11), we can estimate cond(A) if we can 
estimate the largest and smallest eigenvalues of M-1 A. Using (3.4.14) and 
writing A as P - Q we have 

M-1A =(I+ H + · · · + Hm-1)P-1(P- Q) 
(3.4.20) 

= (I + H + · · · + Hm-1)(1 - H) = I - Hm 

If A1, ... , An are the eigenvalues of H, it follows that the eigenvalues of 
M- 1A are 1- Aj, i = 1, ... , n. In the sequel, we will assume that P is 
symmetric and positive definite. Then, as in the proof of3.4.2, the eigenvalues 
of H are real and we assume that A1 ~ ···~An. If 8 = miniA;I, it is easy 
to show (Exercise 3.4-6) that 

1- A;" 
if At ;;3: 0 or AI <0 

1- A::' 
and m odd 

d(A) Amax(M-t A) 1-8m 
if At< 0, IAnl ;;3: IA1I, con = = 

Am;n(M-tA) 1- A:;' 
meven (3.4.21) 

1-8m 
if At < 0, IAtl ;;3: IAnl, 

1- Aj 
m even 

For SSOR preconditioning we need only the first case of (3.4.21). 

3.4.6. THEOREM. Assume that A is symmetric positive definite and 0 < 
w < 2. Let At~ · · · ~An be the eigenvalues of the SSOR iteration matrix 
H. Then A1 ;;3: 0 and form-step SSOR preconditioning 

... 1- Aj 
cond(A) =--

1- A:;' 

which is a strictly decreasing function of m. 

(3.4.22) 
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PROOF. As previously noted, the matrix P for the SSOR iteration is 
positive definite and Q is positive definite if w ¥:- 1. In this case, by Theorem 
A.2.7, the eigenvalues of H are positive. In the case that w = 1, Q is only 
positive semidefinite and the eigenvalues of H are non-negative (Exercise 
3.4-8). In either case, At ;;;;. 0 and (3.4.22) follows from the first part of 
(3.4.21). To show that cond(A) is a strictly decreasing function of m we 
note that, by Theorem A.2.11, the SSOR iteration is convergent, so that 
An < 1. Therefore, 

1- A;"+t (1- At)(1 +···+A;") 
1- A:;'+t (1- An)(1 +···+A:;') 

(1- At)(1 + · · · + A;"-t) 1- A;" 
< )( m t)=--m (I-An 1+•••+An- 1-An 

where the proof of the inequality is left to Exercise 3.4-7. 

(3.4.23) 

0 

The proof of Theorem 3.4.6 shows that cond(A) is a decreasing function 
of m for any iterative method for which the eigenvalues of H satisfy 
0 ~ At ~ · · · ~ An < 1. Otherwise, this may not be so, as shown by the 
following example of m-step Jacobi preconditioning applied to the discrete 
Poisson equation (3.1.5). By Exercise 3.1-21, the eigenvalues of the Jacobi 
iteration matrix are 

1 ( j7T k7T ) - cos--+cos--
2 N+1 N+1' 

j, k = 1, · · ·, N 

In particular, the largest and smallest eigenvalues satisfy 

1T N7T 
An =cos N + 1 =-cos N + 1 =-At. 

and 

{ 
N7T 

8 = cos2(N+ 1)' 

0, N odd 

N even, 
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Table 3.4-1. Conditian Numbers for Jacobi Preconditioning 

m 
cond(A) 

Thus, by (3.4.21) 

1 
830 

2 
208 

3 
276 

--' - __ n_ m odd 

cond(A) = ~ = ~:- 1 - A::'' !1-Am 1+Am 

--m, meven 
1- An 

For example, for N = 44, An = 0.9976 and 8 = 0 so that 

!1 + (0.9976)m 

cond(A) = 1 - (0.:976)m' 

1 - (0.9976)m' 

modd 

meven 

4 
104 

Chapter 3 

These values are shown in Table 3.4-1 for the first few values of m. We note 
that the condition number for m = 1 is just the condition number for A 
itself. This is because the main diagonal of A is all 4's and one step of 
Jacobi preconditioning only scales the matrix by these 4's and has no effect 
on the condition number. (See Exercise 3.4-10.) As shown in Table 3.4-1, 
cond(A) does not decrease monotonically as m increases. The effect of this 
on the m-step Jacobi preconditioned conjugate gradient method applied to 
the discrete Poisson equation is that, generally, using m steps with m odd 
results in more iterations than using m - 1 steps. For example, Table 3.4-2 
shows the number of iterations required for the system when N = 89. 

Polynomial Preconditioning 

The matrix R in (3.4.18) is a particular polynomial in the matrix H, 
times p-•. This suggests considering more general polynomials in H and 
defining R by 

m 
Iterations 

Table 3.4-2. Iterations for m-Step Jacobi PCG 

0 
45 

1 
45 

2 
23 

3 
36 

4 
21 

5 
30 

6 
18 

7 
26 

(3.4.24) 

8 
16 
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The idea now is to choose a 0, ... , am_ 1 to retain the positive definiteness 
of R and to minimize the ratio of the largest and smallest eigenvalues of 
RA = M- 1A. 

Computationally, the parameters a; are introduced into the iterative 
process by accumulating the appropriate linear combinations of the iterates 
as follows. If, at the kth stage of the PCG method, the subsidiary iterative 
process is represented by ri+ 1 = Hr; + p- 1r with r0 = 0, the computation of 
r is 

(3.4.25) 

where the parentheses indicate that rm is accumulated by linked triad 
operations as the iterates r; are produced, and only one additional vector 
of storage is required. The constants JL; in (3.4.25) are related to the a; of 
(3.4.24) by 

JL; + JLi+1 + · · · + J.Lm-1 = a;, i = 0, ... , m- 1 (3.4.26) 

so that J.Lm-1 = am-t. J.Lm- 2 = am-2 - JLm-t. and so on. The relation (3.4.26) 
arises as follows. As noted previously, the representation ofr;+ 1 is (I+ · · · + 
H;)P- 1r. If we put this into (3.4.25) and equate the coefficients of H;P- 1r 
in (3.4.24) and (3.4.25) we obtain (3.4.26). The detailed verification of this 
is left to Exercise 3.4-12. 

We now discuss how to obtain, in principle, the parameters 
a 0 , ••• , am_ 1. Under the conditions of 3.4.2, the matrix R of (3.4.24) is 
symmetric since the a; do not affect the symmetry argument of 3.4.2. Since 
H = I - p- 1 A, we can write 

so that RA is a polynomial in p- 1 A. We wish to choose the a; so that the 
eigenvalues of RA are positive. Since R is symmetric and A is symmetric 
positive definite, Theorem A.2.7 then guarantees that R, and hence M, is 
positive definite. In addition, we wish to choose the a; so that the eigenvalues 
of RA are as close to 1 as possible in some sense, and one way to proceed 
is the following. Let [a, b] be an interval that contains the eigenvalues of 
p- 1 A and let q be the polynomial 

Then RA = q(P- 1A) and the spectrum of RA is contained in {q(A): A E 

[a, b]}. Hence, one criterion for choosing the a; so as to minimize the ratio 
of the largest and smallest eigenvalues of RA is to minimize J~ [1 - q(A )] 2 dA 
over a 0, ... , am- 1. 
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To show the effect of polynomial preconditioning, we give in Table 
3.4-3 the results of calculations on a "plane stress" problem. In the first 
column is the number of steps of SSOR preconditioning and the P d~notes 
polynomial preconditioning. I is the number of iterations and T is the 
running time on a CDC Cyber 203 vector computer. Results are given for 
three successively larger problems, and as the size of the problem increases, 
the degree of the polynomial that gives the minimum running time also 
increases. 

The Eisenstat Trick 

In Section 3.2, we described the Conrad-Wallach trick for reducing 
the computation in carrying out the SSOR iteration, and we can use that 
procedure for SSOR preconditioning. We next describe another way, which 
we call the Eisenstat trick, to reduce the amount of computation. The 
assumption is that the preconditioning matrix M is of the form 

(3.4.27) 

where S is usually lower triangular and T is diagonal. For example, with 
one-step SSOR preconditioning, we have from (3.4.14) and (3.4.19) that 
M = P and 

s = (D- L), D=w-•n 
' 

T = w- 1(2- w)D (3.4.28) 

Table 3.4-3. Polynomial Preconditioning Results 

m I T I T I T 

0 112 0.133 157 0.213 536 3.293 
52 0.129 66 0.184 214 2.373 

2 38 0.143 so 0.208 152 2.428 
2P 31 0.116 40 0.167 118 1.885 

3 31 0.155 39 0.216 124 2.585 
3P 24 0.121 30 0.167 88 1.836 
4 28 0.176 36 0.249 108 2.780 
4P 22 0.138 24 0.166 67 1.726 
5 25 0.188 33 0.274 97 2.969 
5P 19 0.143 20 0.167 56 1.716 

6 23 0.202 30 0.290 89 3.158 
6P 18 0.159 18 0.175 47 1.670 
7P 43 1.739 
8P 36 1.634 
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The idea is to consider another preconditioned conjugate gradient 
method applied to the system 

G = s-1b (3.4.29) 

It is easy to see (Exercise 3.4.9) that the application of the PCG method 
with the preconditioning matrix M of {3.4.27) is equivalent to the PCG 
method with preconditioning matrix T- 1 applied to the system Ax= b. In 
terms of this new system, the PCG method takes the form 

Fork= 0, 1, ... 

k+l k A s-TAk 
X =X - CXk p (3.4.30) 

Note that in {3.4.30) we retain the original variables xk rather than the xk. 
We shall return to this point in a moment. 

The key consideration now is the evaluation of Ap in terms of the 
original matrix A. If A = D - L - L r, then we can write A in the form 

A= S+ ST- K, K = s + ST + L + L T - D (3.4.31) 

Setting t = s-T p, we have 

Thus, the evaluation of Ap requires the evaluation of K t plus the solution 
of the systems 

Sw=p-Kt (3.4.33) 
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But corresponding systems with coefficient matrices S and sr need to be 
solved to carry out the preconditioning at each step by the matrix M of 
(3.4.27). Hence, the Eisenstat trick will be a more efficient formulation 
provided that multiplication by K is more efficient than multiplication by 
A. Note that the quantity s-rpk in the update of xk is simply the current 
t computed in (3.4.33). Since this is known, it allows us to work in the 
original variables xk with no additional computation. 

In the application of the Eisenstat trick to one-step SSOR precondition­
ing, Sis given by (3.4.28) so that by (3.4.31) 

K = D- L+ D- LT + L+ LT-D= w- 1(2- w)D (3.4.34) 

Thus, the additional work for the formation of Ap requires only a multipli­
cation by a diagonal matrix and two vector additions. 

Parallel and Vector Implementation 

We next discuss the parallel and vector implementation of the PCG 
methods considered so far. The primary such method is the m-step SSOR 
PCG method, but we will begin with the m-step Jacobi PCG method. We 
have discussed in the previous section the implementation of the basic 
conjugate gradient method, and in Section 3.1 the implementation of the 
Jacobi iterations. It is now a question of combining these two. 

Consider first a vector computer that requires long vectors for efficiency. 
Then the Jacobi iterations to carry out the preconditioner should be done 
using vectors as long as possible. For boundary value problems, we would 
use the techniques discussed in Section 3.1 to achieve this. As was noted 
in the previous section, this strategem would also be used for evaluation 
of the matrix-vector product Apk needed for the conjugate gradient itera­
tion. 

For SSOR preconditioning, the Jacobi iterations would be replaced by 
SSOR iterations. We saw in Section 3.2 that in order to do SSOR iterations 
with long vectors we would use the red-black ordering of the grid points. 
For more general problems for which the red-black ordering does not 
suffice, the multicolor orderings of Section 3.2 would be used. 

We consider next a local memory parallel system. For either Jacobi or 
SSOR preconditioning, we distribute the unknowns to the processors as 
discussed in Section 3.1 and indicated in Figure 3.1-4. We also distribute 
the vectors p and r in the conjugate gradient iteration in the same fashion. 
The multiplication Apk and the computation of the inner products and 
linked triads in the conjugate gradient iteration is done as discussed in 
Section 3.3, and the preconditioning is carried out as in Section 3.1 for 
Jacobi and Section 3.2 for SSOR. 
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Incomplete Choleski Factorization 

We now begin another important approach to preconditioning which 
is based on incomplete factorizations of the matrix A. If LL T is the Choleski 
factorization of the symmetric positive definite matrix A and A is sparse, 
then the factor L is generally much less sparse than A because of fill-in. 
By an incomplete Choleskifactorization we shall mean a relation of the form 

A= LLT + R (3.4.35) 

where L is again lower triangular but R #- 0. One way to obtain such 
incomplete factorizations is to suppress the fill-in, or part of it, that occurs 
during the Choleski factorization. A simple example is the following. The 
matrix 

(3.4.36) 

is the Choleski factor of 

[2 1 1] 
A= 1 2 0 

1 0 2 
(3.4.37) 

and the (3, 2) element has filled in. If we wish an incomplete factorization 
that has zeros in the same positions as A, we could set to zero those elements 
in the Choleski factor in positions corresponding to zero elements in A. 
Thus, an incomplete factor for (3.4.37) would be the same as the L of 
(3.4.36) except the (3, 2) element would be zero. This approach has the 
disadvantage that all of the work of the Choleski decomposition would be 
done, and it is precisely this work, as well as the need for additional storage, 
that we wish to avoid. Hence, we desire not to compute any elements of L 
in positions corresponding to zero elements of A. This leads to the following 
incomplete Choleski no-fill factorization [IC(O)] principle: 

do the Choleski calculation of lij 
(3.4.38) 

if aij = 0, set lij = 0 

An algorithm for (3.4.38) is given in Figure 3.4-1. Note that if the "if" 
statement in Figure 3.4-1 is removed, then this is a complete factorization. 
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111 = al{l 
Fori= 2 ton 

For j = 1 to i - 1 
If a;j = 0 then l;j = 0 else 

( 
j-1 )/ 

l;j = a;j - k ~ 
1 

l;kljk IH 

( 
i-1 ) 1/2 

I;; = a;; - L ITk 
k=l 

Figure 3.4-1. Incomplete Choleski factorization. 
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(3.4.39) 

If the incomplete Choleski algorithm of Figure 3.4-1 is applied to the 
matrix (3.4.37), then the incomplete factor is 

L=2-t/2[~ 3112 l 
1 0 3112 

Note that the (3, 3) element has now changed, compared with (3.4.36}, as 
a consequence of the (3, 2) element being set to zero. 

The no-fill principle is a special case of the following more general 
way to specify incomplete factorizations. Let S = {(i, j}} be a given index 
set where i and j are between 1 and n. Then (3.4.38) is replaced by 

if (i,j} E S, do the Choleski calculation of Iii by (3.4.39} 
(3.4.40) 

if (i,j) e S, set /ij = 0 

If S = {(i,j): aii 'I 0}, then (3.4.40} reduces to the no-fill principle (3.4.38}. 
However, by suitable choice of S, the no-fill principle can be relaxed to 
allow a certain amount of fill and there are many such possibilities. For 
example, if A is a diagonally sparse matrix, one common approach is to 
allow the incomplete factor L to have a few more nonzero diagonals than 

, A itself (counting only the number of diagonals of A on one side of the 
main diagonal, of course). In particular, for a five-diagonal matrix, such as 
the Poisson matrix (3.1.7), the IC(h, k) principle allows h + k diagonals 
below the main diagonal of L. This is illustrated in Figure 3.4-2, where it 
is assumed that A has two nonzero diagonals below the main diagonal. 
Then, h - 1 additional diagonals are allowed to fill adjacent to the first 
subdiagonal, and k - 1 additional diagonals adjacent to the last diagonal. 
Thus, the IC(l, 1) principle is just the no-fill principle. Several other fill 
strategies are possible by suitable choices of the set S. 
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h 

k 

Figure 3.4-2. The IC(h, k) principle. 

If LL r is an incomplete decomposition, then the matrix R = A - LL r 
is necessarily nonzero. However, zero elements of R may occur in a predeter­
mined fashion. An incomplete decomposition is regular with respect to the 
set S if ru = 0 whenever (i,j) E S. It is always the case that an incomplete 
decomposition obtained from (3.4.40) is regular since the specification 
(3.4.39) for the calculation of lu implies that 

j 

ru = au - L l;k~k = 0 
k-J 

(3.4.41) 

However, incomplete factorizations that do not come from (3.4.40) need 
not be regular. 

Incomplete Choleski decomposition of a symmetric positive definite 
matrix cannot necessarily be carried out, in contrast to a complete decompo­
sition. It may fail because the square root of a negative number is required 
to compute a diagonal element, or, in case of the root-free form LDL r, the 
matrix D may not be positive definite. We next state, without proof, a result 
that guarantees that an incomplete factorization can be carried out. Recall 
that an M matrix has nonpositive off-diagonal elements and a non-negative 
inverse (see Appendix 2, Definition A.2-12). A matrix A with positive 
diagonal elements is an H matrix if the matrix A with elements a!l = -laul. 
i :F j, and a;; = a;; is an M matrix. 

3.4. 7. THEOREM. If A is a symmetric H-matrix, then for any choice of 
the setS, the incomplete factorization (3.4.40) can be carried out. 

In case the conditions of 3.4.7 are not satisfied, the incomplete 
decomposition may fail for a symmetric positive definite matrix, and there 
have been several suggested remedies for this. Suppose that at the ith stage 
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1~1 ~ 0, which would require the square .root of a negative number or would 
mean that L is singular if 171 = 0. One of the simplest ideas is to replace If, 
by a positive number; one particular choice for this number is the previous 
diagonal element if- 1•1_ 1• Another strategy is to replace if, by U::j<t llul}2, 

which ensures that the new ith row of L is diagonally dominant. 
A different approach is based on 3.4.7 and called the shifting strategy. 

Define A= al +A. Clearly, for some choice of a> 0, A is strictly 
diagonally dominant. Since a strictly diagonally dominant matrix with 
positive diagonal elements and nonpositive off-diagonal elements is an 
M-matrix (see A.2.16 in Appendix 2), it follows that A is an H matrix, 
and, hence, an incomplete Choleski factorization can be carried out. 

Incomplete Decomposition for Special Matrices 

In general, an incomplete factorization may require significant compu­
tation. In some important special cases, however, it is possible to obtain 
the factorization very easily. In the following, it will be convenient to work 
with the root-free form, LDL r, of the Choleski decomposition, and to 
assume the no-fill strategy. The incomplete factorization algorithm is then 
given in Figure 3.4-3. 

Fori= 1 ton 
i-1 

d1 = au - L l~k dk 
k-1 

For j = 1 to i - 1 
If a11 = 0 then IIJ = 0 else 

111 = ( aiJ - ~~11 l1kdkiJk) I d1 

Figure 3.4-3. No-fill incomplete LDL r. 

Consider now the block tridiagonal matrix 

At B[ 
Bt 

(3.4.42) 

(3.4.43) 

A= (3.4.44) 

B~-t 
BN-1 AN 

where the A1 are N x Nand tridiagonal and the B1 are N x Nand diagonal; 
thus, A is a five-diagonal matrix. Recall that this is the form of the discrete 
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matrix for the Poisson equation (3.1.5) as well as the more general matrix 
(3.1.17). For a no-fill factorization, the matrix L will have nonzero elements 
only in those subdiagonal positions in which A has nonzero elements. 
Consider first the element 11•1-N corresponding to an element of a B1• Since 
all elements in the ith row of L to the left of 1~ 1-N are zero, we have from 
(3.4.43) that 

lu-N = au-N! d;-N . . (3.4.45) 

Similarly, by the no-fill strategy, the only nonzero element to the left of 
l~i-1 is l,,,_N and thus 

But, 11-t,I-N is the element in row i- 1 directly above the element l,,,_N 
and must be zero. Hence 

(3.4.46) 

The elements of D are given by (3.4.42) as 

(3.4.47) 

since the only nonzero off-diagonal elements of L in the ith row are l,,i-1 
and 11,1-N. Using (3.4.45) and (3.4.46), we can also write (3.4.47) in the form 

(3.4.48) 

Thus, in the case of a five-diagonal matrix of the form (3.4.44), the no-fill 
incomplete factorization is obtained very easily from (3.4.45), (3.4.46), and 
either (3.4.47) or (3.4.48). We note that the analogous formulas hold for a 
seven-diagonal matrix arising from a three-dimensional Poisson-type 
equation (Exercise 3.4-14). On the other hand, they do not hold if the 
matrices B, in (3.4.44) are tridiagonal, such as is the case for the equation 
(3.2.24) (see Exercise 3.4.15). 

The subdiagonal elements of L are just the corresponding elements of 
A, divided by an appropriate element of D. For this reason, it is possible 
to write the factorization as 

(3.4.49) 

In this form the subdiagonal elements of L1 are exactly the corresponding 
elements of A (Exercise 3.4-16). If (3.4.49) is used, it may be beneficial to 
scale A so that D1 = I. Then the preconditioning matrix M is just M = 

A AT A 

(I+ L)(I + L ), where Lis strictly lower triangular. Details of this scaling 
are given in Exercise 3.4-17. 
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Block Methods 

We turn next to block incomplete factorizations and assume that A is 
block tridiagonal as in (3.4.44). It is easy to verify (Exercise 3.4-18) that a 
(complete) block decomposition of A may be written as 

(3.4.50) 

where 

(3.4.51) 

and the D1 are given by 

i = 2, ... , N (3.4.52) 

Now replace (3.4.52) by 

i = 2, ... , N (3.4.53) 

where C,_1 is an approximation to Di!1• Then, with Lagaingiven by (3.4.51), 

(3.4.54) 

is an approximate, or incomplete, decomposition of A. There are several 
possible versions of this, depending on how the approximations C1 are made. 

We now assume that the A1 are tridiagonal, the B, are diagonal, A is 
an M matrix, and 

L lakjl ~ akk• 
j .. k 

k = 1, ... , n 

with strict inequality holding for at least one i. Under these assumptions, 
we will approximate the inverses of the D1 by tridiagonal matrices C, in a 
way to be explained shortly. Then, by (3.4.53), the D1 are also tridiagonal. 
(The Di1, however, will generally be full.) One basis for the approximation 
of Di1 is the following theorem, which we state without proof. 
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3.4.8. THEOREM. Let T be an m x m irreducible nonsingular symmetric 
tridiagonal matrix. Then, there are two vectors u and v such that 

[ u,v, U1V2 

"•"·] r-1 = u1t2 
u2v2 U2Vm 

U1Vm UzVm UmVm 

Moreover, if T is a strictly diagonally dominant M matrix, then 

(3.4.55) 

The inequalities (3.4.55) show that the elements T-1 decrease as one 
moves away from the main diagonal, which suggests that a small bandwidth 
approximation to T-1 may be satisfactory. It is possible to give fairly simple 
recurrence relations for the U; and V; but even if we wish to compute only 
the diagonal part of T-1 we need all the u; and v;. A simpler approximation 
is described next. 

Assume that the diagonal elements of T are a1 , ••• , am and the off­
diagonal elements are b1 , •• • , bm_ 1• If T = LL r is the Choleski factoriza­
tion, then 

[ y, J L= -81 (3.4.56) 

-8m-l 

where 

')'~=at, 8t'Yt = b1, 8:-1 + 1: = a, 8;')'; = b;, i "21!: 2 

Now T-1 = L- r L- \ and it is easy to verify (Exercise 3.4-19) that the first 
two diagonals of L - 1 are 

[ Y\' -I 
111 'Y2 (3.4.57) _,] 

1Jm-l 'Ym 

where 

l::E;i::E;m-1 
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Thus, the first two diagonals of L -I are computed relatively easily. If Vis 
the approximation to L -I consisting of these two diagonals, then C = VTV 
is tridiagonal and serves as an approximation to T-1• 

The Incomplete Choleski Conjugate Gradient Method 

We consider next the use of incomplete Choleski factorizations as 
preconditioners for the conjugate gradient method. Let (3.4.35) be any 
incomplete factorization with L nonsingular. We then take the precondition­
ing matrix M of the preconditioned conjugate gradient (PCG) algorithm 
(3.4.9) to be 

(3.4.58) 

Since L is nonsingular, M is symmetric and positive definite. The solution 
of the systems Mr = r in the PCG algorithm is carried out by solving the 
triangular systems 

Lx =r, (3.4.59) 

Note that the incomplete factorization will be done once and for all at the 
beginning of the PCG iteration and the factor L saved for use in solving 
the systems (3.4.59) at each step. 

The above choice of M defines the general class of incomplete Choleski 
preconditioned conjugate gradient methods, denoted as ICCG methods. The 
way that the incomplete Choleski factorization is obtained further defines 
the method. Thus, for example, if the incomplete factorization is obtained 
by the no-fill principle (3.4.38), the corresponding conjugate gradient 
method is denoted by ICCG(O), or by ICCG(l, 1) in accord with Figure 
3.4-2. 

As already discussed, it is som.etimes convenient to consider the root­
free form of incomplete Choleski decomposition in which (3.4.35) is 
replaced by 

A= LDLT +R (3.4.60) 

where D is a positive diagonal matrix and L now has l's on its main 
diagonal. With M = LDL r, 

Lz= r, Dx=z, (3.4.61) 

then replace the forward and back substitutions (3.4.59). 
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Parallel and Vector Implementation of ICCG 

The parallel or vector implementation of the conjugate gradient method 
itself is the same as in Section 3.3. The issue now is the incomplete 
factorization and, more importantly, the forward and back solves (3.4.59) 
or (3.4.61) since these are done on each iteration. The vector and parallel 
properties of the Choleski factorization algorithms in Chapter 2 are very 
unsatisfactory for large sparse matrices of the type for which we wish to 
use the conjugate gradient iteration. Similar implementations of incomplete 
factorization will share this difficulty, and we wish to examine techniques 
to circumvent this problem. 

We consider first the block tridiagonal matrix (3.4.44). For simplicity, 
we will assume that all A, and B1 are N x N, and that the A1 all have the 
same bandwidth a and the B1 have the same bandwidth p. As we have seen 
previously, the matrix A for the discrete Poisson equation (3.1.5) is of this 
form with a = 1 and /3 = 0, while the matrix of the equations (3.2.24) has 
a=/3=1. 

We assume that we have obtained a no-fill incomplete factorization 
LL T of A. Thus, L + L T has the same nonzero structure as A and we write 
Las 

L = [ ~: L2 ] 

· .. · .. KN-1 LN 

where the L1 and K1 are all N x N with semibandwidths a and /3, respec­
tively. We have shown in (3.4.45)-(3.4.47) how to obtain such factorizations 
in the case a = 1 and /3 = 0, and we concentrate now on solving the systems 
(3.4.59). 

We illustrate the idea by means of the schematic of Figure 3.4-4, where 
it is assumed that a = 2 and /3 = 1. The numbers in the column for x indicate 
the stage at which the corresponding equation can be solved. At steps 1 
and 2 the first two equations are solved. At step 3, the third equation is 
solved but the (N + 1)st equation can also be solved simultaneously since 
the solutions x1 and x2 are now available. At step 4, equations 4 and N + 2 
can be solved. Then, at step 5 equations 5, N + 3, and 2N + 1 can all be 
solved, and so on. Each two steps an additional equation can be solved in 
parallel, up to a maximum of O(N /2) equations. Note that we can start 
solving the second block of equations at step 3, the third block at step 5, 
and so on up to the Nth block at step 2N - 1. Hence, the solution will be 
complete after step 3N- 2. Since N 2 equations will have been solved, the 
average degree of parallelism is N 2/(3N- 2) = O(N /3). Exercise 3.4-20 
considers the case in which (3.4.44) has M blocks and N x N matrices. 
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Figure 3.4-4. Solution of Lx = r. 
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= 

r 

The above scheme has been illustrated for bandwidths a = 2 and {3 = 1. 
Note that the time at which successive blocks of equations can be started 
depends only on {3 and not on a; in particular, new blocks may be started 
every {3 + 1 time steps. For the Poisson equation (3.1.5), {3 = 0 so that a 
new block of equations can be started each time step while for the equations 
(3.2.24), {3 = 1 so a new block can be started every other time step. The 
key to the process is the uncoupling of the equations of each block after a 
few unknowns have been computed, and the strategy would not work for 
a dense banded matrix. Note the similarity of this procedure to the Lawrie­
Sameh algorithm of Section 2.3. 

The solution of the upper triangular system L r;: = x is done in an 
analogous way, working from bottom to top. 

It is useful to interpret the above process in terms of the grid of the 
differential equation and we will do this for the equation (3.2.24). The grid 
stencil for the discretization is given in Figure 3.2-7. The lower and upper 
triangular parts of A correspond to the grid stencils shown in Figure 3.4-5, 
where P is the center point of the stencil. Since the incomplete factors L 
and L r have the same nonzero structure as the lower and upper triangular 

p 

~ 
"JL 

p 

a) b) 
Figure 3.4-5. Stencils for L and LT. 



Iterative Methods for Linear Equations 221 

parts of A, we can associate these with the stencils of Figure 3.4-5. In 
particular, the solution of the equation of Lx = r corresponding to the grid 
point P requires that the solution already be known at the west, south, 
southeast, and southwest neighbors of P. Similarly, the solution of the 
equation of L ri = x at P requires that the solution be known at the east, 
north, northeast, and northwest neighbors of P. 

Consider now moving through the grid to solve Lx = r, and solving 
each equation as soon as the necessary prior solutions are available. The 
order in which these equations can be solved is given in Figure 3.4-6a, 
where grid points with the same number, say k, imply that the solutions of 
the corresponding equations can all be done in parallel at the kth step. The 
solving order for L Ti = x is indicated in less detail in Figure 3.4-6b; in this 
case we move through the grid in the opposite direction. If the grid is 
N x N, it is clear that the process is equivalent to that described previously 
in terms of the system of Figure 3 .4-4. Note that the solving orders in Figure 
3.4-6 are analogous to the update times given in Figure 3.2-16 for the 
dataflow organization of SOR. 

Multicolor Implementation 

We next consider the implementation of ICCG algorithms on vector 
computers that require long vectors. This also yields algorithms with a very 
high degree of parallelism. For certain problems arising from the discretiza­
tion of partial differential equations, we can give efficient implementations 
by again using multicolor orderings of the grid points. 

13 14 15 16 17 18 19 

11 12 13 14 15 16 17 
7 6 5 4 3 2 

9 10 11 12 13 14 15 
7 6 5 4 3 

7 8 9 10 11 12 13 
7 6 5 

5 6 7 8 9 10 11 
7 

3 4 5 6 7 8 9 

2 3 4 5 6 7 

Figure 3.4-6. Solving orders for Lx =rand Lrr = x. (a) Lx = r; (b) Lrr = x. 
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To illustrate the technique, we assume first that the coefficient matrix 

A is of the form 

(3.4.62) 

where D1 and D2 are diagonal and C is diagonally sparse. Recall from 

Section 3.2 that this form of A can arise from a discretization of a partial 

differential equation using a red-black ordering of the grid points. The 

root-free form of a complete Choleski factorization of A is then 

(3.4.63) 

where L1 and L2 are lower triangular with 1 's on the main diagonal, and 

the D; are diagonal. Equating terms in (3.4.63) gives 

The first relation of (3.4.64) implies (Exercise 3.4-21) that L1 = I and 

D1 = D1 • Thus, 

(3.4.65) 

Now consider an IC(O) factorization of (3.4.62) in which we denote 

the incomplete factorization by 

(3.4.66) 

Since (3.4.65) shows that a complete Choleski factorization gives L1 and 

L3 with no fill, L1 , L3 , and D1 as given by (3.4.65) are also the correct 

entries for the incomplete factorization (3.4.66). Moreover, L2 of the incom­

plete factorization must be the identity since no fill is allowed and thus 

(3.4.67) 

Therefore, the IC(O) factors of (3.4.66) are given by 

(3.4.68) 
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In the computation of D2 we would only do the computations necessary 
to obtain the diagonal elements. 

If we partition the vectors r, x, and z of the systems (3.4.61) commensur­
ately with A, then (3.4.61) becomes 

[c~~· ~][::]=[~:]. [D, vJ[::J=[::J. 
[I D~~Cr][!:J = [::] (3.4.69) 

These systems may be solved to give 

or 

- D-_,( cD-• ) r2 = 2 r2 - , r, , (3.4.70) 

Note that the formation of r requires only multiplication of vectors by 
diagonal matrices or by diagonally sparse matrices. Thus, the solution of 
the triangular systems (3.4.61) has been reduced to operations amenable to 
vector or parallel computation. 

If the coefficient matrix cannot be put into the red-black form (3.4.62) 
but can be put into the form of a c-colored matrix (Section 3.2), the same 
technique can be applied. Let 

[D, cJ. c~ I A= ~2• cL, (3.4.71) 

Cel Cee-1 De 

where the D; are diagonal and the Cii are diagonally sparse. Corresponding 
to (3.4.63), the root-free block Choleski factorization of A is given by 

[ ~II 
A= : 

Let 
][ D1 

... ][L~ 
Lee De 

L""[.] 
: (3.4.72) 

L~ 
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where the L11 have l's on the main diagonal. It then follows (Exercise 3.4.22) 
that the Lii and D; satisfy the relations 

j = 1, ... ' c (3.4.73) 

and 

i>j (3.4.74) 

For a full Choleski decomposition, (3.4.73) requires a Choleski decomposi­
tion of the right-hand side of (3.4.73) to obtain the factors L» and Di. 
However, for an IC(O) decomposition of A, the diagonal factors L;; must 
be identities and, since Di must be diagonal, (3.4.73) becomes 

j = 1, ... ' c (3.4.75) 

Because Lii is allowed to be nonzero only in the same diagonals as Cij, the 
contributions to other diagonals in (3.4.74) are suppressed and we denote 
this by 

i>j (3.4.76) 

The equations (3.4.75) and (3.4.76), which generalize (3.4.68), give the IC(O) 
factorization of A. Note that this factorization is computed using only 
multiplications of diagonally sparse matrices. Note also that in (3.4.75) only 
the multiplications that contribute to diagonal elements need be done and, 
similarly, in (3.4.76) only multiplications that contribute to diagonals that 
correspond to nonzero diagonals of Cii need be done. 

The solution of the triangular systems (3.4.61) can also be carried out 
using only matrix multiplications. The system Lz = r, with z and r partitioned 
according to L, is 

(3.4.77) 

Lc.c-l 
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since the diagonal blocks are identities. Thus 

j-1 

zj = rj - L Ljkzk, 
k=l 

j = 1, ... ' c 

:Z:Z5 

so that the computation of z requires only multiplication of vectors by 
diagonally sparse matrices. The solution of L ri = x is accomplished in a 
similar way. 

Consider now the implementation on a vector computer. We assume 
that the matrix A is stored by diagonals, with only the nonzero diagonals 
of each Cii (and Dj) being stored. The factor Lis stored the same way. If 
A arose from a two-dimensional problem on an N x N grid, then A is 
N 2 x N 2• Thus, the vector lengths in the incomplete decomposition and 
solution of the triangular systems are no more than 0( N 2 I c), and diminish 
in length the farther a diagonal of Cii or Lii is removed from the main 
diagonal. For most problems this decrease in length will not be too bad, 
and as a working number we assume an average vector length of I = 
O(N2/2c). If N = 100, then I= 0(2500) for c = 2, the red-black ordering. 
For larger c, 1 is of course smaller, but for c = 6, 1 is still close to 1000. 

In conjunction with the conjugate gradient method, the evaluation of 
Ap may be done using still longer vector lengths if the nonzero diagonals 
of A line up across the Cii. For example, the main diagonal of A is of 
length N 2• 

The Eisenstat Trick 

The Eisenstat trick, previously discussed in conjunction with SSOR, 
can also be used with incomplete Choleski preconditioning. We assume 
now that A has been scaled so that its main diagonal is the identity. Then 
the incomplete Choleski factors (3.4.68) for the case of the red-black 
ordering become 

The matrix K of (3.4.31) is then 

Thus, in this case, the multiplication K t of the Eisenstat trick disappears, 
and we can obtain Apk with virtually no work beyond that already required 
for the preconditioning. As the number of colors increases, however, the 
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situation becomes less favorable. In general, only the first block column of 
K will be zero off the main diagonal and the relative efficiency of the 
Eisenstat trick decreases as the number of colors increases. 

Block Jacobi Preconditioning and Domain Decomposition 

We can use the block (or line) Jacobi iteration as the subsidiary iterative 
method (3.4.16) and so obtain the m-stepblockJacobi PCG method (Exercise 
3.4-4); similarly for SSOR. We next relate block Jacobi preconditioning to 
domain decomposition in the following way. Suppose that the domain of 
a partial differential equation is decomposed as shown, for example, in 
Figure 3.1-14. As discussed in Section 3.1, we assume that all grid points 
are in some subdomain; that is, there is no separator set. If A= (Au) is the 
block form of the coefficient matrix corresponding to this domain decompo­
sition, and there are p subdomains, the preconditioning matrix for the 
one-step block Jacobi PCG method is M = diag(A11 , ••• , App). We may 
interpret this block Jacobi preconditioning as a simple form of domain 
decomposition preconditioning, in which the preconditioning consists of 
solving the subdomain problems with the unknowns in the other subdomains 
held at their values from the previous conjugate gradient iteration. 

This approach to preconditioning has potentially excellent parallel and 
vector properties provided that the structure of the problem is suitable. For 
example, as we discussed fn Section 3.1, the computation of a block Jacobi 
step can be done by "vectorizing across the systems." This implies that the 
matrices A;; are all the same size and have the same structure (for example, 
tridiagonal). For parallel computation we would choose the subdomains 
so that the effort in solving the subdomain problems was roughly balanced. 

Although the one-step block Jacobi preconditioned conjugate gradient 
method has potentially excellent parallel properties, the rate of convergence 
may be disappointingly poor. For example, for the Poisson problem and 
the one-step Jacobi line preconditioner, Exercise 3.4-11 shows that the 
condition number is reduced by only a factor of 2. Hence, it may be useful 
to use larger domains, for example, the subsquares of Figure 3.1-14. But, 
then, problems of the same nature as the original must be solved on each 
subdomain. Thus, if the original grid is, say, 1000 x 1000 and there are 16 
subdomains as in Figure 3.1-14, then each subdomain will be 250 x 250 and 
the solution of these subproblems can be very costly. One approach to this 
problem is to obtain only approximate solutions to the subdomain problems 
by means of incomplete factorizations L;LT of the A;;. Then, in the precon­
ditioning step of the PCG, we would solve the systems 

L;x; = r;, i=1,"·,p 
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with one set of systems being solved in each processor. 

Exercises 3.4 

1. Show that the r of (3.4.15) is given by rm of (3.4.16) with r0 = 0. 

2. For the SOR method, show that the matrix M of (3.4.14) is, in general, not 
symmetric for all m ,.. 1 and all 0 < w < 2. 

3. Let B and C be symmetric n x n matrices. Show that the products B( CB)m are 
symmetric for any positive integer m. 

4. Formulate the m-step block Jacobi PCG method analogous to (3.4.17). 

5. If D is positive definite and 0 < w < 2, show that the matrices P and Q of 
(3.4.19) are symmetric positive definite except for w = 1, in which case Q is 
only semidefinite. 

6. Verify (3.4.21). 

7. If a, b, c, and d are real numbers such that cb < ad, show that 

a+ c a 
--<­
b+ d b 

Apply this to prove the inequality in (3.4.23) when 0 E> A1 E> An. 

8. Under the assumptions of 3.4.6, show that the eigenvalues of the SSOR iteration 
matrix are non-negative if w = 1. 

9. Show that the preconditioned conjugate gradient method applied to Ax = b 
with the preconditioning matrix M of (3.4.27) is equivalent to applying the 
PCG method to the system Ax = b of (3.4.29) with preconditioning matrix r 1• 

10. Assume that the one-step Jacobi PCG method is applied to Ax = b with A given 
by (3.1.7). Show that the rate of convergence is the same as with no precondition­
ing. (Hint: Show first that the method is the same as CO, with no preconditioning, 
applied to the system Ax= b, where if Dis the main diagonal of A, A= v-1A 
and b = v-1b. Then show that, since D is a constant times the identity, the 
condition numbers of A and A are the same.) 

11. Consider the one-step block Jacobi PCG method for Ax = b when A is the 
discrete Poisson matrix (3.1.7). In this case 

-r-t 

where Cis the Kronecker product (T- 41) ® r 1• Use Exercise 3.1-19 to show 
that the eigenvalues of r 1 and T- 41 are (4- 2 cos kh)- 1 and -2 cos kh, 
k = 1, ... , N, respectively, where h = 1r/(N + 1). Then use the fact (see, for 
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example, Ortega [1987a, p. 237]) that the eigenvalues of (T- 41) ® r- 1 are 
the products of the eigenvalues of T- 41 and r- 1 to conclude that the eigen­
values of B are 

2 cosjh 
j, k = 1, ... , N. 

-4 + 2 cos kh' 

From this, show that cond(B), the ratio of the largest and smallest eigenvalues, 
is 

cond(B) = 1/(1- cos h)= 2h-2 

where the approximation holds for small h. Conclude that the condition number 
of the preconditioned matrix is only a factor of 2 less than the condition number 
of A, ash~ 0. 

12. Verify in detail the relation (3.4.26). 

13. Show that if the algorithm of Figure 3.4-1 is applied to a tridiagonal matrix the 
result is a complete Choleski decomposition. More generally, show that if the 
algorithm is applied to a banded matrix that has no zeros within the band, 
the result is again a complete Choleski decomposition. 

14. Let 

A, c, 
c, 

A= 

CN-1 

CN-1 AN 

Ail Bit 

Bit 
A,= 

BtN-1 

BiN-I A,N 

where each AIJ is N x N and tridiagonal, each BiJ is N x N and diagonal, and 
each C, is N 2 x N 2 and diagonal. Thus, A is N 3 x N 3 and 7-diagonal. Show 
that the IC(O) incomplete factors Land D satisfy 

15. Assume that the matrices B1 in (3.4.44) are tridiagonal. Show that (3.4.46) is no 
longer valid. 
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16. Let LDLT, with diag(L) =I, be a root-free Choleski decomposition (complete 
or incomplete) and let L,D,L'[ with diag(L1) = Di' be the same decomposition. 
Show that D 1 = v-t and LD 112 = L,D\'2• Use this to show that the incomplete 
decomposition for the matrix of (3.4.44) can be written in the form (3.4.49), 
where the subdiagonal elements of L 1 are the corresponding subdiagonal ele­
ments of A. 

17. Let L 1D 1L'[ be the decomposition of Exercise 16. Show that the corresponding 
decomposition £, D1 f[ of the matrix A = D~12 AD~12 has the property that 
f>, = I. 

18. Verify that (3.4.50)-(3.4.52) give the complete block Choleski decomposition of 
the matrix A of (3.4.44). 

19. Show that the first two diagonals of C' of (3.4.56) are given by (3.4.57). 
20. Assume that the matrix of (3.4.44) has M blocks of size N x N so that A is 

MN x MN. Show that the scheme of Figure 3.4-4 starts the mth block at step 
2M - 1 and completes the solution at step 2M + N - 2 so that the average 
degree of parallelism is MN/(2M + N- 2). 

21. Show that if L is a lower triangular matrix such that LL T is diagonal, then L 
is diagonal. Conclude from this that the first relation of (3.4.64) implies that 
L = I and D1 = D1 • 

22. Verify the relations (3.4.73) and (3.4.74). 

References and Extensions 3.4 

1. Although the idea of preconditioning goes back to Hestenes [1956], most of the 
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studied truncated series preconditioning in the context of m steps of a subsidiary 
iterative method including, in particular, the Jacobi and SSOR iterations. 
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Table 3.4-2 is taken from her work. See also Saad [1985] for a general analysis 
of polynomial preconditioning methods and Chen [1982] for a detailed study 
of scaling with application to polynomial preconditioning. Vaughan and Ortega 
[1987] describe an implementation of SSOR PCG on an Intel iPSC hypercube. 

3. The "Eisenstat trick" is given in Eisenstat [1981]. A related idea is presented 
by Bank and Douglas [1985]. An analysis and comparison of the Bank-Douglas, 
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Eisenstat, and Conrad-Wallach procedures is given in Ortega [1987c], both for 
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5. Theorem 3.4.7 was proved forM matrices by Meijerink and van der Vorst [1977] 
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large that al +A is diagonally dominant. 

6. Kershaw [1978] suggested the strategy of replacing the current 111 in an incom­
plete decomposition by Llliil to ensure diagonal dominance. A related idea was 
given by Gustafsson [1978], who called it the modified ICCG method (MICCG). 
The modified method can be formulated in terms of a parameter a that ranges 
from zero (unmodified) to one (modified). The rate of convergence will many 
times be optimal for an a slightly less than one. See Ashcraft and Grimes [1987] 
and Axelsson and Lindskog [1986] for further discussion. 

7. The treatment (3.4.45)-(3.4.48) of incomplete decomposition of the matrix 
(3.4.44) is based on van der Vorst [1982], who also gave the relation (3.4.49). 

8. The block method discussion (3.4.50)-(3.4.57) is based on Concus, Golub, and 
Meurant [1985]. Meurant [1984] gives some corresponding vectorizations. A 
large number of other papers treat various block incomplete factorizations, 
usually under the assumption that A is block tridiagonal; see, for example, 
Axelsson [1985, 1986], Eisenstat et al. [1984], T. Jordan [1982], Kershaw [1982], 
Reiter and Rodrigue [1984], and Rodrigue and Wolitzer [1984]. The latter four 
papers were directed primarily toward efficient algorithms for CRA Y computers. 
See also Axelsson and Polman [1986]. 

9. The approach of Figure 3.4-4 for solving Lx = r is due to van der Vorst [1983] 
and extended by Ashcraft [1985a]. 

10. The use ofmulticoloring in ICCG was suggested by Schreiber and Tang [1982]. 
It was further developed in Poole [1986] and Poole and Ortega [1987]. Nodera 
[1984] has also applied the idea to both incomplete Choleski and SSOR precon­
ditioning. Although multicoloring can give a very high degree of parallelism, it 
may degrade the rate of convergence, compared with the natural ordering. 

11. Incomplete factorization to approximate the one-step block Jacobi PCG 
algorithm was suggested by Ashcraft [1987b], who gives results on various 
experiments. Block Jacobi preconditioning was also studied by Kowalik and 
Kumar [1982]. In the text, we have identified this block Jacobi preconditioning 
with domain decomposition, but most work on domain decomposition uses 
separator sets and starts from the equations written in the arrowhead form 
(3.3.18). There are then two main possibilities: the PCG method can be applied 
to the &}'stem ~3.3.18) or to the reduced Schur complement system Ax,= b, 
where A and b are given by (3.3.19). For an excellent review of these two 
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approaches, plus others and additional references, see Keyes and Gropp [1987]. 
This paper also reports on experiments on an Intel iPSC hypercube. For other 
work on domain decomposition, see Lichnewsky [1984], who uses multicoloring 
within the subdomains; Gonzalez and Wheeler [1987], who consider a general­
ized Poisson equation with Neumann boundary conditions; Nour-Omid and 
Park [1987], who report on experiments on a hypercube for a plane stress 
problem; and Rodrigue [1986], who discusses a domain decomposition called 
the Schwartz process. 

12. A number of other approaches to preconditioning have been considered. 
McBryan and van de Velde [1985] use fast Poisson solvers based on the Fast 
Fourier Transform and the ADI iteration as preconditioners. Nour-Omid and 
Parlett [1987] use "element preconditioning," which is potentially useful in 
finite-element analysis. 

13. Several other papers have reported numerical results and comparisons of 
different methods. Kightley and Jones [1985] give numerical results on the 
CRA Y-1 for several preconditioning& applied to four three-dimensional test 
problems. Two of these problems are the Poisson equation, one with Dirichlet 
boundary conditions and one with Neumann boundary conditions. An interest­
ing aspect of these two problems was that simple diagonal scaling of A was the 
best of all the preconditioners in running time. The other two test problems 
were from fluid dynamics. On one problem, diagonal scaling again did very 
well, being beaten only by a version of ICCG and even then only by about 
10%. Knightley and Thompson [1987] compare a number of multigrid codes 
and an ICCG method on a CRA Y-1. Here, the test problems were two­
dimensional Poisson equations on a square with Dirichlet boundary conditions. 
The multigrid methods showed better performance. Chan [ 1985] compares SSOR 
preconditioning with the multigrid method and a direct sparse matrix method 
for two-dimensional problems. Seager [1986a,b] considers the overhead in 
multitasking (large grain) and microtasking (small grain) approaches to precon­
ditioned conjugate gradient on the four-processor CRA Y X-MP. 

14. As discussed in Section 3.3, the conjugate gradient method can be considered 
a minimization method and is, thus, inherently restricted to symmetric matrices. 
However, there have been many attempts to extend the method to nonsymmetric 
matrices, and, in particular, to devise methods that retain as many desirable 
properties of the conjugate gradient method as possible Some of these methods 
have been tested on vector computers. For example, Oppe and Kincaid [1987] 
report on tests of various preconditioned conjugate gradient methods run on 
five sample reservoir simulation problems. Of these five problems, only one had 
a symmetric positive definite coefficient matrix; two others were almost sym­
metric, and the other two were highly nonsymmetric. The preconditioners 
included point and block Jacobi, SSOR, polynomial, incomplete Choleski, and 
modified incomplete Choleski. Also included were several semi-iterative 
methods. The codes were run on a CYBER 205 and a CRA Y X-MP. See also 
Kincaid et al. [1986a,b]. 
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Appendix! 

The ijk Forms ofLU and Choleski 
Decomposition 

We give in this appendix more details of the ijk forms of LU and Choleski 
factorization discussed in Chapter 2. These forms are based on the generic 
triply nested For loop shown in Figure A.1-1. 

We assume that A admits a stable LU decomposition so that pivoting 
is not required. Choleski decomposition will be expressed in the usual LL T 

form as well as the root-free Choleski or symmetric Gaussian elimination 
(SGE) form LDL T' where L is unit lower triangular. The LDL T form 
provides a natural transition between the LU and Choleski codes. For 
Choleski, or SGE, we assume that only the lower triangle of A is stored 
and this will be overwritten by the factors L (and D for SGE). 

Vector Computers 

The kij and kji codes for LU decomposition are given in Figures 2.1-1 
and 2.1-2. Mathematically, the kij and kji updates can be written as subtrac­
tions of outer products and, therefore, are sometimes called outer product 
forms of LU decomposition. This is seen by writing the first stage of the 
LU decomposition as 

A= [au a'[] = [ 1 0][1 ~][au Ut] = [ au " Ut J 
it A2 It I 0 A2 0 I ault A2 + ltut 

Thus, the updating of the submatrix A2 is accomplished (mathematically) 
by subtracting the outer product ltDt of the first column of Land first row 
of U. The kij and kji forms both compute L by column and U by row; that 
is, at the kth stage the kth column of L and the (k + l)st row of U are 
computed (the first row of U is just the first row of A). The exact way this 
is done differs in the two algorithms, however. The kji form computes rows 
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For 
For 

For 
a11 = all - 11"a"1 

Figure A.1-1. The generic For loop for LU decomposition. 

Appendix 1 

of U by vector operations and elements of L by scalar operations. In the 
kji form the columns of L can be computed by vector operations whereas 
the elements of rows of U are computed one at a time as the result of vector 
operations on columns. 

The SGE and Choleski kij and kji Forms 

The codes are in Figure A.l-2. We have given the SGE algorithms and 
then indicated in parentheses the changes to convert the SGE algorithms 
to the corresponding Choleski algorithm. 

We are assuming in these codes that only the lower half of A is stored. 
Thus, the basic update statement changes from aii = aii - l,"a19 in full storage 
LU decomposition to aiJ = aiJ - 11kaJ" in SGE. In the Choleski codes, ~" 
plays the role of a1" in this basic arithmetic statement. Although not explicitly 
indicated in the codes, the elements of L can overwrite the corresponding 
elements of A in the Choleski code. In SGE, however, these overwrites may 
need to be postponed until the original elements of A are no longer needed; 
the different ijk forms of SGE have different requirements in this regard. 
In the kji form of Figure A.l-2, the entire kth column of A must be used 
for the updates before it can be overwritten by the kth column of L. Note 
that whereas the Choleski code stores the full factor L, the SGE code stores 
only the strictly lower triangular part, and the diagonal of A will contain 
the elements of D at completion. Regardless of when the overwrites of L 
onto A are performed in SGE, we will assume that Land A have the same 

(lu = al{l) 
For k = l to n - l 

For i = k + l to n 
1," = a,"/ a"" (a,"/ l~c~c) 
Forj=k+1toi 

a11 = a11 - l,kaJk (a 11 - 11~cl1~c) 
(lk+l,k+t = alf.: •. k+l) 

(In= al{l) 
For k = l to n - 1 

For s = k + l to n 
1," = a.~cl a"" ( a,~c/ 1"") 

For j = k + 1 to n 
Fori =jto n 

a,1 = all - l,"a'" (a,, - 1,"1'") 
(lk+l,k+l = al!.: •. k+l> 

Figure A.1-2. The kij and kji forms of SGE and Choleski. (a) kij; (b) /cji. 
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storage structure. Thus, in the inner loop of the kij SGE algorithm the ith 
row of A is updated using the kth column of A while in the Choleski code 
the ith row of A and jth column of L are used. In both cases, rows and 
columns of the data are required. For the kji codes, access is by columns 
of both A and L. 

As with full storage LU decomposition, the kij and kji forms of SGE 
and Choleski are immediate update algorithms. The inner loop vector 
instruction in all four cases is again a linked triad, although the average 
vector lengths are shorter. The average vector length for all four versions 
is O(n/3), as given in (2.1.17). 

The kij and kji forms are also outer product forms since for Choleski, 
for example, the first stage can be written as 

A= [au a{] = [aW 0][1 ? ][aW I{] 
a 1 A 2 11 I 0 A 2 0 I 

so that the updated submatrix A2 is obtained from A 2 by subtracting the 
outer product 111{. George and Liu [1981] call the kij and kji forms submatrix 
Choleski. Both the kij and kji forms compute L a column at a time. The 
data access patterns for the codes of Figure A.1-2 were given in Figure 2.1-11. 

Delayed Updating: The LU ikj and jki Forms 

The ikj form of LU decomposition is analogous to the kij form except 
that updates to subsequent rows of A are delayed until that row receives 
final processing. The same relation holds between the jki and kji forms; 
thus, the ikj and jki forms are called delayed update algorithms. The codes 
are given in Figure A.l-3. (Recall that the jki code was also given in Figure 
2.1-3.) 

At the ith stage of the ikj algorithm, all updates are performed on the 
ith row of A to produce the ith rows of L and U. Thus, the ith row of U 
is computed as the linear combination U; = 1:~:\ l;kuk of the previous rows 
of U (from those positions needed for the ith row of U). Access in the 
inner loop is by rows of A while the elements of L give the multipliers in 

Fori= 2 ton 
For k = 1 to i - 1 

l;k = a;k/ akk 
For j = k + 1 to n 

a;i = aii - l;kaki 

For j = 2 ton 
For s = j ton 

lsj-1 = asj-11 aj-l,j-1 

For k = 1 to j - 1 
For i = k + 1 to n 

aii = aii - l;kaki 

Figure A.t-3. The ikj and jki forms of LU decomposition. (a) ikj; (b) jki. 
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the linear combination. The jki form is the corresponding column-oriented 
algorithm. Access now is by columns of A and columns of L. The basic 
operation is again a linear combination with the akJ playing the role of 
multipliers in the linear combination. At the jth stage, the jth columns of 
L and U are computed after all the required updates to A are made. The 
access patterns of the ikj and jki forms were shown in Figure 2.1-4. We 
note that the average vector lengths of the inner loop operations in the ikj 
and jki forms are again O(~n ). 

The SGE and Choleski ikj and jki Forms 

The codes for these forms are given in Figure A.l-4; the access patterns 
were given in Figure 2.1-11. 

In the ikj and jki algorithms, the basic operation is again a linear 
combination, and the average vector lengths are O{ln). In the ikj Choleski 
algorithm, the inner loop updates the ith row of A using columns of L; 
thus, both row and column access is required. The same is true of SGE 
although it is the rows of A, stored as columns by symmetry, that are 
required. Note that in SGE, L cannot be overwritten onto A since the 
original A is needed for the future updates. L is being computed by rows, 
and this is one form of what is called row Choleski in George and Liu 
[1981]. The algorithm can be based on bordering; that is, if A1-1 = i1-1iT-1 
is the decomposition of the (i- l)st principal submatrix, then the decompo­
sition of A, is 

A _ [A1-1 1- T a, 
0] [iT-. 
Iii 0 

·~] 
lu 

Thus, the new ith row of Lis obtained from L1_ 111 =a;, 111 = (a 11 - ITI1) 112• 

In the jki form, access is by columns of both A and L. In SGE, the aik 

are the multipliers in the linear combination. They are the elements of the 

(Ill= al{2) 
Fori= 2 ton 

For k = 1 to i - 1 
l1k = a,k/ akk ( a,k/ lkk) 
For j = k + 1 to i 

a,1 = aiJ - l,kaik ( a,1 - l,kiJk) 
(111 = a}(2) 

U11 = al{l) 
For j = 2 ton 

For s = j ton 
lsJ-1 = a•J-tl aJ-I,J-1 (a,J_tfiJ-1,1-1) 

For k = 1 to j - 1 
Fori= j ton 

ali = a11 - 11kaik ( a11 - 11k1Jk) 
(IJJ = aJj2) 

Figure A.l-4. The ikj and jki forms of SGE and Choleski. (a) ikj; (b) jki. 



ijk Forms of LU and Choleski Decomposition 239 

jth row of A, and L can only overwrite that portion of A up to the jth row. 
The columns of L are computed one at a time, and this is one form of what 
is called column Choleski by George and Liu [1981]. 

The LU ijk and jik Forms 

These forms are based on explicit LU decomposition using inner 
products. The codes are given in Figure A.1-5. Note that the j loop in the 
ijk form splits into two parts. The first computes the elements of the ith 
row of L and then the second computes the elements of the ith row of U. 
The inner loop computations are inner products of the ith row of L and 
columns of A. Similarly, in the jik form, the first i loop computes the jth 
column of U and the second i loop updates the remainder of the jth column 
of A. The basic vector operation is an inner product of rows of L and the 
jth column of U. The access pattern of the two forms was given in Figure 
2.1-4. Note that all necessary updating is done at the stage where the current 
row (or column) is being computed; thus, these are also delayed update 
algorithms. The ijk form computes L and U by rows, whereas the ikj form 
computes L and U by columns. Finally, the average vector lengths for the 
inner product are again O(~n). 

The SGE and Choleskl ijk and jik Forms 

The codes for these forms are given in Figure A.l-6 and the access 
patterns were given in Figure 2.1-11. 

In the ijk form, the inner loop is an inner product of the ith and jth 
rows of L for Choleski and the ith row of L and jth row of A for SGE. 
Since the rows of L are being computed one at a time, ijk Choleski is 
another form of row Choleski. Note that in SGE all previous rows of A 
are needed for the updating at the ith stage so that we cannot overwrite L 

Fori= 2to n 
Forj = 2to i 

1,1-1 = a,J-d aJ-I,J-1 
For k = 1 to j - 1 

a,1 = a11 - l,kakJ 
For j = i + 1 to n 

For k = 1 to i - 1 
a,1 = a11 - l,kak1 

Forj = 2to n 
For s = j ton 

'•J-1 = a•J-d aJ-I,J-1 
Fori= 2 toj 

For k = 1 to i - 1 
a11 = a,1 - 11kak1 

For i = j + 1 to n 
For k = 1 to j - 1 

a11 = av - l,kak1 

Figure A.l-5. The ijk and jlk forms of LU decomposition.· (a) ijk; (b) jlk. 
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U11 = aW) 
Fori= 2 ton 

Forj = 2 to i 
IIJ-I = al}-1/ a1- 1,J-I (aiJ-.1 11-I,J-1) 

For k = 1 to j - 1 
aii = a 11 - l;kaJk ( aii - l;kl1d 

(Iii = al{2) 

U11 = a:{2) 
Forj = 2 ton 

Fors = jto n 
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l,1-1 = a3J-1/ a1-I,J-I ( a'i-.1 11-I,J-1) 

Fori= j ton 
For k = 1 to j - 1 

aiJ = aiJ - 11kaJk ( a 11 - l,kiJk) 

(Iii = aJ/2) 

Figure A.l-6. The ijk and jik forms of SGE and Choleski. (a) ijk; (b) jik. 

on to A. In the jik form, the inner loop is an inner product of the ith row 
of Land the jth row of Lor A, the same as in the ijk form. However, L 
is being computed a column at a time so that this is another form of column 
Choleski. Note that in SGE the jth row of A is needed at the jth stage so 
that L cannot overwrite A except in those positions before the jth row. 
Both the ijk and jik forms are delayed update algorithms and the average 
vector length for the inner products is O{!n ). 

Parallel Computers 

We next discuss the ijk forms for parallel systems whose p processors 
may or may not have vector capability. We will consider only local memory 
systems with row or column wrapped interleaved storage. In the following, 
P1 will denote the ith processor and P( i) will denote the processor holding 
the ith row (or column) of A. We will begin with the LU decomposition. 

LU Decomposition 

The basic codes for the kij and kji forms of LU factorization were 
given in Figures 2.1-1 and 2.1-2, but they need to be interpreted suitably in 
order to be useful for parallel systems. Consider first the kij code. On a 
vector (or serial) machine, there is a sequential order inherent in this 
code that is inappropriate for parallel systems. The essence of the kij form 
is that rows (as opposed to columns) are updated as soon as possible, and 
the intent is to do in parallel as many of these tasks as possible. For example, 
in Figure 2.1-1, the kth stage is completed before the (k + 1)st stage begins, 
but this is too restrictive for a parallel code. Indeed, some processors may 
be free to begin the (k + 1)st stage while others are still completing the kth 
stage; for maximum efficiency, these processors should be allowed to begin. 
Hence, processors will be allowed to proceed immediately to later stages 
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after all of their computation in the current stage is complete. We now 
discuss the individual forms in more detail. 

The LU-kij,r Form 

We will denote the kij form of LU factorization with row interleaved 
storage by LU-kij,r and similarly for the other forms. For the LU-kij,r 
form, a straightforward pseudocode for each processor is given in Figure 
A.1-7 where myrows is the set of indices for the rows assigned to each 
processor. With row-interleaved storage, each processor calculates a multi­
plier and then updates a row that it holds. All processors can do this in 
parallel until the last p x p submatrix, when processors start to drop out 
one by one. In order to perform the updates at the kth stage, each processor 
requires row k, and hence row k must be broadcast to all processors before 
stage k can begin. 

The algorithm given in Figure A.l-7 automatically synchronizes the 
processors at each stage, since P(k + 1) does not finish stage k before any 
other processor, and must make the next broadcast of information. This is 
undesirable since it causes processors to become idle while waiting for the 
next pivot row. Thus, we will allow P(k + 1) to broadcast row k + 1 as 
soon as that row has been updated, before continuing to update its other 
rows. Using this send-ahead strategy, it is unlikely that contention for 
communication resources will exist, since row k + 1 is not ready to be sent 
until after row k has been received and used. The pseudocode for this 
algorithm, which we consider the basic implementation of LU-kij,r, is 
given in Figure A.l-8. 

The algorithm in Figure A.l-8 might be improved by beginning compu­
tation of the multipliers while the remainder of a pivot row is being received. 
For example, the computation of the multipliers In could begin as soon as 
a11 is received, rather than waiting for the entire first row. In any case, 
communication delays seem to be very satisfactory. On parallel-vector 

for k = 1 to n - 1 do 
if (k in myrows) then 

broadcast(row k) 
else 

receive(row k) 
for all rows i > k in myrows do 

compute( l,k) 
update(row i) 

Figure A.l-7. Naive LU-kij,r code,for each processor. 
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broadcast(row 1) 
for k = 1 to n - 1 do 

if (knot in myrows) then 
recelve(row k) 

for all rows i > k in myrows do 
l,k = a,k/ akk 
for j = k + 1 to n do 

a 11 = 111 - a1kak1 
if ((i = k + 1) and (i .P n)) then 

broadcast(row k + 1) 

Figure A.l-8. LU-kij,r code for each processor. 
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machines, the updates would proceed by vector operations on the rows. 
This would necessitate, of course, that all elements of the required rows be 
available. The vectors have full length of n - k at the kth stage; this will 
be in contrast to some of the other forms, which will have vector lengths 
O((n- k)/p). 

The LU-kij,c Form 

Next, consider the kij form with column interleaved storage, which we 
denote by LU-kij,c. At the kth stage all multipliers will be computed in 
P(k). According to the algorithm of Figure 2.1-1, each multiplier is used 
to update the corresponding row before the next multiplier is computed. 
However, it is clear that unless P(k) gives priority to computing the entire 
kth column of multipliers before updating the rest of its columns, delays 
will be incurred by other processors. The multipliers could be computed 
and broadcast in segments; a segment length of 1 corresponds to broadcast­
ing each multiplier as it is computed. While this would allow other processors 
to start updating as soon as possible, the communication cost would be 
much greater than that for the LU-kij,r algorithm. 

At the other extreme, the entire column of multipliers could comprise 
a segment. This would cause delays at each stage while the multipliers were 
being computed, but a further modification of the LU-kij,c algorithm to 
allow compute-and-send-ahead would alleviate this problem except for the 
first stage. Specifically, when the kth column of multipliers is received, 
P( k + 1) should give priority to computing and sending the ( k + 1 )st column 
of multipliers. This requires a further deviation from the kij paradigm, in 
that column k + 1 would be fully updated before P(k + 1) updates the rest 
of the submatrix by rows. This variant of the LU-kij,c algorithm is much 
more natural in the context of the kji form. 
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Finally, on vector processors, the formation of an entire column of 
multipliers could be done with a vector divide. However, since each row 
in the kij,c form is distributed across the processors, the vector lengths for 
the row operations will be divided by p. We call these partial vector lengths. 
As noted above, the kij,r form allows full vector lengths for all updating 
operations. 

The LU-kji,r Form 

The kji form differs from the kij form in that updates are done by 
column rather than by row. Again, we first assume that we have row­
interleaved storage. We can adapt the code in Figure 2.1-2 to a parallel 
version in the following way. At the kth stage, an entire column of multipliers 
is computed in parallel by all the processors. Then the remaining submatrix 
of A is updated column by column. The calculation of the multipliers and 
the updating requires that row k be available to all processors, and hence 
P( k) must broadcast row k prior to the beginning of stage k. The communica­
tion cost is identical to the naive form of LU-kij,r; in fact, the total cost 
is the same, since within each stage the processors are doing exactly the 
same operations on the same elements in a different order. 

In order to eliminate unnecessary delays while processors wait for data, 
we would again use a compute-and-send-ahead strategy. At the start of 
stage k, P(k + 1) would update and broadcast all of row k + 1· before 
updating the rest of its columns. There is no reason to prefer this to the 
LU-kij,r algorithm, since their execution times would be identical. In 
addition, the code would be slightly more compt.icated, as the entries in 
row k + 1 are updated in a different order than the rest of the coefficient 
matrix. And, on vector machines, the kji,r form is at a disadvantage since 
vector lengths are only partial. 

The LU-kji,c Form 

In its simplest form, the LU-kji,c algorithm suffers from the same 
difficulty that the naive form of LU-kij,r does: unwanted synchronization 
at the end of each stage. However, we can use a strategy analogous to that 
used for the LU-kij,r form. At stage k, after P(k + 1) has updated column 
k + 1, it computes and broadcasts the (k + l)st column of multipliers before 
continuing to update its remaining columns. For each stage except the first, 
this will reduce the amount of delay time for processors waiting to receive 
the next column of multipliers. Since vector lengths are full, we conclude 
that, although there is a delay at the outset, both the scalar and vector forms 
of kji,,c look promising. 
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The ikj and jki Forms of LV Factorization: Delayed Updates 

The codes for the ikj and jki forms were given in Figure A.1-3. The 
essence of the ikj form is to delay the updates of rows until the time that 
the row is to receive final processing. The same is true for the jki form using 
columns in place of rows. We summarize this in the prescriptions shown 
in Figure A.l-9, which we now discuss in more detail. 

The LU-ikj,r Form 

Since storage is by rows, if we interpret the delayed update strategy 
strictly, only one processor will be active at a time: first P2 updates the 
second row and transmits to all processors, then P3 updates the third row, 
and so on. To alleviate this problem, all processors could begin updating 
other rows. When P2 completes row 2, it is transmitted to all processors 
and P3 gives priority to completing the third row and transmitting to all 
processors. Thus, each processor gives priority to the delayed update strategy 
but updates other rows while waiting for data. On vector machines, the 
vector lengths will be full. 

A variation on this theme is the following: P{l) broadcasts row 1, and 
then all other processors update their ith row with row 1, while P( 1) updates 
row p + 1. Next, P(2) broadcasts the new row 2, and all other processors 
update the next p rows with row 2 while P(2) updates row p + 2 with row 
1, and so on. The effect is to have a band of p rows being updated at any 
given time, and as rows are completed at the top of the band, new rows 
are included at the bottom, so that the band "migrates" through the matrix. 
While this strategy allows processors to proceed in parallel, it has a serious 
defect. As new rows are included at the bottom of the band, they must be 
updated by all previous rows. Hence, rows with small indices must either 
be stored in each processor, or rebroadcast each time they are needed. In 
either case, there is a large overhead for extra storage or communication. 

It is clear that the ikj,r form has no merit if the delayed update strategy 
is strictly obeyed. With the modifications discussed above, it becomes more 
like the kij,r form, except that the coding is more complicated. On some 
vector processors, delayed updates will have the advantage of fewer store 
operations, and on other machines there may also be an advantage of fewer 

Fori= 2 ton Forj = 2 ton 
Compute ith row of L Compute U- l)st column of L 
Do all updates for ith row of A Do all updates for jth column of L 

Figure A.l-9. Parallel ijk and jki forms of LU factorization. 



ijk Forms of LU and Choleski Decomposition 245 

index computations and storage accesses. But it is unlikely that this will 
outweigh the increased complexity. 

The LU-ikj,c Form 

In this form, there is delayed update by rows and storage by columns. 
During stage i, processor 1 first calculates Iii and sends it to all other 
processors. Each of these then updates their portion of row i with row 1, 
whereupon processor 2 calculates and broadcasts li2 and then all processors 
update their portion of row i with row 2. This process continues until row 
i has been completely updated. Each update on row i is done in parallel 
by all processors, but there are communication delays to broadcast the 
multipliers. 

An alternative organization is to compute and send the multipliers as 
soon as possible before updating the remainder of the row. Here, the 
computation and transmission of multipliers are overlapped with the updat­
ing of the remainder of the row; this is a slight deviation from the delayed 
update strategy. The code for this modification is clearly more complicated, 
and on vector machines, vector lengths are only partial. We conclude that 
this form has little merit. 

The LU-jki,r Form 

The jki form does delayed updates by column. On parallel systems 
with storage by rows, the algorithm proceeds as follows. At stage j, the 
entire (j - 1 )st column of multipliers is computed in parallel (requiring all 
processors to have access to the diagonal element). Then, as k is increased 
from 1 to j- 1, P(k) broadcasts aki• which is used as a multiplier by all 
processors to update the jth column in parallel. As soon as P(k + 1) has 
updated element ak+l,i> it broadcasts this new element before proceeding 
to update any other elements of column j it may contain. While this form 
exhibits a high degree of parallelism, the communication is high since each 
element of U is broadcast as a multiplier for some linear combination of 
columns. Moreover, on vector processors, the vector lengths are only partial. 

The LU-jki,c Form 

Since storage is by columns, a strict adherence to the delayed update 
prescription would render this form useless because all but one processor 
would be idle while a column is updated. The only way the form could be 
viable is to deviate rather drastically from the delayed update philosophy. 
For example, at the first stage, multipliers would be computed in P1 and 
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broadcast to all other processors. All processors would begin updating their 
columns until P2 has updated its second column, computed its multipliers, 
and sent them. Then P3 could concentrate on the final update of columns, 
and so on. Thus, priority would be given to the delayed final updates, but 
in the meantime other processors would be doing immediate updates. This 
is the same situation as the ikj,r form and, as with that form, we can also 
create a migrating band version of the algorithm. The vector lengths are 
full and we conclude, as with the ikj,r form, that only for some vector 
processors would this form be potentially viable. 

The ijk and jik inner product forms 

The pseudocodes for the ijk and jik forms were given in Figure A.l-5. 
We interpret these forms as in Figure A.l-10. 

The LU-ijk,r Form 

Since A is stored by rows, an inner product of a row of L and column 
of U will require data from one processor for the row, and a number of 
processors for the column. This requires transmitting the necessary elements 
of the row of L to the correct processors before computing the partial inner 
products within each processor, and then doing a fan-in across the pro­
cessors to complete the inner product. This requires a prohibitive amount 
of communication, and this form seems to have little merit. (There also is 
very poor load balancing at the beginning; for example, in computing the 
second row of U only the first processor is used. However, the load balancing 
is good at the end.) 

The LU-ijk,c Form 

The inner products now involve a column of U from one processor 
and a row of L distributed across several processors. Again, we would 
transmit the necessary portions of the column to the other processors and 

Fori= 2 ton 
Compute ith row of Land U 
with inner products of ith row 
of L and columns of U 

Forj = 2 ton 
Compute U - l)st column of L and U 
with inner products of ith row 
of L and columns of U 

Figure A.1-10. Parallel ijk and jik forms of LU factorization. 
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then proceed as in the ijk,r form. Thus this form has the same problems as 
the ijk,r form. 

The LU-jik,r, LU-jik,c Forms 

These two forms have the same difficulties as the two ijk forms. 
Recall that the properties of the LU forms on parallel computers were 

summarized in Table 2.2-1. 

Choleski Factorization 

We next consider the Choleski factorization A= LLr. Thus, CH-kij,r 
or CH-kij,c will denote the kij form of Choleski with row or column 
interleaved storage, and similarly for the other forms. We now discuss the 
various forms in more detail. The pseudocodes for the kij and kji immediate 
update submatrix forms were given in Figure A.l-2. 

The CH-kij,r Form 

In this form, storage is by interleaved rows. At the kth stage, P(k) 
computes and broadcasts lkk· For each row i, P(i) computes lik and updates 
the ith row of A. This updating requires lk+ 1,k, ..• , lik so that each processor 
will need access to most of the kth column of L This is considerable 
communication. However, it may be possible to overlap at least some of 
the communication with computation as follows. When the processors 
receive lkk• they can all compute in parallel their elements of the kth column 
of L and then broadcast them. While waiting to receive these data, they 
can begin the updates of their rows, using the elements of the kth column 
that they possess. Note that all processors will attempt to broadcast at 
almost the same time so that on some architectures there will be severe 
contention for the communication resources: 

After the first stage, additional savings can potentially be achieved by 
the following compute-and-send-ahead strategy. All processors first com­
pute and broadcast the next column of L before completing the current 
update. That is, at the kth stage, P(k + 1) computes and broadcasts /k+J,k+J 

as soon as possible, and then all processors compute and broadcast their 
elements of the (k + l)st column of L before completing the updates of the 
kth stage. This send-ahead strategy is a rather large deviation from the kij 
paradigm and is done more naturally in the context of the kji,r form, to be 
discussed shortly. On vector processors, the kij,r form can use vectors 
or full length. However, unless the compute-ahead strategy and overlapping 
of computation and communication can be achieved, this form will be 
inferior to some of the others. 
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The CH -kij,c Form 

Next, assume that storage is by interleaved columns. At the kth stage, 
P(k) computes and broadcasts the elements, 1;k, of the kth column of L, 
and there are different ways that this can be done. If the 1;k are broadcast 
one at a time, other processors can begin updating their portions of the 
rows as soon as the necessary 1;k are received; as with the kij,r form, the 
elements 1k+t,k •••• , ~.k are needed to update the jth row. If the 1;k are 
broadcast one at a time, O(n 2 ) broadcasts are needed, and this will be 
excessive. On the other hand, we can deviate somewhat from the kij para­
digm and compute and broadcast several 1;k at once. This will decrease the 
number of broadcasts but at the cost of possible additional delays while 
processors wait for data. At the extreme, all of the kth column of L can be 
broadcast at once, and this may be the best strategy in conjunction with a 
send-ahead as in the kij,r form; that is, at the kth stage, P(k + 1) will 
compute and broadcast all of the (k + l)st column of L before completing 
the updates of the kth stage. Again, this is a rather large deviation from 
the kij paradigm and the same effect can be obtained in the kji form, to be 
discussed next. On vector processors, there will be further delays at the first 
stage to obtain sufficient multipliers, but this can perhaps be handled at 
subsequent stages by the compute-ahead strategy. Vector lengths are only 
partial, however. 

The CH-kji,r Form 

The kji form also does immediate updates but these are now by column. 
The kji,r form proceeds as follows. At the first stage, P(l) computes and 
broadcasts 111 , and then all other processors can compute in parallel their 
portion of the first column of L. There are now two communication strategies. 
Since the update of the jth column requires that each processor hold ~ 1 in 
addition to the elements of the jth column it already holds, we could 
broadcast the elements of the first column one by one. Thus, P(2) broadcasts 
121 and then all processors can update their portion of the second column 
while P(3) is broadcasting 13., and so on. This will require a total of O(n 2 ) 

broadcasts. 
The second strategy is for all processors to broadcast at one time their 

portions of the kth column; this will require a total of 0( pn) broadcasts. 
As with the kij,r form, we can use a compute-ahead strategy and compute 
and broadcast the elements of the (k + l)st column of L before the updating 
of the kth stage is completed. Again, if computation and communication 
can be overlapped, this can be quite satisfactory. Note that this is a deviation 
from the kji paradigm, but less so than for the kij form since updates are 
by column. Vector lengths will only be partial in the kji,r form. 
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The CH-kji,c Form 

The discussion of the kji,c form, with storage by columns, mirrors that 
of the kij,c form, except that now the update of the (k + l)st column is no 
lottger as much of a deviation from the kji paradigm; indeed, this is only 
a rearrangement of the communication, not the computation. As with the 
previous forms, it will be highly desirable to use a send-ahead strategy, and 
update and broadcast the (k + l)st column of Las soon as possible during 
the kth stage. There will be full vector lengths for vector processors. It is 
clear that the kji,c form is the best of the kij and kji forms. 

The Delayed Update ikj and jki Forms 

The codes for the ikj and jki forms were given in Figure A.l-4. The 
ikj form is delayed update by rows while the jki form is delayed update by 
columns. We now discuss them in more detail. 

The CH-ikj,r Form 

As with LU factorization, we will have to deviate rather drastically 
from the delay prescription in order to have reasonable load balancing. The 
"migrating band" approach discussed for LU factorization can also be 
formulated here, but, again, at best we would achieve an algorithm no better 
tha~ the kij,r form. The only exception would be on vector processors for 
which delayed updating is important. 

The CH -ikj,c Form 

With storage by columns, the ikj form is somewhat better since all 
processors are involved in updating row i. In particular, the products 11k~k 
can be performed in parallel. However, these products must be subtracted 
from ali, which lies in P(j), so that a high degree of communication is 
required. Thus, this is an unattractive form. 

The CH-jki,r Form 

This is delayed update by columns with row storage. It mirrors the 
kji,r form except that all updates to the jth column are done at the jth 
stage. The kth update requires the·kth column of L (from the element ~k 
on). Hence, the elements of the jth row of L may be broadcast at the outset 
of the stage before the updates begin, or broadcast one by one and the 
updates begun as soon as the next multiplier is available. The latter possibil­
ity will require more communication time. Vector lengths are only partial. 
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The CH-jki,c Form 

If storage is by columns, we have essentially the same problem as with 
the ikj,r form in that we must deviate considerably from the delayed 
updating in order to obtain good load balancing. 

The ijk and jik Inner Product Forms 

The codes for these forms were given in Figure A.1-6. The ijk form i, 
delayed update by rows, in which the inner loop is an inner product of two 
rows of L. 

The CH-ijk,r Form 

At the ith stage of the CH-ijk,r algorithm P(i) subtracts from ele­
ments of the ith row the inner products of rows 1 through i - 1 with the 
current ith row. Since the ith row is being continually updated, these inner 

. products cannot be done in parallel, and, hence, at most two processors 
will be active at a given time in performing the updates. If we allow deviation 
from the form so that other processors can proceed to later stages, this will 
require that each row either be rebroadcast when needed to update a row 
of higher index or be saved in each processor. This would drastically increase 
either communication or storage costs. 

The CH-ijk,c Form 

With storage by interleaved columns, the situation is only slightly better. 
Now the rows are distributed across the processors and partial inner prod­
ucts can be done in parallel. However, these partial inner products must 
then be summed by a fan-in and the communication cost becomes prohibi­
tive. We conclude that neither the ijk,r nor the ijk,c form can be competitive. 

The CH-jik,r and CH-jik,c Forms 

The jik form also computes inner products of ~he rows of L, but now 
L is computed by columns rather than by rows. At the jth stage, column j 
of L is computed and inner products of row j of L with all succeeding rows 
are needed. Consider first storage by interleaved rows. The jth row of L 
must first be broadcast to all processors and then the inner products may 
be done in parallel. This is exactly the same data pattern as the jki,r form. 
The difference is that the jki form updates the jth column by a linear 
combination of columns while the jik form updates by inner products of 
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rows. On scalar machines, these are equivalent. However, on vector pro­
cessors, the jik,r form will use inner products with full vector lengths 
compared with the partial vector lengths of the jki,r form. In a similar way, 
it is easy to see that the jik,c form with storage by interleaved columns has 
the same difficulties as the jki,c form. 

Recall that the properties of the parallel Choleski forms were summar­
ized in Table 2.2-2. 
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Convergence of Iterative Methods 

In this appendix, we discuss some basic convergence theorems for iterative 
methods. Most of these results are classical and may be found in Varga 
[1962] or Young [1971]. We consider first the iterative method 

k = 0, 1, ... (A.2.1) 

for approximating solutions of the linear system 

Ax= b (A.2.2) 

We assume that the n x n matrix A is nonsingular and that x is the unique 
solution of (A.2.2). Then the iterative method (A.2.1) is said to be consistent 
with (A.2.2) if 

x: Hx+d (A.2.3) 

For a consistent method we can subtract (A.2.3) from (A.2.1) to obtain the 
basic error equation 

k:;:; 0, 1, ... (A.2.4) 

where e1 = x1 - x is the error at the ith step. This equation is equivalent to 

k = 1,2, ... (A.2.5) 

If we require that (A.2.1) converge for any x0, then this is equivalent to 
requiring that ek ~ 0 as k ~ oo for any e0. By choosing e0 successively equal 
to the coordinate vectors e1, e2, ••• , where e1 is zero except for a 1 in the 
ith position, we see that ek ~ 0 as k ~ oo for any e0 is equivalent to Hk ~ 0 
fork~ oo. If A1 , ••• , An are the eigenvalues of H and p(H) = max11Ad is 
the spectral radius of H, we then have the following basic result, whose 
proof is given, for example, in Ortega [1987a; Theorem 5.3.4]. 

253 
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A.2.1. THEOREM. If His an n x n matrix, then Hk ~ 0 as k ~ oo if and 
only if p(H) < 1. Thus, the consistent iterative method (A.2.1) converges for 
any x0 to the unique solution of (A.2.2) if and only if p(H) < 1. 

Consistent iterative methods arise naturally in the following way. Let 

A=P-Q (A.2.6) 

be a splitting of A, and assume that P is nonsingular. Then it is easy to see 
that 

k = 0, 1, ... (A.2.7) 

is a consistent iterative method. For such methods, the question of conver­
gence reduces to ascertaining if p(P-1 Q) < 1. A useful tool for this in 
certain cases is given by the following result, whose proof is given, for 
example, in Ortega [1987a; Theorem 5.4.2]. 

A.2.2. STEIN's THEOREM. If His ann X n real matrix, then p(H) < 1 
if and only if there is a symmetric positive definite matrix B such that B - HTBH 
is positive definite. 

We will say that a real, not necessarily symmetric, matrix C is positive 
definite if x T Cx > 0 for all real x >" 0. This is equivalent to the symmetric 
part of C, ( C + CT)/2, being positive definite in the usual sense. We will 
use this concept in the following way. 

A.2.3. DEFINITION. The splitting A = P - Q is P-regular if P is non­
singular and P + Q is positive definite. 

We can now give the following convergence theorem. 

A.2.4. P- REGULAR SPLITTING THEOREM. If A is symmetric positive 
definite and A= P- Q is a P-regular splitting, then p(P-1Q) < 1. 

PROOF. Let H = p-tQ and C =A- HT AH. Then, since P- 1Q = 
I- p- 1A, we have 
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By assumption, P + Q is positive definite and therefore P T + Q is positive 
definite. Thus, since C is congruent to P T + Q, it is also positive definite. 
It then follows from Stein's Theorem A.2.2 that if A is positive definite we 
have p(H) < 1. 0 

There are two different converses associated with A.2.4, each useful in 
certain situations. The first is as follows: 

A.2.5. FIRST CONVERSE OF P-REGULAR SPLITTING. Assume that A is 
symmetric and nonsingular, A = P - Q is a P-regular splitting, and 
p(P-1Q) < 1. Then A is positive definite. 

PRooF. Again let H = p-'Q, so that p(H) < 1. Then, for any x0 , by 
A.2.1 the sequence xk = Hxk-t, k = 1, 2, ... , converges to zero. Now sup­
pose that A is not positive definite. Then there is some x0 :F 0 so that 
(x0) T Ax0 :oe; 0, and 

Thus, from (A.2.8), 

by the assumption of a P-regular splitting. Moreover, as shown by (A.2.8), 
C is positive definite, so that, for any k ;;;?! 0, 

and we have shown that strict inequality holds for k = 0. Thus, 

But this contradicts the fact that xk -+ 0 as k -+ oo so A must be positive 
definite. 1 

The second converse of A.2.4 is applicable when P itself is symmetric 
positive definite. In this case, convergence implies not only that A must be 
positive definite but that the splitting must be P-regular. Note that A.2.4 
and A.2.6 contain the result 3.4.3 stated in the text. 

A.2.6. SECOND CoNVERSE OF P- REGULAR SPLITTING. Assume that 
A = P - Q is symmetric and nonsingular, Pis symmetric positive definite, and 
p(P-1Q) < 1. Then A and P + Q are positive definite. 
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In order to prove A.2.6 we need the following result about the eigen­
values of products of symmetric matrices; for a proof, see, e.g., Ortega 
[1987a; Theorem 6.2.3] 

A.2. 7. THEOREM. Let B and C be real symmetric matrices. If either is 
positive definite, then BC has real eigenvalues. If both B and C are positive 
definite, then BC has positive eigenvalues. Conversely, if BC has positive 
eigenvalues and either B or C is positive definite, then both are positive definite. 

PROOF OF A.2.6. Again, set H = p-I Q = I - P-1 A. Since p-I is posi­
tive definite, A.2.7 ensures that the eigenvalues At. ... , An of H are real 
and, since p(H) < 1, we must have 

-1 <A;< 1, i = 1, ... , n (A.2.9) 

Thus the eigenvalues of p-IA are positive and, again by A.2.7, A is positive 
definite. Moreover, (I- H)- 1 exists and the matrix G =(I- H}-1{1 +H) 
has eigenvalues (1 + A;)/(1- A;), i = 1, ... , n, which are positive by (A.2.9). 
We can write G as 

and then A.2.7 shows that P + Q is positive definite since A-1 is positive 
definite. 0 

We note that it is an open question as to whether A.2.6 holds without 
the assumption that P is symmetric. 

We now apply the above general results to some particular iterative 
methods. We first note that Theorem 3.1.2 is an immediate consequence of 
A.2.4 and A.2.6. Here, P = D and Q = B. 

A.2.8. JACOBI ITERATION CONVERGENCE. lf A = D- B is symmetric 
and nonsingular and the diagonal D of A is positive definite, then the Jacobi 

iteration converges for any x0 if and only if both A and D + B are positive 
definite. 

We next prove Theorem 3.2.3 in a somewhat strengthened form. 
A.2.9. OSTROWSKI-REICH THEOREM. If A is symmetric and nonsin­

gular with positive dia8onal elements and w E (0, 2), then the SOR iteration 
converges for every x0 if and only if A is positive definite. 
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PROOF. We will first apply Theorem A.2.4. If A = D - L- L r, the 
SOR iteration matrix is 

(A.2.10) 

and it is easy to verify that P and Q are given by 

Since D has positive diagonal elements, P is nonsingular and it only remains 
to verify that P + Q is positive definite. The symmetric part of P + Q is 

1 1 1 
-(P+ pT) +-(Q + QT) = -(2D- wL- wLT) 
2 2 2w 

1 2-w 
+-[2(1- w)D+ wL+ wLT] =--D 

2w w 

which is positive definite if w E (0, 2). The converse statement follows 
immediately from A.2.5. 0 

Theorem A.2.9 gives the full range of allowable real w for the SOR 
iteration. This is a consequence of the following result, which does not 
assume that A is necessarily symmetric. 

A.2.10. KAHAN's LEMMA. Assume that A has nonzero diagonal ele­
ments. Then the spectral radius of the SOR iteration matrix (A.2.10) with 
L T = U satisfies 

(A.2.11) 

PROOF. Because L is strictly lower triangular, det D-1 = 
det(D- wL)-1 and we have 

detH., = det v-• det[(l- w)D + wU] 

= det[(1- w)l + wv-• U] = (1- w)" 

since v-• U is strictly upper triangular. But det H.., is the product of the 
eigenvalues of H., and therefore (A.2.11) must hold. 
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Theorem A.2.4 also applies to the SSOR iteration. In order to find the 
correct splitting A = P - Q in which P is symmetric, we examine the more 
general alternating iteration 

Sxk+ttl = (S - A)xk + b (A.2.12a) 

(A.2.12b) 

Combining the two halves of (A.2.12) gives the single step iteration 

If this iteration is assumed to arise from a splitting A = P - Q, then we 
must have 

or 

p = S(S + ST- A)-lST {A.2.14) 

This P is clearly symmetric, and the corresponding Q is 

(A.2.15) 

The P and Q given by (A.2.14) and (A.2.15) satisfy 

p-lQ = 1- p-IA= 1- s-r<s + sr- A)s-lA 

which is the iteration matrix of (A.2.13), as expected. 
For the SSOR iterationS= w- 1D- L so that (A.2.12a) becomes 

and similarly for (A.2.12b). Note that in the definition of S, w has been 
factored from the familiar D - wL so that b is not multiplied by w in 
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(A.2.12). With this S, (A.2.14) becomes 

p = (w-1D- L)[w-1D- L+ w-1D- LT-D+ L+ LTr1(w-1D- LT) 

= w-2(D- wL)[(2w-• -l)Dr1(D- wLT) 

(A.2.16) 

and it is easy to verify that the corresponding Q of (A.2.15) is 

1 
Q = w(2 _ w) [(1- w)D + wL]D- 1[(1- w)D + wLT] (A.2.17) 

We note that the P and Q of (A.2.16, 17) can also be obtained from 
the iteration matrix 

(A.2.18) 

of the SSOR iteration. The middle two terms of (A.2.18) can be written as 

[(1- w)D + wL](D- wL)-1 = [(1- w)/ + wLD-1](1- wLD-1)-1 

=(I- wLD-1)-1[(1- w)I + wLD-1] 

= D(D- wL)- 1[(1- w)D + wL]D- 1 

since products of the form (I+ B)-1(al + bB) commute. Thus 

H = (D- wL T)-1 D(D - wL)- 1[(1 - w )D + wL]D- 1[(1 - w )D + wL T] 

This displays the factors p-I and Q with the exception of the constant 
w(2 - w) which cancels out. 

If A is positive definite and w e (0, 2), then the matrix P of (A.2.16) 
is positive definite, and the matrix Q of (A.2.17) is positive definite unless 
w = 1, in which case Q is positive semidefinite. In either case, P + Q is 
positive definite so that A = P - Q is a P-regular splitting. Theorems A.2.4 
and A.2.5 both apply and we can summarize the convergence properties of 
the SSOR iteration as follows. 

A.2.11. SSOR CoNVERGENCE. If A is symmetric and nonsingular with 
positive diagonal elements and 0 < w < 2, then the SSOR iteration converges 
for every x0 if and only if A is positive definite. 
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We note that if A is symmetric positive definite the eigenvalues of the 
SSOR iteration matrix are real, and positive if w tt! 1. This follows from 
A.2.7 since P and Q are positive definite. (If w = 1, the eigenvalues are 
only nonnegative.) Similarly, A.2.7 shows that the eigenvalues of the Jacobi 
iteration matrix are real. 

Regular Splittings and Diagonal Dominance 

The previous results have depended on the coefficient matrix A being 
symmetric and positive definite. The other standard approach to conver­
gence theorems for the Jacobi and Gauss-Seidel iterations is when A is an 
M matrix or is diagonally dominant. In these cases, symmetry is not 
necessary. We recall the following definitions, which will be used in the 
sequel. 

A.2.12. DEFINITIONS. The real n x n matrix A is 

a. Diagonally dominant if 

Ia;;!;;;;. L laijl, i = 1, ... , n 
j .. i 

(A.2.19) 

and strictly diagonally dominant if strict inequality holds in (A.2.19) 
for all i. 

b. Reducible if there is a permutation matrix P such that 

and irreducible if it is not reducible. 
c. Irreducibly diagonally dominant if it is diagonally dominant, irreduc­

ible, and strict inequality holds in (A.2.19) for at least one i. 
d. Nonnegative, denoted by A ;;;;. 0, if all elements are nonnegative, and 

positive, denoted by A > 0, if all elements are positive. 
e. An M matrix if aij os:; 0, for all i tt! j, and A_, ;;;;. 0. 

We will first consider the following classes of splittings. 

A.2.13. DEFINITION. A= P- Q is a weak regular splitting if P is 
nonsingular, p-t;;;;. 0, and p-'Q;;;;. 0. It is a regular splitting if p-t;;;;. 0 and 
Q:;;,O. 

Clearly a regular splitting is a weak regular splitting. The basic conver­
gence theorem for these splittings is the following. 
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A.2.14. WEAK REGULAR SPLITTING THEOREM. Assume that A is non­
singular with A- 1 ;:;:.. 0 and that A= P- Q is a weak regular splitting. Then 
p(P-'Q) < 1. 

PROOF. Set H = p-'Q. Then H;:;:.. 0 and by the relations 

(I+ H + · · · + Hm)(I - H) = I - Hm+l, p-1 =(I- H)A-1 

we have, since A - 1 ;:;:.. 0, 

for all m;:;:.. 0. Since P-1 ;:;:.. 0, each row of p-' must contain at least one 
positive element and it follows that the elements of I + H + · · · + Hm are 
bounded above as m -+ oo. Therefore, since H ;:;:.. 0, the sum converges and 
consequently Hk-+ 0 as k-+ oo. Thus, by A.2.1, p(H) < 1. 0 

We now apply A.2.14 to the Jacobi and Gauss-Seidel iterations in the 
case that A is an M matrix. Let 

A=D-L-U, B=L+ U (A.2.20} 

where D is the diagonal part of A, - L the strictly lower triangular part­
and - U the strictly upper triangular part. If A is an M matrix, then B ;:;:.. 0 
and 

which shows that the diagonal elements of D are positive. Therefore, the 
Jacobi and Gauss-Seidel iterations are well defined. 

A.2.15. THEOREM. Let A be an M matrix. Then the Jacobi and Gauss­
Seidel iterates converge for any x0 to the unique solution of Ax = b. 

PROOF. For the Jacobi iteration, A = D - B is clearly a regular splitting 
so that A.2.14 applies. For the Gauss-Seidel iteration, the splitting is 
A= (D- L}- U. Since Dis nonsingular, D- Lis nonsingular and 

where the series terminates because D-1 Lis strictly lower triangular. Hence 
A= (D- L)- U is a regular splitting and, again, A.2.14 applies. 0 
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We next give convergence theorems that apply when A is diagonally 
dominant. We first need the following result about M matrices. 

A.2.16. LEMMA. Let A be strictly or irreducibly diagonally dominant 
and assume ihat au > 0, i = 1, ... , n, and au :eo 0, i .,t: j. Then A is an M matrix. 

PROOF. Let H = I - v-l A be the Jacobi iteration matrix. Then by 
Ortega [1987a; Theorem 6.1.6], A is an M matrix if p(H) < 1. If A is strictly 
·diagonally dominant, then p(H) :eo IIHIIoo < 1, while if A is irreducibly 
diagonally dominant, p(H) < 1 follows from Ortega [1987a; Theorem 
6.1.10]. 0 

A.2.17. DIAGONAL DOMINANCE THEOREM. Let A be strictly or irreduc­
ibly diagonally dominant. Then the Jacobi and Gauss-Seidel iterates both 
converge for any x0• 

PROOF. Let 

A= IDI-ILI-IUI 

where ILl denotes the matrix whose elements are the absolute values of the 
elements of L, and similarly for IDI and I Ul. Clearly, A is also strictly or 
irreducibly diagonally dominant if A is. Hence, by A.2.16, A is an M matrix 
so that by A.2.15 

But 

and 

where the second inequality follows from (A.2.21). It then follows from 
comparison theorems on spectral radii (if IBI :eo C, then p(B) :eo p( C); see, 
for example, Varga [1962]) that 

p[D-1(L + U)] :eo p[IDI-1(ILI + I Ul)] < 1 

p[(D- L)-1 U] :eo p[(IDI-ILI>-1IUIJ < 1. 0 
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AD I convergence 

We next prove Theorem 3.1.3 on convergence of the ADI iteration 

(a!+ H)xk+l/2 =(a!- V)xk- b, 

(al + V)xk+l = (al- H)xk+l/2 + b, 

k = 0, 1,... (A.2.22a) 

k = 0, 1,... (A.2.22b) 

A.2.18. ADI CoNVERGENCE. Let A, H, and V be symmetric positive 
definite matrices such that A = H + V, and let a > 0. Then, the iterates 
(A.2.22) are well defined and converge to the unique solution of Ax= b. 

PROOF. The iteration matrix for (A.2.22) is 

S = (al + V)- 1(al- H)(al + H)- 1(al- V) 

and it suffices to show that p(S) < 1. Since H and V are positive definite 
and a > 0, the matrices a/ + H and al + V are nonsingular and the iterates 
are well defined. Let 

F = (al- H)( a/+ H)-I, G =(a/- V)(al + V)- 1 

If An~· · · ~ A1 > 0 are the eigenvalues of H, then (a- A;)/(a +A;) are 
the eigenvalues of F and are clearly all less than 1 in absolute value. Since 
(al- H) and (a/+ H)- 1 commute, F is symmetric, and in the 12 norm 

Ia- A-1 II Fib = m~x 1 < 1 
1 a +A1 

In the same way, we obtain II Glb < 1. Hence 

IIFGib::;;; IIFibiiGib < 1 

so that the spectral radius of FG satisfies p(FG) < 1. But S is similar to 
FG since 

S = (al + V)- 1 FG(al + V) 

and thus p(S) < 1. 0 

Rate of Convergence 

For the iteration (A.2.1) with p(H) < 1, the asymptotic convergence 
factor is defined as 

a =sup {lim supllxk- xlll/k} 
xo k-+00 

(A.2.23) 

where x satisfies x = H x + d. 
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In order to understand (A.2.23) better, consider a single sequence and 
let 

Since xk ~ x as k ~ oo, clearly {3 ~ 1 and for any e > 0, there is a k0 such 
that 

Hence, if {3 < 1 we may choose e such that {3 + e < 1 and then, asymptoti­
cally, llxk- xll tends to zero at least as rapidly as the geometric sequence 
({3 + e)k. The supremum in (A.2.23) is taken to reflect the worse possible 
behavior of any individual sequence. 

The basic theorem for the asymptotic convergence factor for the 
iteration (A.2.22) is the following. 

A.2.19. THEOREM. The asymptotic convergence factor (A.2.23) in any 
norm equals p(H). 

For a formal proof of this theorem, see, for example, Ortega [1972]. 
We will indicate in the following a less formal development that will be 
illustrative. 

First, note that A.2.19 implies that, in any norm, for any sequence {xk} 
and e > 0 such that p(H) + e < 1 there is a k0 such that 

llxk - xll ~ [p(H) + E t, (A.2.24) 

Hence, asymptotically, the errors are decreasing almost as rapidly as p(H)k. 
It is important to note that this error reduction is, in general, only asymptotic. 
Consider, for example, 

so that p(H) = 0.5. But 



Convergence of Iterative Methods 265 

so that with ek = xk - x and e0 = (0, 1) r, we have ek = Hke0 = 
(a(0.5)k-l, O)r. Suppose that a= 2P. Then 

fork.:; p + 1 

so that the first p errors, in the 2-norm, are actually greater than the initial 
error. This illustrates that p(H) need not be a measure of the rate of 
convergence, as measured in some usual norm, in the initial stages of the 
iteration. 

We next illustrate A.2.19 in the following way. Assume that H has n 
linearly independent eigenvectors V~o ••• , v" corresponding to the n eigen­
values IA1I ~ IA 21 ~ · · · ~ IAnl· Then, for any sequence xk generated by 
(A.2.1), the errors ek = xk - x satisfy 

(A.2.25) 

ask~ oo. (A.2.26) 

The interpretation of (A.2.26) is that the error vectors ek tend to the direction 
v1 and that asymptotically the errors behave as A~ a 1v1. Thus, again 
asymptotically, the errors are reduced by the factor p(H) = jA 11 at each 
iteration. 

Note that if a 1 = 0, then jA 21 < p(H) determines the rate of convergence 
of the sequence. However, this is of little consequence since it is extremely 
unlikely that an initial x0 would be such that a 1 = 0. Even if it were, rounding 
error in the computation would have the effect of making a 1 ~ 0 in later 
iterations. 

Suppose, next, that IA1I = IA2I > IA3j. In this case 

If A1 = A2, then ek tends to the direction a 1v1 + a 2v2 • Otherwise, ek need 
not tend to a fixed direction but, rather, tends to the subspace spanned by 
v1 and v2. For example, if A1 = -A2, then 

Similarly, ifiA1I = · · · = IAPI > jAp+ll, then ek tends to the subspace spanned 
by V~o ... , vP. In any case, the errors are still decreasing asymptotically by 
the factor p(H). 
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Now suppose that H does not have a diagonal Jordan form; in par­
ticular, suppose that A. 1 = · · · = A.P and that A. 1 is associated with a p x p 
Jordan block. Let v1 be an eigenvector associated with A.~o and vh ... , vP 
generalized eigenvectors such that 

i = 2, ... ,p (A.2.27) 

(See, e.g., Ortega [1987a; Section 3.2].) It follows from (A.2.27) that 

H k 'k + k' k-1 + ( k ) 'k-i+l V; =A IV; AI V;-1 • • • + . AI V1 
I -1 

(A.2.28) 

where (j) is the binomial coefficient k !/ ( k - j) lj I. 
Now, for simplicity, consider the case p = 2 so that IA- 11 = IA.2I > IA-31 ~ 

· · • ~ IA.nl· Then using (A.2.28) fori= 2 we have 

n 

ek = Hkeo = a 1 A.~v 1 + a2(A.~v2 + kA.~- 1 v 1 ) + L a;Hkv; 
i=3 

(A.2.29) 

where, again, e0 = a1v1 + · · · + anvn, and v3 , ••• , Vn are either eigenvectors 
or generalized eigenvectors. Since IA- 11 > IA.;I, i = 3, ... , n, it follows from 

i = 3, ... , n 

that 

ask~ oo, i = 3, ... , n 

Hence, asymptotically, the error behaves as 

(A.2.30) 

This shows that the error vectors are tending to the direction of the eigenvec­
tor v1 , but because of the k term the errors are no longer decreasing 
asymptotically by the factor IA-11 = p(H). However, p(H) is still the best 
single indicator of the rate of convergence since for any 8 > 0 

ask~ oo 
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That is, the errors are going to zero asymptotically at least as fast as f.L \ 
where J.L is arbitrarily close to p(H). 

The general result is similar. If A1 = · · · = AP is associated with a p x p 
Jordan block and IAPI > 1Ap+1l, then it may be shown, by proceeding as 
above, that 

Since 

ask~ oo 

for any 8 > 0, it is again the case that the errors go to zero at least as fast 
as [p(H) + 8t for any 8 > 0. If there are several Jordan blocks of the same 
size associated with the eigenvalue of largest modulus, the same result is 
true, although now the error tends to the subspace spanned by the corre­
sponding eigenvectors. 

On the basis of Theorem A.2.19, the asymptotic rate of convergence 
of the iterative method (A.2.1) is faster the smaller p(H) is. Consider now 
the problem of choosing the parameter w to minimize p(Hw), where Hw is 
the SOR iteration matrix given by (A.2.10). In general, this is very difficult, 
but by a beautiful theory due to Frankel and Young in the early 1950s (see 
Varga [1962] and Young [1971] for a full exposition) there is a solution 
when A is the coefficient matrix (3.1.7) of the discrete Poisson matrix or 
more generally, when A is consistently ordered (see Young [1971]). The 
basic theorem is as follows: 

A.2.20. THEOREM. Assume that A is symmetric positive definite and 
consistently ordered, and that Hw is the SOR iteration matrix (A.2.10). Let 
f.L = p(J), where J is the Jacobi iteration matrix. Then there is a unique 
w e (0, 2) that minimizes p(Hw) and is given by 

2 w - -------,::--:-:-:-
0 - 1 + ( 1 - f.' 2) 1/2 

(A.2.31) 

Moreover, 

(A.2.32a) 

and 

0:;;;; w:;;;; w0 (A.2.32b) 
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On the basis of (A.2.32), we can plot p{H.,) as a function of w as 
shown in Figure A.2-1. The slope of this curve to the right of w0 is 1, but 
at w0 the slope of the curve on the left is infinite. Thus, it is best to 
overestimate w0 rather than underestimate it. 

An immediate consequence of (A.2.32b) is that 

(A.2.33) 

which states that the asymptotic rate of convergence of the Gauss-Seidel 
method is exactly twice that of the Jacobi method, under the conditions of 
the theorem. 

The formulas (A.2.31) and (A.2.32) require knowledge of J.L, and in 
general this will not be available. However, for the N 2 x N 2 Poisson matrix 
(3.1.7) it can be shown (from Exercise 3.1-21) that 

1T 
J.L =cos-­

N+ 1 

For example, with N = 44, we have 

J.L = 0.99756, p(H1) = 0.99513, w0 = 1.87, 

(A.2.34) 

p(H.,.,) = 0.87 

Since p(H.,.,) = p(H1) 30, the asymptotic rate of convergence with w0 is 
approximately 30 times as fast as for Gauss-Seidel. In general, for this 
Poisson problem, it follows from (A.2.32b) and (A.2.34) that the asymptotic 
rate of convergence of SOR with w0 is approximately 0.63N as fast as 
Gauss-Seidel. 

p(H,..) 

Figure A.2-1. SOR spectral radius. 
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The Conjugate Gradient Algorithm 

We consider in this appendix various theoretical results about the conjugate 
gradient algorithm. We assume throughout that the coefficient matrix A is 
symmetric positive definite. We wish to show primarily two things: that the 
vectors pk generated by the conjugate gradient algorithm are, in fact, 
conjugate directions; and the error estimate (3.4.1). 

We first write the algorithm in a form slightly different from that given 
in (3.3.15). The difference is in the definition of f3k, and we will show later 
that the two forms are equivalent. We also use the definition of ak as given 
by (3.3.5) and show that this is equivalent to that used in (3.3.15a). For 
ease of notation, we will write the iteration number as a subscript throughout 
this appendix. With these changes, the algorithm is as follows: 

Choose x0 • Set Po= r0 = b- Ax0 

Fork= 0, 1, ... 

ak = -r[pk/p[Apk 

rk+t = rk + akAPk 

f3k = -p[Ark+t/p[Apk 

(A.3.1a) 

(A.3.1b) 

(A.3.1c) 

(A.3.1d) 

(A.3.1e) 

A.3.1. THEOREM. Let A be ann x n symmetric positive definite matrix 
and x the solution of the system Ax = b. Then the vectors Pk generated by 
(A.3.1) satisfy 

O:s.j<k, k = 1, ... , n- 1 

and Pk -:1: 0 unless xk = x. Hence xm = x for some m :s. n. 
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(A.3.2) 
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PRoOF. As a companion relation to (A.3.2), we will show that the 
residuals r1 = b - Ax1 satisfy 

O~j<k, k = 1, ... , n -1 (A.3.3) 

We first note that by the definitions (A.3.1a) and (A.3.1d) of a1 and {31 and 
by (A.3.1c) and (A.3.1e), we have 

pJ r1+1 = pJ r1 + a1pJ Ap1 = 0, j = 0, 1,... (A.3.4a) 

pJ Ap1+1 = pJ Ar1+1 + {31pJ Ap1 = 0, j = 0, 1,... (A.3.4b) 

Now assume, as an induction hypothesis, that (A.3.2) and (A.3.3) hold 
for some k < n - 1. Then we will show that they hold for k + 1. Since 
Po= r0 , (A.3.4) shows that they hold for k = 1. For any j < k, using 
(A.3.1c, e) we have 

= rJrk + akpfA(p1 - f3J-1PJ-1) = 0 

since all three terms vanish by the induction hypothesis. Moreover, using 
(A.3.1e), (A.3.4a), and then (A.3.1c) we have 

since the last two terms are zero by (A.3.4). Therefore, we have shown that 
(A.3.3) holds for k + 1. 

Next, we have for any j < k, using (A.3.1e), the induction hypothesis, 
(A.3.1c) and then (A.3.2) 

Note that we have assumed here that a1 ¥= 0; we shall return to this point 
in a moment. By (A.3.4.b), we also have that pf Apk+1 = 0. Therefore, (A.3.2) 
holds for k + 1 and the induction argument is complete. 

We now show that the Pk are nonzero unless we are at the solution. 
Suppose that Pm = 0 for some m < n. Then, using (A.3.1e) we have 

_ T + 2{3 T + {32 T ::;., T - rmrm m-1fmPm-1 m-1Pm-1Pm-1,.... rmrm 
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since r~Pm-1 = 0 by (A.3.4a). Hence rm = b- Axm = 0 so that Xm = i. On 
the other hand, if p0 , ••• , Pn-I are all nonzero, then x" = i by the Conjugate 
Direction Theorem 3.3.1. 

Finally, we return to the assumption that aj ¢ 0. By (A.3.1e) and 
(A.3.4b) we have 

(A.3.5) 

Hence, the definition of ai in (A.3.1a) is equivalent to 

(A.3.6) 

Therefore, if ai = 0, then ri = 0 and, as above, xi = i so that the process 
stops with xi. 0 

Next, we wish to show that the definition of pk used in (A.3.1d) is 
equivalent to the one given in Section 3.3. We have from (A.3.lc), (A.3.4b), 
(A.3.1e), and (A.3.3) that 

Thus, using (A.3.5), we obtain 

(A.3.7) 

which is the form of f3k used in (3.3.15e). The definitions (A.3.6) and (A.3.7) 
of a and {3 are the ones preferred for computation since only the inner 
product rfrk is required at each step. The definitions given in (A.3.1a,d) 
are sometimes useful for theoretical purposes. 

We next give some basic relations that will be needed in proving the 
error estimate (3.4.1), and which also give additional insight into the 
conjugate gradient method. Recall that span(y1 , ••• , Ym) is the subspace 
generated by all linear combinations of y1 , ••• , Ym· 

A.3.2. THEOREM. Let p0 , •.. , Pn-l be the direction vectors generated by 
the conjugate gradient algorithm and let r 0 , ••• , rn-I be the residual vectors. 
Then 

Ap; E span(p0 , ••• , P;+1), i = 0, ... , n - 2 

r; E span(p0 , ••• , p;), i = 0, ... , n - 1 

(A.3.8) 

(A.3.9) 
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i = 0, ... , n - 1 (A.3.10) 

PROOF. We will prove (A.3.8) and (A.3.9) together by induction. By 
(A.3.1c) and (A.3.1e) 

Pt = ft + f3oPo = ro + aoAPo + f3oPo 

Thus, since ro =Po. 

so that (A.3.8) holds for i = 0. Since r0 = p0 , (A.3.9) also holds for i = 0. 
Now assume that (A.3.8) and (A.3.9) hold for i = 0, ... , k < n- 2. 

By (A.3.1c) and the induction hypothesis we have 

k k+t 

rk+t = rk + akAPk = L 'WJ + ak L 11JPJ 
j=O }=0 

Thus, rk+t E span(p0 , ••• , pk+ 1). Then, from (A.3.le) and (A.3.1c), 

Since rk+t E span(po, ... , Pk+t). it follows that Apk+t E span(po, ... , Pk+2>· 
This completes the induction except to show that (A.3.9) also holds for 
r,_ 1; this follows as before. 

To prove (A.3.10), we again use induction. It is trivially true for i = 0 
since p0 = r0 • Assume that it holds for k < n - 1. Then, by the induction 

hypothesis and (A.3.8), we have 

Now, for any 71J> 

k+l k 
" Ai Ak+t + " ,..i L.. '11i Po = 11k+t Po L.. '11in. Po 

j=O j-0 

The first term on the right is in span(p0 , ••• , Pk+t) by the previous equation, 
and the second term by the induction hypothesis. Hence, we have shown that 
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To prove the reverse inclusion we first write 

k+l k 

L TJiPi = Tlk+lPk+l + L '11JPi 
j=O j=O 

The second term is in span(p0 , ••• , Akp0) by the induction hypothesis. The 
first term may be written, by (A.3.1e) and (A.3.1c), as 

The first and third terms on the right of this equation are in span(p0 , ••• , Pk) 
by (A.3.9), and hence in span(p0 , ••• , Akp0 ) by the induction hypothesis. 
In the second term, Apk may be written, using (A.3.8) and the induction 
hypothesis, as 

k k 
Apk = A L viA1p0 = L v1A1+ 1p0 

)=1 j=l 

so that it is in span(p0 , ••• , Ak+ 1p0). Hence, we have shown that 

and the first equality in (A.3.10) is proved. The second equality is trivial 
since r0 = p0 • 0 

A subspace of the form span(p0 , ••• , A1p0 ) is known as a Krylov 
subspace. We next show that the conjugate gradient iterates minimize the 
A-norm of the error over a translated (affine) Krylov subspace. Recall that 
the A-norm is defined by IIYIIi = yrAy. 

A.3.3. MINIMIZING PROPERTY oF CONJUGATE GRADIENT. For each 
k = 0, 1, ... , n - 1, the conjugate gradient iterate xk+l minimizes IIi- xiiA 
over 

sk = Xo + span(po •... ' pt} = Xo + span(po. Apo, ... 'Akpo) 

PROOF. For given k, let X = Xo + L;=O VJPJ be in sk. Since 

ro = b - Axo = b - Axo - (b - Ax) = A(i - Xo), 

we have 

k k 

i- x = i- Xo- L ViPi = A-1ro- L VJPJ 
j=O j=O 
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Therefore, using the conjugacy of the p1, 

llx- xll ~ = (x- x) T A(x- x) = (A - 1r0 - .i. v1p1) T A(A - 1r0 - i, v1p1) 
J=O j=O 

k k 
- TA-l 2 T 't' + 't' 2 TA - ro ro- ro t.. "JPJ t.. "JPJ PJ 

}=0 )=0 

This is a diagonal quadratic form in the "J and the minimum is taken on when 

j = 0, ... ' k 

Applying (A.3.1c) of the conjugate gradient algorithm repeatedly, we obtain 

J-1 

r1 = r1-1 + a1_ 1APJ-I = · · · = ro + L aAp; 
i=O 

so that, by the conjugacy of the p, we have rJ p1 = rr p1. Hence, by (A.3.1a), 
v1 = -a1. It follows that the conjugate gradient iterate xk+l is 

k k 

xk+l = xk - akpk = · · · = Xo- L a,p, = Xo + L v,p; 
1~0 1=0 

and this is the minimizer of llx- xll~ over Sk. 0 

We can phrase the result A.3.3 in an equivalent way that will be useful 
in the sequel. By (A.3.10), 

so that elements of Sk-I may be written as x0 + L;,:-~ tJ.JA1r0 • By A.3.3 the 
conjugate gradient iterate xk satisfies 

llx- xkll~ = min Q(qo, ... , qk-1> 
qo, ..•• qk-1 

where 

( k-1 )T ( k-1 ) 
Q = x- x 0 - L tJ.JA1ro A x - Xo- _L tJ.JA1ro 

)=0 J=O 

Since, as before, A(x- x0 ) = r0 , we have 
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where Rk(A) =I- r;_:-~ lJiAJ+I is the matrix polynomial corresponding to 
the scalar polynomial 1- r;_:-~ q;l1.J+I. Hence we can state the result A.3.3 
in the equivalent form: 

(A.3.11) 

where ellk is the set of polynomials of degree k with Rk(O) = 1. 
The representation (A.3.11) will allow us to obtain estimates of the 

error at the kth step. We first need to develop some properties of the 
polynomials Rk. Let A1 , ••• , An and V~o .•• , v" be the eigenvalues and 
corresponding orthonormal eigenvectors of A, and let ro = r;=l T#jVj. Then 

n n 

Rk(A)ro = L 1ljRk(A)vJ = L 7JJRk(AJ)vJ 
j=l j=l 

Thus 

n 

= L 7J]Rk(AYAi 1 

j=l 

by the orthonormality of the vJ. Using this in (A.3.11), where the minimum 
is still over all polynomials in ellk, we have 

Now 

(A.3.13) 

Thus, combining (A.3.12) and (A.3.13), 

(A.3.14) 
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where 

(A.3.15) 

Therefore, we have obtained an estimate of the error at the kth step in 
terms of the initial error. The problem now is to obtain bounds for the 'Yk· 

Clearly, if ..\ 1 and An are the minimum and maximum eigenvalues of 
A, then 

(A.3.16) 

This is the classical Chebyshev minimization problem whose solution is 

where Tk(z) is the kth Chebyshev polynomial [see (3.2.54)]. From the 
Chebyshev theory, it can be shown that 

'II= ..\.fAn (A.3.17) 

Since A is symmetric positive definite, its condition number with respect 
to the 12 norm is K = 1/'11. Hence, if we combine (A.3.14), (A.3.16), and 
(A.3.17), we obtain the error bound 

a= (../K- 1)/(../K + 1) (A.3.18) 

This is the standard error estimate for the conjugate gradient method in 
terms of the A-norm. 

We can also write (A.3.18) in terms of the 2-norm by means of the 
inequalities · 

Applying this to (A.3.18) yields 

or 

IIi- xkll~ -s; IIA-'Ibllx- xkll~ -s; (2ak)2IIA-'Ibllx- xoll~ 

-s; (2ak)2IIA-1Ib11Aiblli- Xoll~ 

(A.3.19) 
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We summarize the above error estimates in the following result. 

A.3.4. THEOREM. The kth conjugate gradient iterate satisfies 

and 

where K = cond(A) and a = (JI<- 1)/(JI< + 1). 

The error estimate (A.3.19) does not necessarily imply that the errors 
actually decrease at each step. This important property is a consequence 
of the next theorem. 

A.3.5. THEOREM. The conjugate gradient iterates satisfy 

(A.3.20) 

unless xk- 1 = x. 
PROOF. We first note that 

or 

The last quantity on the right is positive unless xk = xk_ 1• As noted pre­
viously, xk = xk-1 implies that xk-1 = x. Thus, if xk :f:. xk-t. it suffices to 
show that the second term on the right of (A.3.21) is non-negative. 

Let Xm = x. Then, since 

we have, using (A.3.lb), 
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By (A.3.6), the a1 are all nonpositive; hence, it suffices to show that 
P[Pk-t ~ O,j ~ k. Applying (A.J.te) repeatedly, we obtain 

(A.3.23) 

In particular, for k = 1, (A.3.23) shows that Pi e span(r0 , ••• , ri), and by -
the orthogonality of the r, (A.3.3), we have that rJ Pk-t = 0, j ~ k. Thus, 
from (A.3.23) and· (A.3.7) we obtain 

0 

The above results do not take into account any special properties of 
the matrix A. In particular, the following result is of interest. 

A.3.6. THEOREM. If A has only m distinct eigenvalues, then the conjugate 
gradient iterates will converge in at most m iterations. 

PROOF. This is an almost immediate consequence of the basic error 
relation (A.3.11 ). Let A 1 , ••• , Am be the distinct eigenvalues of A, necessarily 
positive since A is positive definite, and define the polynomial of degree m 

Clearly, Rm(O) = 1. Moreover, Rm(A) = 0 since if A = PDPr, where D is 
diagonal and Pis orthogonal, then Rm(A) = PRm(D)P: and Rm(D) is a 
product of diagonal matrices such that for any i, at least one of the diagonal 
matrices is zero in position i. The relation (A.3.11) then ensures that 
X- Xm = 0. 0 

Three-Term Recurrence Relation 

We end this Appendix by showing that the conjugate gradient iterates 
satisfy a three-term recurrence relation of the form 

(A.3.24) 

where, if ak and Pk-t are the quantities in (A.3.1), 

(A.3.25) 
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In order to obtain (A.3.24), we first note that from (A.3.lb, e) 

(A.3.26) 

We now substitute Pk-J = -a;~ 1 (xk- xk_ 1), obtained from (A.3.1b), into 
(A.3.26}, which gives 

(A.3.27) 

which is (A.3.24). 
We next replace rk in (A.3.24) by b- Axk to give 

If A is scaled so that its main diagonal is the identity, then the Jacobi 
iteration is 

Yk+l = (I - A)yk + b 

Hence (A.3.28) is an acceleration of the Jacobi method of the same form 
as the semi-iterative method (3.2.61}, with the exception that 8k+l is now 
allowed to be variable. It may be shown that if we use this conjugate gradient 
acceleration of Jacobi's method, we obtain the one-step Jacobi PCG method. 
Similarly, if we accelerate the SSOR iteration, we obtain the one-step SSOR 
PCG method. 
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Basic Linear Algebra 

We review in this appendix, without proof, some fundamentals of linear 
algebra that are used in the text. For a full treatment, see, for example, 
Ortega [1987a]. We deal only with real vectors and matrices. It is assumed 
that the reader is familiar with the most elementary parts of linear algebra. 

If A is an n x n matrix, then the following are equivalent: 

detA ¢0 
There is ann x n matrix A-1 such that AA-1 = A-1A =I 
Ax = b has a unique solution for any b 
Ax = 0 has only the solution x = 0 
The row or columns of A are linearly independent. 

If A satisfies any of these conditions (and, hence, all) it is nonsingular and 
A - 1 is its inverse. 

The rank of a matrix is the number of linearly independent rows (or, 
equivalently, columns). Hence, the last statement above may be replaced 
by "A has rank n." An important class of matrices have rank one and may 
be written in the form uvr for two column vectors u and v. 

A matrix P is orthogonal if PP r = I. The columns p1 of an orthogonal 
matrix are orthogonal vectors: pi Pi = 0, i ¢ j, and also orthonormal: pi p1 = 
1. Inverses and products of orthogonal matrices are also orthogonal. An 
important type of orthogonal matrix is a permutation matrix in which each 
row and column has exactly one 1 and the other elements are zero. The 
effect of the multiplication PA, where P is permutation matrix, is to inter­
change the rows of A. AP interchanges the columns. 

An eigenvalue of A is a scalar for which the equation 

Ax= Ax 

281 
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has a nonzero solution x, called an eigenvector. An n x n matrix has exactly 
n eigenvalues (counting multiplicities). These are the roots of the charac­
teristic equation det(A - H) = 0, which is a polynomial of degree n. An 
eigenvalue may be complex, even though A is real, and the corresponding 
eigenvector is then necessarily complex. The set of eigenvalues is the 
spectrum of A and the maximum eigenvalue in absolute value is the spectral 
radius, denoted by p(A). 

If p( y) = a0 + a 1 y + · · · + am'Ym is a polynomial of degree m, then 
p(A) = a0 = a0 + a1A + · · · + amAm is the corresponding matrix poly­
nomial. If A and x are any eigenvalue and eigenvector pair of A, then p(A) 
and x are an eigenvalue and eigenvector of p(A). In particular, if A has 
eigenvalues A1 , ••• , An, then a/+ A has eigenvalues a+ A1 , ••• , a+ An and 
the same eigenvectors as A. Also, A is nonsingular if and only if A1 7':- 0, 
i = 1, ... , n, in which case A -I has eigenvalues A i 1 and the same eigenvec­
tors as A. 

The matrix A is symmetric if it equals its transpose: A = AT. A sym­
metric matrix has only real eigenvalues and the corresponding eigenvectors 
x1 are orthogonal. A symmetric matrix may be written as 

(A.4.1) 

where D = diag(A 1 , ••• , An) is a diagonal matrix whose diagonal entries 
are the eigenvalues of A, and P is an orthogonal matrix whose columns 
are eigenvectors of A. 

A principal submatrix of A is any submatrix obtained by deleting rows 
and corresponding columns of A. A leading principal submatrix of size 
m x m is obtained by deleting all rows and columns m + 1, ... , n. 

A symmetric matrix is positive definite if any of the following equivalent 
conditions are true: 

x TAx > 0 for all vectors x 7':- 0 
The eigenvalues of A are all positive 
The leading principal submatrices of A all have positive 

determinant. 
There is a Choleski factorization A = LL T. 

A symmetric positive definite matrix A is nonsingular and A -I is also 
symmetric positive definite. A symmetric positive definite matrix has a square 
root which can be defined using (A.4.1) by A112 = PD 112 PT, where D 112 is 
the diagonal matrix containing the positive square roots of the eigenvalues 
of A. 
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A symmetric matrix is positive semidefinite if all of its eigenvalues are 
non-negative, or equivalently if x TAx;;;. 0 for all x. More generally, if A is 
a symmetric matrix with eigenvalues A1 :s;; A2 :s;; • • • :s;; A,, then 

for all vectors x. 
If Pis a nonsingular matrix, then PAP- 1 is a similarity transformation, 

and PAPT is a congruence. Similarity transformations preserve eigenvalues; 
that is, A and PAP- 1 have the same eigenvalues. Congruences, in general, 
change the eigenvalues but preserve their signs: if A is a symmetric matrix, 
then A and PAPT have the same number of positive eigenvalues and the 
same number of negative eigenvalues. In particular, if A is positive definite, 
so is PAPr. 

Equation (A.4.1) shows that a symmetric matrix is similar to a diagonal 
matrix. In general, a matrix A will be similar to a diagonal matrix if and 
only if it has n linearly independent eigenvectors. If this is not the case, 
the best that can be done is that A is similar to a matrix whose diagonal 
elements are the eigenvalues of A, there is one or more 1 in the diagonal 
above the main diagonal, and the rest of the matrix is zero. This is the 
Jordan canonical form of A. 

A norm, denoted by II n. on the space R" of n-vectors satisfies 

llxll ;;;. 0 and llxll = 0 only if x = 0 

llaxll = lalllxll for all scalars a 

llx+yll :s;; llxll + IIYII 

Common norms are the lao (or max) norm 

and the lp norms 

(A.4.2) 

especially for p = 1 and p = 2. The 12 norm is the usual Euclidean distance. 
In this norm, orthogonal matrices have the important property that II Pxlb = 
llxlb. Other norms can be defined by 
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where B is a symmetric positive definite matrix. This is an inner product 
norm since (x, y) 8 = xTBy defines an inner product. 

Norms of matrices can be defined by means of vector norms as 

IIAII =max IIIAI xllll = maxiiAxll 
x,.O X llxll=l 

Such matrix norms satisfy the properties of vector norms as well as 

IIABII.s;; IIAIIIIBII 

If IIAII < 1 is some norm [or, equivalently, if p(A) < 1], then the following 
geometric series, also called the Neumann expansion, is valid: 

"" (1-A)- 1 = L Ak 
k=O 
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